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In physics, astronomy, engineer- 
ing, meteorology, statistics and actu- 
arial science, numerical results have 
often to be obtained for a problem 
formulated in mathematical terms. 
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Whittaker in the Mathematical Labor- 
atory of the University of Edinburgh. 
It gives a complete account of the | 
laboratory courses, and describes 
fully the methods developed in many 
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PREFACE 


Tue mathematical problems which arise in dealing with 
numerical data are attractive and important. Some know- 
ledge regarding them is required by workers in many diller- 
ent fields—astronomers, meteorologists, physicists, engineers, 
naval architects, actuaries, biometricians, and statisticians, 
as well as pure mathematicians; but until recently there 
has been very little instruction on the subject in the 
mathematical departments of the British universities. Of 
late, however, there has been a great awakening of interest 
in it; and it is now included in the syllabus for the Open 
‘Competitive Examination for appointments in the Home pe 
Indian Civil Services, the Colonial Service, ебе. + 

The present volume represents courses of lectures given 
at different times during the years 1913-1923 by Professor 
Whittaker to undergraduate and graduate students in the 
Mathematical Laboratory of the University of Edinburgh, and 
may be regarded as a manual of the teaching and practice 
of the Laboratory, complete save for the subject of Descriptive . 
Geometry, for “which а separate text-book is desirable. The 
manuscript of the lectures has been prepared for publication by É 
Mr. Robinson, who: has performed the whole of the work of 
numerical verification and has contributed additional examples. 

The exposition. has been designed make each chapter, 
аз far as possible, intelligible to those who have not mastered | 
the preceding chapters; so that any one who is interested in 
some рч, problem may, by the fap of the Table of к. 
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find and understand what is said about it without being obliged 
to read from the beginning of the book. к . 

One feature which perhaps calls for a word of explanation 
is the prominence given to arithmetical, as distinguished from 
graphical, methods. When the Edinburgh Laboratory was 
established in 1913, a trial was made, as far as possible, of 


every method which had been proposed for the solution of the 


_ problems under consideration, and many of these methods were 


& 
2 
ә * 


graphical. During the ten years which have elapsed since 
then, the graphical methods have almost all been abandoned, as 
their inferiority has become evident, and at the present time 
the work of the Laboratory is almost exclusively arithmetical. 
А. rough sketch on squared paper is often useful, but (except in 
Descriptive Geometry) graphieal work performed ca fully with 
instruments on a drawing-board is generally less rapid and less 
accurate than the arithmetical solution of the same problem. 

The material equipment essential for a student's mathe- 
matical laboratory is very simple. Each student should have 
а copy of Barlow's tables of squares, ete., а copy of Crelle's 
* Caleulating Tables" and a seven-place table of logarithms. 
Further, it is necessary to provide а stock of computing paper 
(ie. paper ruled into squares by rulings a quarter of an inch 
apart ; each square is intended to hold two digits; the rulings 
should be very faint, so as not to catch the eye more than 

"is necessary to guide the alignment of the calculation), and 

А lastly, a stock of computing forms for practical Fourier analysis 
(those used in Chapter X. of this bo may be purchased). 
With this modest apparatus nearly all Г ай here- 
after described may be performed, although time and labour 
may often be saved by the use of multiplying and adding 
machines when айы» available. " 

Attention may be drawn to the opportunities which the 
subject presents wit research worker in Mathematics, There 
is an evident need for new and improved methods of dealing 
with many of the problems discussed in the later chapters. 
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ESE OUATION WITH EQUAL INTERVALS OF THE ARGUMENT 


5 1. Introduction —Mathematics is occupied largely with the 
idea of correspondence : eg. to every number z there corre- 
“a . Sponds a value of a, thus » 
i ae 5 PE Бу es 3 
“ Ф “gta BAD. 2 
" 86. i w a = 9, 16, 25, E 
- One of the two variables between whieh corresponden 
holds is called the argument and the other is called the function 
аб argument. 

If a function y of an argument æ is defined by an equation 
y —/(2), where /(») is an algebraical expression involving only 
, erations such as squaring, dividing, ete., then by 
е "a we can find accurately the value 
nds to any value of а. But if y=logy)% 
ble to calculate y by performing simple 
тв on z (at any rate it is not possible to 


Operatio and we are compelled to have recourse to a table, 
8), . ате 
е: 


Which ding to certain selected 
m. log ж. 
Wa 0-869 232 
7-5 0-875 061 
7-6 0-880 814 


70022 0886491 


ey Soe > јо > ң 
8. The audet MR, arises as бо how we can find the values 
the function log M of the argument z which are 
A с pm 
^ 


E 
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intermediate between the tabulated values, e.g. such a value as 
$—'1152. The answer to this question is furnished by the 
theory of Interpolation, which in its most elementary aspect 
шау be described as the science of “ reading between the lines 
of a mathematical table.” 

In the further development of the theory of interpolation 
it will be shown how to find the differential coefficient of a 
function which is specified by a table, and also to find its 
integral taken between any bounds of integration. 

A kind of interpolation was used by Briggs,* but interpolation of 
the kind hereafter explained, based on the representation of funetions 
by polynomials, was first introduced by James Gregory T in 1670. 

2. Difference Tables.—Suppose a function f(u) is given in 
a table for the values a, a+w, а--2ш, a+3w,... of its 
argument u. It is required to find the value of the function 
when the argument has the value «+2w, where a is a fraction. 

Before this problem can be solved by the method of inter- 


polation, it is first necessary to form what are called the differ- 
ences of the tabular values. The quantity 


4% 
ЕСЕТ) ME 
is denoted by А/(а) and is called the first difference of fla). 
The first difference of /(a+w) is f(a+ 20) — f(a 4-0), which is 
denoted by A/(a+w). Moreover, the quantity д ^  - 


Aj(a+w) — Дуа) 


“. 


is denoted by Аа) and is called the second difference of Жа), 


while the quantity 

АУ (а +) – A*f(a) 
is denoted by Аза) and is called the third difference of f(a), 
and so on. 


It is convenient to arrange the tabular values and their 


differences for increasing values of the argument in what is 
called a difference table, as follows : 


dE Briggs’ method was, however, closely related to the modern central- 
difference formulae, Cf. his Arithmetica Logarithmica, ch. xiii., and his 
Trigonometria Britannica, ch. xii. Cf. Journal of the Institute of Actuaries, 
14, pp. 1, 73, 84, 88; 15, р. 312. 


T Rigaud's Correspondence of Scientific Men. of the 17% Century, 2, p. 209. 


i 
4 


= 


i 


^ 
Р 


n 
INTERPOLATION eee 
Argument. Entry. А. AS. АЗ, 
а Ха) . К . 
A Ха) Ьу < 
а-а” Jac an) Аза) “> 
Ади+и) КОЕ 
a+ Qu Да+ 2w) А (а +w) , 
e Aj(w+ 2w) | АЗ/(в +w) 
@+3w f(a+3u) Аа + 2w) 
А/(а+ 3w) Y^ ASf(a + 2w) 
@-+ e Ха 4 4w) А%(а t 3w) 


and similarly for differences of order higher than the third. 
The first entry /(и) is called the leading term, and the differences 
of а), that is to say А/(а), А?(а),. . . are called the leading 
differences. Evidently each difference in the table is the number 
(with dts proper algebraic sign) obtained by subtracting the 
number immediately above and to the left from the number 
immediately below and to the left. 


The sum of the entries in any column of differences is equal to the 


difference between the first and last entries of the preceding column. 
check on the accuracy of the table. Thus in 


This affords a numeric: 
the above table we have 
2 Азда + Bu) = Afla) + Ala) + Afla + we) + Afia + 0). 


тірі of a difference table is the following, which represents 
пе вант sines of angles from 25° 40'0" to 25* 43'0" inclusive at 
intervals of 20". 


Argument. ~ Entry. 
954070” 043313 47858 66963 


A. АЗ, АЗ, 


8 73933 05476 
— 40 73056 

8 73892 32420 - 832 
— 40 73878 


30" 04332221791 79439 


22-40” 043330 95684 04859 


е 8 73851 58542 - 829 
95'41'0" 0.43339 69535 63401 РИНЕ — 40 74700 БУ 
90" 0.43348 43346 47243 ае. —40 75590 as 
40) o«ongy rise pones 8 73729 31979 olas - 821 
95° 42'0" 0.43365 90845 87544 HMM. 4077104 ж 
20" 0.43374 61534 42359 Basie - 40 77985 ae 

— 40 78807 


* б. 19189 
40" 0.43383 38182 —" 


25° 4370” 0.43899 11789 17212 


4 THE CALCULUS OF OBSERVATIONS 


It will be seen that in this ease the third differences are practically 
constant when quantities beyond the fifteenth place are neglected, апу 
departure from constancy in the last place being really due to the 
neglect of the sixteenth place of decimals їп the original entries, So 
the fourth differences are zero. 

-— Tt will be found that in the case of practically all tabular 
functions the differences of a certain order are all zero ; or, to 
speak more accurately, they are smaller than onc unit in the last 
decimal place retained in the tables in question. This fact lies 
at the basis of the method of interpolation, as we shall now see. 

3. Symbolic Operators.—The formulae of the calculus of 
differences may be very simply represented by the use of what 
are called symbolic operators. Of these we have already intro- 
duced A, and we shall now consider another operator denoted 
by E. 

Let w represent the interval between successive values of the 
argument of the function /(«), and let E denote the operation 
of increasing the argument by w, so that E/(a)=/(a+w); in 
general we shall write Е (а) =/(a+aw), where a is an integer. 
Now by definition we had A /((а-ам)-Дазаш-аш)- Jla + anu), 
so Af(a + av) 2 (E — l)/(«--2w). It is therefore evident that 
the operators E and A are connected by the relation A2 E — 1 or 

Е=1+Л. 

When symbolic operators obey the ordinary laws of Algebra 
they may be separated from the symbols representing the 
functions to which they refer and treated independently in 
much the same way as symbols of quantity. Now it may be 
easily shown that the following relations are true for the 
operator A: 

АЛИ) * R0) sf) +. . 1e Aa) + ARD Affe) +. 
Alif(a) = Ауа), where I is a constant factor, 
АтДа f(a) =A"+" f(a), where т, n are positive 
integers. 
The corresponding identities for E are: 
ЕЛ) +70) +0) +. . 1 - Ef() + ЕЛ) *Ef()s.. 
Ella) - kE jt»), 
А ЕзЕл/ (а)- Е" а). 

Thus in many respects the operators E and A behave like 
algebraic symbols and may be combined like them, 


INTERPOLATION — 5 


io 


The following examples illustrate the use of these operators: | 


express the nth differences of а tabulated function in terms 21. 


Ес. 1.--Т 
of the successive entries. "nd 
TTA T 
Anja) = (E ио) ‚ое 
м 5 Е МЕ ЖИР vig t» 
= {Panel 4 EL EN eu. %(- pfo, 


Т.е, 

ч - 1), " 
Anfa) = fla + nw) — пра + mw — w) + жалғы Уа Tma-w-2w)—... 

+(— 1)"/а). 

E. .—To express the function Ли а-ал) in terms of Қа) and the 

successive differences of Қа), when a is a positive integer. 
Қа +10) = Еа) 
= (1+ Дуа), 


so that 
fa anc) = Да) + Af) +" C= Dy)... + Af) 
4. The Differences of a Polynomial.—We find without 
difficulty that the difference table for the function y=2* is 


as follows: 


7 y. A. AL м А, 
0 
1 
1 1 6 
7 6 
к 2 8 13 0 
19 6 
3 27 18 0 
37 6 
4 64 24 0 
61 6 
5 135 30 
91 
6 216 


It will be seen that the third differences of this function are 
rigorously constant and the fourth differences are zero. This is 
а particular case of a general property which we shall now 
establish. 


Fe» ^ ^ 
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Note that the table may be extended indefinitely when we know the 
third differences to be constant. For by definition, when we add to an 
entry in a column of differences the corresponding first difference, the 
sum so formed gives the next entry in the column. It follows that the 
column of second differences сап be formed from the leading term 6 by 
repeatedly adding the constant third difference 6; the column of first 
differences being formed from the leading term 1 by adding in success 
the second differences 6, 12, 18,... The values of z? are then obtained 


from the leading term 0 by adding in succession the first 
341,19, 97 61, . .. 


differences 


Consider the сазе when the tabulated function До) is a 
polynomial of degree n, say, 


fit) = Aa + Ban-14 Qaa-2,4. 
Then 


Af(a) =f(a-+w) – (а) 


7 Аи tw)" - a + Bf a. wji- aniy, 


» -+La+M, 


- -+ Lw, 
Now 
n(n — 1) 
yu qn war-La \ и" -9 Г м 
М (tw)! an + gusta. gp WU? . „ьт, 
7 во that 


А n(n— ” 
АЛа)-Арлал-1., UR- D pena, erum 


+B{(n- 1)war-2 4. (һ- 1) (n-2) 


АХ wA TAA punt) 
2 a 
*tLw. 


This is а polynomial of de 


gree (n — 1) 
first differences of 


in а, and therefore the 
a polynomial те 


i present another polynomial 
of degree less by one unit. И 
Ву repeated application of this result we see that 
the 2nd differences represent a polynomial of degree n- 2, 
» rd ” ” » » n= 3, 
» nth » " D 
ie. the nth differences are 


constant. Tt follows, therefore, that 
the (n+1)th differences of a 


polynomial of the nth degree ure 
all zero. i 


9. The Differences of Zero.—A table of value 
of the natural numbers may be formed by simple 
the leading term and the leading differences 


в of any power 
addition when 
are known, in 


„чч 
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precisely the same way as in forming the table of cubes (§ 4). 
The differences of the leading term 0”, which are generally used 
as the differences of zero. 


in forming a table of а», are known 
caleulus of differences. 


They are of frequent occurrence in the 
In order to form a table of reference of the differences of zero we 
apply the result of § 3 (Ex. 1), 
Afia) = fla + mw) – Да + nw — w) + 
and write 
Апр = (w+ n) — nix +? 


gn(n – 1а + тло – 20) –. .. 


„= 1)? + afn - 1){e+(n —2)\P-... 


If we now substitute in this equation particular values for 2, p, and n, we 
obtain the equations 

Arop =n? — n(n — 1)? + щт» 

An-1] p-1 2 др-1— (и —1)9+{%—1)@ -2y-. 

and therefore Anop = nAn 11271. q 

From the relation A^ lf(e + w) = Ача) + А") ҮЕ же dips 
An-1]p-1.- Angp-1 4 An-10P7 1, and equation (1) may be written 

Anop = a (An 0P71 + An-10p- 1). (3) 

We now construct a table of values of Avo” by the repeated applica- 

tion of this equation, remembering that A001 = 0, A101 = 1, and also 

that Anor — 0 for n >р. 


=1)(n—2)P—- «EMP F 0P, 
A 


ә. до», А>, A307. ELA A50”. A907, 
1 
2 1 9 
3 1 14 36 2 
5 1 30 150 240 120 5 
6 1 62 540 1560 1800 720 
т 1 iag 1806 8400 16800 15120 
8 1 254 5796 40824 126000 191590 
9 1 510 18150 186480 834120 1905120 
а т qu. gun ЖО боып 16435440 


of a partieular difference 
f the two numbers of the 
lumn and in the preced- 


see that the value 


197 ion (2 
‘om equation (2) we times the sum 0 


Anor is obtained by taking т time : 
Preceding row which are situated in the same ¢ 
115 column respectively. For example, 
A307 = 3(62 + 540) 

— 1806. 
of xx-1G-2 2. (x-ps1.— 
отее p there is one polynomial of 
‘of interpolation, namely, 


Жж (г-р:1). 


6. The Differences © 
S mone: the polynomials of de! е 
Pecial interest in the theory of ! 


г(2-1) (г-2). 
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This polynomial is denoted by [z]" and is called a factorial. If 
We suppose the interval of the argument in the difference table 
of [x]? to be unity, we have 
[e] 2 e(«—1)(«—2) . . . (« — p 41), 
[a 1] — (4+ l)«(u — 1)(4- 9)... (« -p4 9), 
Ар = [^ Ір- Ер 
-«(а-1) («— 2) (а-3) ...(а-р-2) Ца-ғ1)-(а-р- 1) 
- May, 
80 that Ala? = p[e] 71. 
Tt follows that 


Sey pt sper (ge, peer 
p! (p—1)! p! pl (p-1)! 


a result that may now be used to tabulate the values of []^[p! as in the 
following table : 


РА [1/21 [8/3 t. [z]t]4 t. [5/5 . 
( 

1 0 

2 1 0 

3 3 1 0 

4 6 4 1 0 
5 10 10 5 1 
6 15 90 15 6 
7 21 35 35 21 
8 28 56 70 56 
9 36 84 126 126 


7. The Representation of a Polynomial by Factorials.—- 
In $ 4 we found an expression for A/(z), the first difference 
of a polynomial of degree т, in а form which is less simple 
than the polynomial itself. Tt is more convenient to carry out 
the operation of differencing hy the use of faetorials, using the 
relation of § 6: 

Ар pfe] (1) 

Let g(a) denote a polynomial in æ of degree 2, We may 
write Ф) =7 + (ш — ® +k)py_s(z), where 7 is the remainder and 
фе-1(2) the quotient when Фа) is divided by (c — n +k), so 
фь-1(е) is of degree (2-1). By a repeated application of this 


* This is analogous to the formula of the differential calculus 2 en) =px?-l, 
a 
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transformation, we obtain an expression for a polynomial of the 
nth degree in terms of factorials : 
duo) = a [E]n -1(@) 
= 0+ ple] + [e Fdal) 
E) 


=a + е-е... .+[@]"фу(@), 
where a, B, y, . . . are constants and $o(@) is a constant v (say). 
We thus obtain the result 
Фф(а)-аз Bl] + yDo 3p. [o]. (2) 

Ex—To represent the function y= at — 1203 + 4922 — 30x +9 and its 
successive differences in the factorial notation. 

Using detached coeficients when dividing by 22-1, 0-2, .. .,* 

1|1-19442-30|9 
04 1-11+431 


to 


1-114531 | 1 


We obtain the value of y in the form 
у= [0 — [P + 13[zP + [] *- 9. 


The successive differences are given by 
Ay =4[e - 18[¢P + 26[7] +1, 
A2y = 19[]%— 36[»]-- 26, 
Азу = 24[r] — 36, 


Now let « be one of the tabulated values of the argument 
of a polynomial of degree т, and let w be the interval between 
successive values of the argument. Consider the value 


J(a--xw) of the polynomial corresponding to the ralue (а--ал”) 
Writing Да алс) for a(x) in (2) and 


of the argunient. і 
denoted by equation (1) to both sides of 


&pplying the operation 
equation (2), we find that 
Af(a+aw)=B+ Qy[a} + 38[y +. . .+ Та Шар (8) 
ж Chrystal, Algebra, 1, p. 108. 
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Differencing this equation, we obtain 
A? (a + aw) — 2, + 9.38 [a] + BAe. . oe n(n- 1) аи. (4) 
Moreover, 
Аза ani) = 2.3.54 23.40 --34.5g[v]. . . 
*n(n-1l)(n-2)[w]-3, (5) 


and so on for differences of higher order. Тһе values of the 
coefficients а, Bes 


the equations (2), (3), (4), . . . so that 
а= Ја), В= Ауа), у= Аа), б-фАЗДа),... у-АзДа)/һ!, 
Equation (2) шау now be written 


Да+аи) = и) ғаАДа) EDA) NT 


2 


„®@-1)(@- 2) TE (в-т-1), 
n! 


f(a), 


This formula * enables us to express the polynomial Да+ат) 
in terms of the factorials w, a — 1), (а-1)(2- А 


‚ when a 
difference table of the Junction is given. 


This general formula may be easil 
When «=0, it becomes Да) — f(a). 
When z — 1, then 


y verified for special values of л, 


Ka+w) = f(a) + 1.А(а) 
=fla)+ {Дв +) —f(a)), which is an identity. 
When z— 2, 
Ха + 2w) = f(a) + 2Af(a) + A*f(a) 
7a) + 2 {fa +w) = fa} 
+ {fla +2w) — 2fla+w) +fla)}. 

8. The Gregory-Newton 
general formula of the last 
problem of interpolation, 

Suppose that y is a function of 
values of y given in the table 
Ha+3w), ... corresponding to 
&29w,...ofu. Also Suppose that these values of the fr 
are entered in a difference table 
order n are constant. We are not 
of y which correspond to other va] 


Formula of Interpolation.— Tho 
section may he applied to solve the 


ап argument v and that the 
ате f(a), Лача), Na+ 2w), 
the values а, a+w, а--2т, 
metion 
and that the differences of 
supposed to know the values 
ues of u, such 


as u=a+ hu. 
* Ch Ех, 2, 83. 


. are found by putting 2—0 in each of 
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It is required to find an analytical expression for these inter- 
mediate values of y. 

The problem may be stated graphically as follows : 

Draw the rectangular axes Ou, Oy. Let K, L, M, N... 
be points on the w axis having abseissae a, a +w, a+ 200, a+ 320, 
22. respectively, At these points erect ordinates KA, LB, 
MC, ND, .. . equal respectively to the entries f(a), Ae 4-27), 
J(a+2w), f(a+3w),... Then the points A, В, €, D,. . . so 
determined are points on the graph of the function.* Тһе 
problem of finding a “smooth” curve to pass through the points 
A, D, C, D, . . . has not a unique solution: in fact an infinite 
number of curves satisfying these conditions ean be found. Ав 
our aim is a practical one, we naturally choose the simplest 
solution of our problem. y 
Remembering that the 
simplest functions are poly- Ах Bs Cx Dx 
nomials, we inquire if it is 
possible to pass through the 
points A, B, C, . . . à curve 
which is the graph of a poly- 
nomial function of degree m. : 0 : u 

We have already seen o к 1. м N 

A a Ег. 1. 

($4) that for any polynomial 

of degree т the differences of order n are constant and for the 
set of values f(a), (a+), /(a-- 200), . . . it has been assumed 
that the differences of order n are constant. This being so, 
a polynomial of degree % exists which takes the values /(a), 
Дач), /(@+ 2ш), . .. when the argument w has the values 
а, a+w, а+ 90, . . .; in fact, by the last section, we ean write 
down an expression for the polynomial Tt is 


ee Dha. 


2! 
„®@-1) 2...(>2-т--1 


е Jana) (1) 


ye fen) eof) + 


ч , 

=f), 

* We do not know anything about the portions of the graph intermediate 
between these points, but we assume that the graph is a smooth curve; for 
our present purpose we can take this to mean that the function has finite 
differential coefficients of all orders at every point. 
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where æ is connected with v by the relation #=@+алю, 
and where 


Аа) stands for f(a +w) — /(«), 
A®/(a) stands for f(a + 2w) — 2/(u +w) +/ (а), 
and so on. "Y 


We shall now take the polynomial (1) to represent the function 
y also for values of the argument intermediate between. Ue 
tabulated values. The portions of the graph intermediate 
between the points A, В, C,. . . may therefore he filled in by 
drawing the curve VOA g 


y - fa mw) 
= Да) oA (a) + a 21) дауи) ugs d 


and in order to compute the value of y corresponding to any 
intermediate value of the argument such as a+4w, we simply 
substitute the value z—1 in this formula,* which is the analy ti- 
cal expression required. 4 

The fundamental problem of interpolation is thus solved. 
The formula (1) is often referred to as Newton's Jormula of 


interpolation, although it was discovered by J 
1670.7 


The application of the Gregory-Newton formula is illustrated by the 
following examples : 


anes Gregory in 


* Many books of logarithmie tables, 
coefficients required in the interpolation 
®=0{од=1. 

T Cf. a letter of Gregory to Collins of 
Rigaud’s Correspondence, 2, р. 209. 
worked out on p. 211 of Rigaud, 
the mathematical discoveries of G 

Newton's publications on interpolation are contained in: 

1. The Methodus Differentialis published in 1711 but written “before 

October 1676. 2 # 

2. A letter written in 1676 to John Smith. 


E i 
3. Lemma v. in Book iii. of the Principia published in 1687. Тһе above 
formula is Case i. 


B 
4. Various references in the Commercium Epistolicum of dates 1672/3 to 1676. 
These have been collected and edited by D. C. Frase 


тіп the Journai of the 
Institute of Actuaries, Бі (1918-19), рр. 77 and 211. E 


ete., contain a table of the binomial 
formula (1), at ‘intervals of 0:01 from 


date November 28, 1670, printed in 
An example of the use of the formula is 
Collins was accustomed to send on to Newton 
regory (cf. Rigaud, 2, p. 335). 
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Ex. 1.— From, the table given below to find the entry corresponding to 


2-21. 
Ату итеш. Entry. А. АЗ, A At 
20 0-229314955248 Me: 
^ 701747947 ; ' 
t 22 0230016702495 602297 , 
L 2 702349544 — 1944 
34 0-230719052039 600353 4 
» ^ 702949897 — 1940 
| 0-231422001936 598413 3 
ЖА 5. 6 103548310 59087 
38 d 0232125550216 a 596476 
104144786 


30 0-282829 695032 


Here 4-90, ы а=, Ка + ae) = (21), and к= 4. 
дал) =/(20) + «АДго) + € — ®ладзо) +906 додао)... 


= 229314955248 + 3(701747247) — 1(602297) — 4; (1944) 
= 229314955248 _ [75987-1 
+ 350873623-5 \ 4121-5 


= 339665828871:5 — 75408-6 
80 4 
f(21) = 0-229665753463. 


Ex, 9.— To find the co-ordinate X of the sun on November 10, 1910, at 
4^ зот G.M.T. (X is the sun's true geocentric co-ordinate measured on a line 
passing through the true equinox of the date). 

The Nautical Almanac gives the following readings from which we 
construct a difference table : 


1910. -X. A. AR, A3, 
November 9:0 0-6850997 
— 63809 
a 9:5 0:6787188 RE Da 
4 — 64323 4 
10:0 0-6722865 — 510 
— 64833 7 
r 10:5 06658032 — 503 
— 65336 2 
11:0 06592696 — 501 
E - 65837 
1 115 0-6526859 в 


; ' к 40” from November 10-0. The i i 
for 1) 30 h A interval is 
mc ОША sation ol the argument, gives z = 0:373. 
* $ % 


? 
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"5740313 
-7958800(n), 
where (л) indicates that 9-7958800 is the logarithm of a negative number 
4 log 1—9-6989700 
log Fe(s — 1) 2 9:0688813(n) 
log 1 = 9:5228787 
log (2 — 2) = 0-2108534(n) 


log j«(c — 1) (œ — 2) = 8:8026134. LN " T 
Also à қ 
log (— 64833) = 4-8117961(n) log (= 503)=2-7015680(n) © — 
log :— 9:5740313 log 14е-1)- 9-0688813(n) 
log (—64833:)— 1.3858974() ор «(s — 1)(— 503) = 1-7704493 
{ —log (— 24312-4) =log 58-94 


log 2—0-3010300 
log 1-1)(- = 8:8026134 
log fa(u — 1)(s — 2)(2 =9:1036434 — log 0-1. 
Therefore - X = 0-67228650 — 0-00243124 + 0-00000589, 
and finally —X=0-6698612, 


. 


9. An Alternative Form of the _ Gregory - Newton 


Formula.—The Gregory-Newton en may be written in 
an alternative form which is convenient when an arithmometer % 


isused. Rearranging the formula of the last section in the form 
еза) = fa) e Af) - (1-248902) -M8-2) (. . . 1] 
and assuming the differences of order n to be 


constant, we may 
replace the Gregory-Newton formula by 


(a ew) = f(a) жал, (1) 
where у= Af(a) - M1 — 2)us, 
З 1 ; 
= Аи) Б (P -2#) tyr, 4 


s А"/(и), which is constant, a 
When computing a value of the function by this meth d, we 
begin with the constant difference v, and calculate in „Эн Ан 


the values of шур, уь... % finally substituting the value 
H . x» 2% 7 

of v, in equation (1). Тһе following example will serv an 

illustration of this method : d 


will be 


* When an arithmometer is 


not available Credie’s Calculating Tables 
found useful for this purpose, Ч à 


% 
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«Es To Jind ҚӨ) when Ө — 24746980 05207 020, having given 
8. EO А. АЗ, AS OA, 
94-4. 0:216 198 561 343 
168 272 307 


24:5 0:216 266 833 650 745 715 
169 018 022 768 
246 0-216 535 851 672 146 483 е 5 
169 764 505 773 
24-7 0:216 705 616 177 TAT 256 4 
i 170 511 761 ттт 
\ 734-8 0-216 876 127 938 748 033 5 
í 171 259 794 782 
24-9 0-217 047 387 732 748 815 


172 008 609 
25-0 0-217 219 396 341 
¿Here w=0-1, а-24%4, :698 005 207 02. 


Hence 1g = АЗ/(а) – 1(3 — х)ААД{а)= 768 — 0-576 x 5 
-765:1, 
Аа) — (2 — a)tg= 745 715 — 0-434 0 x 765-1 


"= 745 9890, 2 
m, = Afla) — M1 —2)u, = 168 272 307 ..0-150 997 4 x 745 383 
= 168 159 756-1. 


Then ж 
S@+ жш) = Да) + eu " 
= 0-216 198 561 343 + 0-698 005 207 02 x 0-000 168 159 756 
= 0:216 198 561 343 
4-117 376 385, 


or f(@) = 0-216 315 937 728. 
10. The Binomial Theorem.—By use of the operator E, we 
can write the Gregory-Newton interpolation formula in the form 
Еа) = (1-2 + 1) 
When thus written, the formula is seen to be the same as that 
obtained by expanding (1+A)* by the Binomial Theorem in 
ascending powers of А and then operating on Да) with the 
terms of the series so formed, t.e. 
| Ef(o) = (1+ Ауа), 

The Binomial Theorem was made known (in correspondence) 
Six years after the Gregory-Newton formula; in fact, Newton 
Seems to have discovered the Binomial Theorem by forming the 
expansions of (1 +)" directly for integral values of n, and then 
writing down the powers of # in these expansions. In the 


case of the coefficient of 2 he would have: 
y 


Аз. . Дв). 
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Exponent. Coefficient of >, А. A. 

0 9 
0 

i 0 
i 

2 i 1 
2 

3 3 1 
3 

4 6 1 
4 

5 10 


whence evidently the coefficient is of the second degree in n. 
Since it vanishes when %-0 2 also when т= 1, it must 
contain the factors n and (2-1); and, since the coefficient has 


the value 1 when n= 2, it is (n 


977% 
We шау remark that if we form a difference table for (1 +)" thus : 
Argument. Entry. X, A’ АЗ, 
0 Ш 
x 

1 (1 +a)! ga 

a(l +2) p 
2 (+a)? (1 +a) 

a(l +a)? a3(1 +a) 
3 (+a) 


a1 a 


then on substituting the values f0)—1,Af(0-z.. 


. in tl 'egory- 

Newton formula ын 

Ја) = 50) + MALO) + n(n — AZO) +... 
(l+o"=1l+nz Seem Da Жақы 

Which is the binomial expansion, | 


we obtain 


EXAMPLES ON CHAPTER I 
1. Form the difference tables corresponding to the follow 


2 ing entries : 
ҘЫ acy log tan 0. 
(a) 26° 10 S 9-691 380 858 103 01 
ze 434 054 059 98 
ee 487 246 090 72 
3. 540 434 009 49 
E 593 618 019 47 
seii or 646 798 051 97 
е 9:691 699 974 108 01 
Sof 753 146 188 70 
20% 806 314 295 11 


859 478 498 26 
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жы sin ж, 
(b 28%40700” 0-479 713 113 250 246 
10” 55 651470 168 
20" 798 188 562 452 
30" 840 724 526 998 
40" 883 259 363 705 
50" 25 793 072 474 


28° 41' 00" 


968 325 653 205 


17 


10” 0-480 010 857 105 798 


2 If у= 232 — x? + 3 + 1, calculate the values of y corresponding to 
ж= 0, 1, 2, 3, 4, 5, and form the table of differences, Prove theoretically 
that the second difference is 122 + 10 and verify this numerically. 

3. Find the function whose first difference is the function 

aa 

4. Find the €-— 
(а) 1/2, th nterval being unity, 
(b) cos nz, the interval being w. 


5. Express /(2) = 323 +a? +w +1 in the form 
aa(z — 1) (ш — 2) + Bue — 1) + yr +8 
by comparing coefficients. Calculate the values of f(») for « = 0, 1, 2, 3, 4, 5, 
ete, and form a difference table. Verify the equation 


ft) =o) o) MS Dao) +E VE дау) 


6. Compute the third difference of (51) by the formula of § 3, Ex. 1, 
from the following table of entries : 


т 51 52 53 54 
fu) 139651 140608 148877 157464 
verifying the result by means of a difference table. 
7. Given the table of values 
т - 3 -2 -1 0 1 
1 16 T 4 1 -8 


find by means of the Gregory-Newton formula an expression for y as a 


function of «. 
8. Construct a difference table having given 
log 5:980 = 07776 701 184 0 
log 5-981 = 0-776 773 802 4 
log 5:982 — 0-776 846 408 7 
log 5:083 = 0-776 919 002 8 
log 5:984 = 0-776 991 584 9 


and determine log 5:9805. : 
9. Let p, д, т, 8 be successive enti 


equidistant arguments. А 
Show that when third differences are taken into account the entry 
2 


(n 311) 


ries in а table corresponding to 
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corresponding to the argument half-way between the arguments of 4 
and r is 
gm "m +r) = (p+). (De Morgan.) 
mc 16 

10. Let p, q, т, $ be successive entries (corresponding to equidistant 
arguments) in a table. It is required to interpose 3 entries (corre- 
sponding to equidistant arguments) between q and r, using third differ- 
ences. Show that this may be done as follows : 

Between q and т interpose 3 arithmetical means A, B, and С; also 
between 3q—2p —s and 37 – 28 — р interpose З means A’, В, and C". 
Then the 3 terms required are A 4L A', В+ В, C 4: C". 

(De Morgan.) 

11. Determine log 6-0405, having given à 
log 6-040 —0-7810369386 
log 6:041 —0-7811088357 
log 6-042 = 0-7811807209 
log 6:043 = 0-7 525942 
log 6.044 — 0:7813244557 


12. Using the method of $ 9, find sin 24^-1698005 


207, having given 
the values 
6. Ж. 6. ) 
24-25 0410718852614 
24:50 0:414693242656 
24-75 0:418659737537 
25-00 0-422618261741 
25-25 0-426568739902 
25-50 0:430511096808 
13. Given the values 

ж. Дх). 

0 858-313740095 

1 869-645772308 

2 880-975826766 

3 892-303904583 

4 903-630006875 


calculate f(1-5) by the Grego 
ry 
14. The values of a functi. 
9f the argument are 01 
0-352274 respectively. Calculate the voc. ion w. 
Metra iia iM he values of the function when the 
15. Using the diffe 
‘sin 25° 40' 10" and sin 


-Newton formula, 


§ 2, find the values of 
Also verify the answers 
sin 25° 40' 50" — 9.43 
sin 25° 41' 10" = 0-433 440 644 

sin 25° 41' 39” = rcp 
sin 25° 41' 50” 


~ 
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16. Calculate log tan 24° 0' 5^, given the values 


log tan 24 
log tan 24 


log tan 24° 
217 0'—9-648 923 039 045 83 


log tan 24 
log tan 24° 
log tan 24° 


17. The following table gives the values of ra= | 


0-00 
0:01 
0-02 
0-03 
0:04 
0:05 


*0' 0"—9-648 583 181 400 95 
*0' 20" = 9-648696 E 


0' 40" — 9-648 809 758 267 66 


]' 20" = 9-649 036 300 068 75 
1' 40" — 9-649 149 541 347 57. 
(© 
eds: 
z 


0-866 229 5 
0-856 235 90 

4 0-846 948 99 
0-836 268 53 
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Calculate I(x) for 7 0:025 by interpolation and verify your result by 


use of the formula 


1(0) - NE. +" Ө йын 


7.31 


CHAPTER II 


INTERPOLATION WITH UNEQUAL INTERVALS OF THE ARGUMENT 


11. Divided Differences.— We have so far assumed that the 
values of the argument proceed by equal steps; but with data 
derived from observation it is not always possible to complete a 
difference table in this way. For example, when astronomical 


observations are disturbed by clouds there are gaps in the 
records. 

Consider the case in which the values of the 
which the function is known, are unequally spaced, and suppose 
that the values of /(®) are known for Ш-а, V=Ay, V= ty, 
+++ =a, where the intervals 41-4, Uy 
4,-44-і need not be equal. 
we now introduce what are kne 
us form in succession the quan 
Дау) - f) feu) -K [ 

1 ? ҒАШ) ау) Kas) - flao) 
еа а п a N Б pc ENTE ao 

ауса, “Лаһш) aca, Лаз, а), Eco ta, аз), 

" » = 
and soon. These are called devided differences of the Jirst order. 
Moreover, let us form 
Дв», ау) - f(a, а) Ka 
à E t3, (19) — f(a, а 
DI PO _ Јаз, o x 
y= Ay Nay ар аф, E S fay, аҙ, ат). 


argument, for 


= Ay, 3-4, . . +, 
In place of ordinary differences 
wn as divided differences Let 
tities 


These are called divided differences of the second order, Also let 
(аз, а,, а) - Даз, 9 а, 

This is called а divided 
divided differences of 
80 that the order 


number of arguments requi 
* Divid Шен | 5 
Ta niin iere шн fairly be ascribed to Newton, Lemma v. The 
wards by Op sina Ы А Morgan, Diff. and Int, Cale, (1842), P. 550, and after- 
Gergonne 38 (1896) E (1869), p. 146. Ampère- Ann. de 
» 26 ( ), p. 329, used the name interpolatory function, „ш 
à 1 
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Divided differences may be expressed more symmetrically 
as follows: 


= Қа) E а). 


p — 41 (04 "о 


Де t) 
Жаз аа ) | 
тлі ұла), Дәл, 1 Ла), Дау 


аз-4%і44-а) а-в! ao- aalt- y 4-41! 


es Хо) Ла) қ 


(a — 3) (to — 2) — (t4 — t0) (ә) (аз- а) (t = т) 


Хаз,4ә,4 04) 


же ind. к fay) 
(ttg — 3) (at — 2) (to — 3) — (t4 = 9) (t1 — to) (C1 — a3) 
Jta) аз) 


(аз- 9) (ta — а) (42 — аз) ái (аз — 9) (ts — 3) (ts — 2) 
In general, as may easily be shown by induction, а divided 
difference of the pth order is a symmetric function of its arguments 
and 48 in fact the sum of (p +1) functions of the form 


Ла) 


difference-product of а, with ao, 44, as, . . 


э Gray Оа © -s Up 


It is evident from this statement that when the ar 
to form a particular divided difference are arranged in 
the value of the divided difference remains unch 


'gaments required 

а different order, 

anged, e.g. 

Fam адр ап-».. э араф-Дар ара»... any an). 
Divided differences are arranged in a table of divided differ- 

ences as follows : 


Argument. Entry. 
а Ла) 
Хау в) 
4 Ха) (to, а, а) 
Дау, а) Atto, ву а», аз) 
% Ха) Жаз. а, аз) 
Ҳа», аз) аһ а» аз, а) 
Ra Жаз) Дв», аз, а) 
аз в) 


а» аз, а,, а) 


44 Ла) Жаз, ал, а) 
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The following may serve as an example of a table of divided 
differences : 


а. Лә). 
0 132651 

8113 
2 148877 158 

8587 1 
3 157464 162 

8911 1 
4 166375 167 

9579 1 
7 195112 173 

10444 

9 216000 


In this example the differences of the third order are constant. We 


shall now see under what circumstances a column of constant divided 
differences is obtained. 


12. Theorems on Divided Differences, 


Т. Ifa Junction f(x) is numerically equal to the 


functions (x), h(x), for a set of values of the argun 
any divided difference of Ҳа) 


the sum of the corresponding 
For example, 


sum of two 
nent v, then 
Sormed from those values is equal to 


divided differences of g(x) and h(a). 


Жа, ау) -fe) Ae) =e pad i = 
1-% 41-4; 
7 (t, а) + Қа, ao), 
and similarly for differences of higher order, 
: IL 4 divided difference of f(z), where c is a Constant factor, 
18 € times the corresponding divided difference of Ла). 
For example, the divided difference of the first order of of(z) is 
а) Ла) да) fla 
MUS * ос е (ах, a). 
ІП. The divided 
(where n is a positive 
Let 
Then 


differences of order n of 9" are constant 
integer), 


Ла) =a", 
Keto а) = (a — 04) (ay _ а) 
"71+ а-в etap- 
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a homogeneous function of а, и; of degree (n — 1). Moreover, 
Да, а, в») 
leg ақауы... lean] aat ayuu... pant] 
to bed а 
= (ao? = gt) (n — tta) + (ари а) Као — аз) +... 
+ ay" "(as — а) (а — г) 


= (lg! "2 + dg" "3 +... + q,5-3) 
* (ag 79 + «зион... tg) +... 


which is а homogeneous function of 4, ty, ds of degree (n — 2). 
In general /(а0, ay, to.. ., а) is a homogeneous function of 
Qo (р gy . . ., ау Of degree (n-p). Taking р = т, we see that 
Гао а, t, ...,а,)ів a constant. 

Corollary: The divided differences of order (n +1) of a" are zero. 

IV. The divided differences of order n of a polynomial of the 
nth degree are constant. 

This theorem follows immediately from theorems L, IL, and 
ІП, since the divided difference of order n of each of the terms 
Whose degree is less than т is zero. 

V. A divided difference of order r тау be expressed as the 
quotient of two determinants each of order т +1. 

Consider the divided difference of the third order, 


S Хау) 
(o, 01, Ay, dg) = X ы 
ee la СТГ 
«/%) (difference-product of (5, б, аҙ) 
diflerence-product of a, [NT 
Now a difference-product may be expressed 
of the kind known as Vandermonde's, thus 


аз à determinant 


(difference-product of а, as, а) 


2 2 2 
а? ay ag 
ау аҙ аҙ 


E d gd 
ja? a? а; 
Therefore Ла) Fi % ^e 


Лао ар ау» аз) = 
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o (Ла) Ла) Ла) Да) 
ай ай ай ар 

| а, ау аҙ аз 

1 l— Y i 
Лау” ts) = ад аз ag agi 

ау d 42 д 

U а а, аз 

1 1 1 


and so in general for differences of order higher than the third. 

13. Newton's Formula for Unequal Intervals.—Let Хи) 
be а function whose divided differences of (say) order 4 vanish 
or are negligible; and suppose its values for 4 arguments 


ар My, бу, аз ате known so that the table of divided differences 
is as follows : 


Argument, Entry. 
в Ла) 
Ла %) 
а Ја) Гао. а, а) 
Ли, а») Да а, а, аз) 
а, Жаз) Да, а», аз) LS 
Даз, аҙ) Жар а„ аз а) 
аҙ Газ) 


We may obtain the value of the function for any other 
argument w in the following way. Beginning with the constant 
differenee which is of order 2, we have 

Ји, ау, ty, а») = f(t ау Mg, (3). (1) 
By definition of the divided differenee of order 2, 


Ди, t, ау) = Ја, аз, аз) + (u - ag)f(u, ау, ау, аҙ), 
and therefore 


St, ay а) = (tto, t, а) + (u — a5) f (tto, a, аҙ Us). (2) 
Again by definition, 
Ju, a) = fto, аз) + (и — ауда, ау а), (3) 


and substituting in this equation the value of f(u, tto, €) from (2), 
Ди, а) = аа) + (w- t3) аааз) +(u- а)(ш- аз)(а,0,,4,04). 
Also by definition Ju) = а) + (u — а), e), (4) 
or Ди)-Да)-(и- ауа e) + (u - ao) (u — tty) tto, а, аз) 

%(ш-а)(а- а)(ш-а)/ (ар ау Uy, а). (5) 
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From the equations (1). (2), (3), (4) the quantities f(u, tg, 4, a). 
Ju, a, а), J(u, ao), Ди) are now known and may be inserted 
in the table of divided differences thus: * 


Argument. Entry. 


0 Хи) 

Хи, to) 
to Ха) Ҳи, а a) 

Да а) | и, ао ау, (is) 
d Ла) Ха tts, а.) 

Жау ttg Дар tts, а, ау) 
а Ҳа) Nay, Ms, аҙ) 

Ха» аз 
ds Jta) 


Formula (9) may evidently be generalised to express а 
funetion whose divided differences of order (n + 1) are negligible 
or zero, in the form 


Ди) =f) + (u = Qo) (tto, (3) + (и — as) (u — «1)/(а ву, а.) 
+ (u — a) (u — а) (ш – а) (а, а, а, аз) +. . 


a (u-a)(u-a)... (и – а 1) Да, 0, ..., My). (6) 
This formula was discovered by Newton.+ 


The first term on the right-hand side of this equation represents the 
polynomial of zero degree, which has the value Kao) at w=a, The 
first two terms together represent the polynomial of degree 1, which has 
the values Дау) ала flay) at ag and а] respectively, and so on. 

The remainder term which must be added to the right-hand side of 
the equation in order to obtain strict accuracy is in fact 


(-ад(и-а)...(и- аи, а», аһ. 


But this term vanishes if the divided 
constant, 


сз an) 


differences of order ^ are rigorously 


Fix. — From the table given below to find the entry corresponding to 3-7608, 


2s Жа), 

4-0 "3989423 
- 500 

y= 25069 “3988169 —199 
- 1499 

а= 5:0154 3984408 199 
- 2496 

az= 7:5970 :3978138 


| 7 Та practice the value of f(x) is usually found by forming the successive 
divided differences in this way, as in the worked-out example below. 
{Principia (1687), Book iii. Lemma v, Case iL. GR Cauchy, Gzuvres, (1) 5 
р. 409, 

(5311) 


, 


2% 
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Forming the successive divided differences of flu), where u = 3-7608, 
we find б á m 
M, ау, ау) = ар ау, 45) = - 199, ч А 
^ E dies — 500 + 1-2539 x (199) = — 749-526, 
Ди) = 3989493 + 3-7608 x (— 749-526). 
The calculated value is therefore 0-3986604. 


14. The Gregory-Newton Formula as a Special Case of Newton's 
Formula.—The Gregory-Newton formula may be regarded 
case of the formula of the last section when the intery 
are equal, 


as the special 
als of the argument 


For in Newton’s formula for unequal intervals suppose that we put 
89—G, а =а +1, а= а + W, .. ay w-a-dow, 


By constructing а table of divided differences, we see that 


Лао 9) = Af), Ла, ag) = Аа +), 


1 я 
“Лара, о) = gy: fe. 
In the same way we find 


Kao t, ay а) = аа аАУа), 
iw 
and so on, 
If we now replace u by 
the argument becomes 


fa + au) = fla) + Afla) + ®— дарау En NE Zn, Tr 


а +sw, the formula for unequal intervals of 


which is the Gregory-Newton formula. 


15. The Practical Application of Newton's Formula,— 


In laboratory computation from Newton’s formula, we proceed 
by a method which is really identical with that given above 
(Ex. § 13). Rearranging the formula of § 13, we see that 
Ао) = Hag) + (w= «) Ufa, а) 


+ (w= a) f(y, a, o) + (w= as) 
This equation may 


(Ado, а, а, аз) +. УД, 


be written in the form 


Ји) = f(a) + (u — а), 


1 
where (v,— Jo, а) + (u — а), (1) 


|" =rth divided difference + (ш-а)о,.1, 
Va — (а, а... „а),а constant, 

The v’s are computed in the following order: Vru Uno, 2. 
vı The value of Ха) is then obtained from equation (1). 
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to 
“т 


Jr.—'l'o find the function corresponding to 
the following ditierence table ; 


the argument 6-417 in 


Argument. Entry. 
a= 5 150 
131 
а= 7 392 34 
265 1 
ә = 11 1452 32 
j 457 1 
аз= 13 2366 16 
917 
а= 21 9702 
и=6-417, vg=1, vg—24-(6417— 11)1 = 19:417, 


v, 121 x (6-417 — 7)19-417 = 109-679889, 


15. fG-417) = 150 4- (6417 — 5)109-679889 
= 305-416402713. 


16. Divided Differences with Repeated Arguments, — The 
original definition of divided differences presupposes that the 
arguments concerned are all different. If, however, the 
quantity /(a,, «y 4- e) tends to a definite limit as е tends to Zero, 
We denote this limit by (4 4), and similarly for divided 
differences of higher order. 

Now suppose that in $13,v—«,. Since the differences of order ` 
З are supposed constant, we see that ав 4%» п, ag) is equal tc 
Дв», а, аҙ, аз), and the remaining differences /(а4, to 013), Дао, а) 
may then be calculated just as in the general case when u and » 
Were supposed different. We may now form another set of 
differences by again taking и =. Repeating this method we 
Obtain the following table of divided differences : i 


Argument. En try. 
о Да) 
% Ла) es > Ха ву, %) Jt % t, 4) 
% Ҳо) ылы Ҳа tto, а,) Лев Co» Moy ау) 
Е C Me ља, qj гана 
4% Ги) ы Ft, аз, аз) /(% ts, ts, өз) 
Жа» аз) 


"a Jta) 
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In terms of these divided differences with repeated arguments 
the formula of Newton becomes 


fu) — fe) + (и — ag) (а, o) + (#— ио), tg, fto) 


+ (U — 0) (ао, ву, dg, Gp) - a 
This formula will be used later to obtain 


àn expression lor 
the derivatives of a function in terms of its di 


vided differences.* 
ЕЕ PEN = 5 11 97 34 д d Hi 
Ex.—Given the AE ay 23 899 17315 35606 68510 7% Jind f(x) 
in terms of powers of (@ — 3). 
Constructing a table of divided differen 


ces and extending it to include 
repeated arguments for x= 3, we obtain 


т. Ла). 
43 68510 
4113 
34 35606 100 
2613 1 
27 17315 69 
1026 1 
11 899 40 
146 1 
5 23 16 
18 Т! 
3 —13 8 
2 1 
3 —13 6 
2 
3 —13 


Applying Newton's formula for repeated ar; 


1 suments, the required 
value is Ја) = —13 4 2 — 3)-- 6(a — зу 


+- 3}. 

17 Lagrange's Formula of Interpolation.—Let Да) be 
the polynomial of degree n which for values а, 
of the argument 2 1 


Пав the values Ха), Да) 
spectively. By the definition of divid, d : 


» 61,0,.. 25 Oy 


aes Да) те- 


ed differences, we have 
Жа H3; б» gus Gy, 2) 

4 Ла) Дау) 

(2-а)(%- 2 (z—2,) (а 2) (ау um) i ee ) 

Ж (3) ^ 

T 

(а-а а-а). а-а 
" Ла) 

(t, — 2) (a= а)... (ay, [M 

* $37. 


INTERPOLATION 29 


Since /(») is a polynomial of degree n, its divided differences of 
order (n + 1) are zero, i.e. 

Jag, у +: + а, m) 0. 
Arranging the factors of the denominators in the above 
fractions so that the first factor in each denominator is of the 
form (a — a,), we obtain 


ce a) 


@ — eg) (us =)... (2-а) 


Да») 
5 (a ао) (ао — %) (Ao - е)... (49 — Gn) 
Ka) 
“а-аДа-а)...(а-а.) 
Ҳа) 


x @-в„)(@-®)... (а„—а„_у)' (A) 
which is Lagrange's formula in a form suitable for computation.* 
Another way of writing this formula is obtained by multi- 
plying both sides of equation (A) by 
@- a)(@- e) (e =) - - - (x -= an), 
when we obtain 


қ -а|)(>-а)...(ғ-а,) ^ 

Jt) = E A -а)...(а- a^ o) 
(- %(е-4.)...(с-а.) la 
Гала, аы) 4... (асару 1) 


(@-в)(@-а)...(ш-а„_) 
(e, — %)аһ.-а)...(а,-а,-1 


It is important to note that when a set of experimental data obey a 
law which can be expressed algebraically as a polynomial of degree т, 
then not less than (n + 1) observations are required in order to construct 
the polynomial, If only n values were used, the resulting polynomial 
Would be of degree (n — 1. Before applying the Lagrange formula it is 
therefore necessary to ascertain the order of the divided differences which 
are of constant value and thus find the proper value for n. 


4 æ 14 17 31 35 
Ew, 1.— Given the values Қа) 68-7 64-0 44-0 39-1 to calculate the value 


у). (В) 


of fe) corresponding to = = 27. 


* This formula, generally known as Lagrange’s, was discovered by E. Waring, 
Phil. Trang, 69 (1779), p. 59. 
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Applying formula (A), we obtain 
fen) 


(27 —14)(27 — 17) (27 — 31) (27 — 35) 
68-7 
~Q@7=14) 04-17) (14 S31 1) (14 — 35) 
64-0 
tar 17)(17-14)(17-31)(17- 85) 
44-0 u 
tar- 31)(31 = 14) (31 2 17) (31 — 35) 
39-1 
tar = 35) (35 — 14) (35 — 17) (35 — 81) 
E: f27)_ 687 640 440 394 


4160 ~ 13923 * 7560 * 3808 — 12090 
: f(27) = 49-317 (approx.). 


The required value is 49-3, 


Еу, 2.— Given the data fü) р А А MT to form the cubic function of x, 
Applying formula (B), we have 
-G-16-26-5, | oft 2) (0-5), ale (2-5) 
98-6-1)0- 3,0-5) 1a =a) (1 5) 3(g—1)(8— Бу!” 
a(s- 1)(z 9) 
5(5—1)(5— 9) 


таза зо, 


147 


18. An alternative pro 
use of determinants is the 
Let Р, denote а polynom 


of of Lagrange's formula by the 
following : 


lal of degree n, and put 


Pi=A+ Bot баз 4. ++ Lan 
=/(ш). 
Substituting in Succession the values а 


s Фу.» 
obtain 


+ э 05 for œ, we 
Да) =A + Ba, + Са +. 


+ + La", 
Ха) =А+ Ba, + On 2 4. 


-+ La”, 


Ла) =А + Ba, + Coa oe La,”, 
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Eliminating A, B, C, . . . from these equations determinant- 


ally we have 


о Ды) Ла) Ле) ess) 
1 1 1 1 Т. | 


| " fto 41 а: а, 
2 2 
а a? аё а, а; 
ја" а" a,” Ga l2. 5 Gy” 


Expanding this determinant according to the elements of the 
first row, we see that 


Pall 1 ...1 jaffa 1 (1 
в а а, Іт “4 oe On 

ase za? в? 

4 4 An 1 n 


UU арм... ап а" арм... а," 


“Хау(1 i1 YT «1 p[eecH-DWGI Y s... | 


= ау la... Un 


Ой ag ай... ам аз ар Oasi 
P as at. 08" ал ау... аң (1) 


The determinants in this equation may be represented 
as difference- produets. The coefficient of /(vw, is the differ- 
€nce-product of v, а, . . » б the coefficient of ау) is the 
difference-product of 2, ғу аз, . . +) ал, and so on. We may 


Write 

E eA ee И x31 a I Wh ез, fere. 
ЕТУ а 4 4а... LEM ...а, 

а" ат. а а" ay" NS ay пу" ау... ty”, 


te. the coefficient of P, is equal to the difference-product of 
% ау... ац: it is also equal to minus the difference- 
Product of аһ 46 бу... 5 Mn, OF DO plus the difference-product 
of a, о, and so on. Tf we now divide through- 
Зам hy the coefficient of P, in equation (1), we obtain the 
esult : 
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р.да аа-а)... @-чы 


o — 4) (tg — Ч) (o — 43) . . . (%- а) 


hy — Mo) (y= o) (8)... (0, — 5) 


Ka (2-а)(2-(.)(%-а))... (2-0) 


(n= a9) (t =)... (а-а) 


which is the formula required. 


fs) (%-а)(2-4))...(2-а,-!) 


There is an infinite number of functions of 2, each of which has the 
values fag), fay), . . ., fan) at ву ар... аң respectively. In the 
practical applications of mathematics, however, we consider only functions, 
such that if ag ay, . . ., &,, are sufficiently close together, any one of the 
functions may be represented with tolerable accuracy by the polynomial 
Pa, for the range of values included between ау ар... Gy. The 
formula may thus be used for interpolation. 


19. The Remainder Term in Lagrange's Formula 
of Interpolation.— Let с) be a function of the real 
variable œ defined in an interval to which belong the values 


25.2, .. 9, and possessing in this interval the derivative 
of order т. 


Consider the function g(a), where 


Дал) ы” л Л 0. ФП 


The determinant vanishes for the values ao, 
the differential caleulus we see that since 
(n +1) values of z, its derivative (ш 


a, the second derivative for (n-1) values, and во on; the nth 
derivative vanishing for one val: 


e a | ue of z in the interval. Thus 
ere exists a value z intermediate between 2, 2,,. . ., 2, such 
that 9а) = 0, о 24 › 23 


Forming the nth derivative 
entiating the variable с 


2..8 By 
0(@) vanishes for 
) vanishes for values of 


of the determinant by differ- 
of the first TOW, we have: 
* Peano, Seritti offerti ad E, d 


lements 


Ovidio (Тагіп, 1918), p. 333, 
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"(у n! 0 ...0 01-0. 
Дә) ау 80971... o 1 
Да) e" aut... 0, Ц 


If we expand. this determinant according to the elements of 
the first column and solve for /(z;) in the resulting equation, 
we find 


|... @-) д) 


аһ, - 1) 


Where 2 15 some number intermediate between zo, %, . . ., 2, 
This is Lagrange s formula with a remainder term. 


EXAMPLES ON CHAPTER II 


l. If f(a) ІҢ find the divided differences f(a, 0), (а, b, c), and (а, b, с, d). 
х 


2. If fa) = g(x) + h(x), where g(x)=24 aud h(x) =23, verify that 


f, 7, 11; 13) = (5, 7, 11, 13)+ A5 7, 11, 13). 
3. Given the values 


т 4 
Је) 48 100 294 


form the table of divided differences and extend it to include the values 
ОЁ the function for 2-3 and «= 14. 
4. Find the function f(e) іп each of the following cases : 


(а) x 11 13 14 18 19 21 
fc) 1349 2210 2758 5850 6878 9282 


(бу) x 16 17 19 23 99 31 
До) 65536 83521 130321 279841 707281 923521 


5 7 10 11 13 
900 1210 2028 


by Means of a table of divided ditferences. 
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5. Calculate f(1), given the values 


т 0 9 3 6 7 9 
Дт) 658503 704969 729000 804357 820584 884736 


6. Assuming /(2) to be a function of the fourth degree іп г, find. the 
value of 19) (rom the values 


т 11 17 21 23 31 
x Ла) 14646 83526 194486 279846 923526 


7. The values of a cubic function are 150, 392, 1452, 2366, and 
5202, corresponding to the values ef the argument 5, 7, 11, 13, 17 
respectively. Apply the Lagrange formula to find the function when 


the argument has the values 9 and 6'5 respectively. 


8. Find an expression for the function in each о 
and (7), using the Lagrange formula of interpolation. 


9. If 


Ї the examples (6) 


glx) = ҚУ), 
obtain the formula (analogous to Leibnitz’s formula for the nth derivativo 
of a product) 


QU, nop ++ «5 Wy) = Eley t (Жы... ду). 


(Steffensen.) 


OHAPTER III 
CENTRAL-DIFFERENCE FORMULAE 


20. Central-Difference Notations.—In this chapter we 
shall consider certain formulae of interpolation which employ 
differences taken nearly or exactly from a single horizontal line 
of the difference table. In order to express these simply it is 
convenient to modify the notation of the calculus of differences. 

Several systems of modified notation are in use. One, 
which we shall frequently employ, was introduced by W. F. 
Sheppard* and will be understood from the following difference 
table. It is based on a symbol 6 which may be regarded as 
equivalent to AE~*, where E as usual denotes the transition 
from any number to the number next below it in the difference 
table, ie, E=1 +A. 

Since 8=AE7! and therefore A=sE!, we may write 
Au = du, Au, = Ens, Аи, = Bus, Vy Anu = Sty, and so on. 
Rewriting the ordinary difference table, we obtain 

Argument. Entry. 


a – 2w Wa 
- E , 
а-а LN ui 
à 33 
ӧш n t Su " 
2 Hg Puy : Mu, 
su, Su n 
а-в Uy Puy su, 
би, Bu, 
z 3 
а+ 220 СА би, Stu, 


If we suppose each row of the difference table to be numbered with 
the вих p of the corresponding entry up, or, in the case of a row 
situated midway between two entties ty and 1р1, to take the number 
P+}, we see that Л2гио, the differences of even order of ug, are repre- 
sented in the central-diflerence notation by 7u, since they are situated 

* Proc. London Math. Soc. 31 (1899), p. 459. 
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in the row r. "The differences of odd order A?^*luo are represented by 
the expression 827514, , since they lie in the row r+ i. 

It is often required to find the afithmetic mean of two 
adjacent entries in the same column of differences, In the 
8 system of notation we indicate this mean by the symbol p. 
Thus pu, is defined to be 3(8u _ y би), pug is 1 (03и -4t uy), 
and so on for the mean differences of the other entries, Тһе 
mean differences may be inserted in the table to fill in the gaps 


that occur between the Symbols of the quantities from which 
they are derived. 


In another notation which was suggested by S. A. Joffe* the 
Symbol A is used instead of 8, The notation is illustrated in the 
following difference table : 


Argument. Entry, 


@— 9ш U_o 
Au; 
а-а “. Au 
Аи} Au; 
a D Au At 
Ay Aru, 
atw Uy Aru, 
Au; 
a+2w Ug j 


21. The Newton.G 


auss Formula of Int 
Suppose that a funetion 


erpolation.— 
Jt + ww) is giv 


en for the values 

-а-ш,а,а-ш, &-2w,... 

of its argument. 
TORT, 'or i 

"n n the Newton formula for unequal interva]s we take 
= a,= 

g ey (5 — + 2w, 4Ад-а- 
obtoin 


а%ш, a, — —40, 
and denote a + gw by u, we 


Ди) — fe) + (u — a) 


2w, and so on, 


Ло, a +) + (и — 


(иа w)fa, a + ша-ш) 
%(ш-а)(ш-а4- tw) (ша о) а, a+, а — 15, a + 2w) 
+ (wu — a) (и 2-0) (и — aw) (в — a — 2w) 


NG a+u,a-w a+ 2w, a — 2w) 
йй a) a ua Du ee 4 


Ҳа, a+, a =w, 0+ 20, а Әр a+ 3w). 


(1) 


+. 


* 
Trans. Act, Soc. Amer, 18 (1917), p. 91. 
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т un а s " " > 
The divided differences contained in this equation may be 
Written in the ordinary notation of differences as follows: 


E 11% 
До a+) = AKa), 
Na, atu, а=) = NV =w), 
1 А 
Ха,азт,а-ш,а- 2w) = 81 „Ala -w), 


etc. 
Equation (1) thus takes the form 


Ke an) =o) з a) + e na) 


a: 


+ @+ Dif Daan) 


F (езе 6 Asa - 2w) 


#-1)@-®)Адзда аю) +... (А) 


pet Merle 


This formula, which is one of the group of formulae known to 
, 
Newton, is often called the Gauss formula. 


The ditferences used in this formula are as nearly as possible in the 
horizontal line through f(a) in the original difference table. The formula 
E o 


18 therefore convenient for use when the value of the argument for which 
near the middle of the tabulated values. This 


the function is required is 1 р 
d more simply by using the symbol (п), to 


ormula may be represente! 

“note the binomial coefficient 

rl 
50 that jt may be written 

Kataw = ы A2fta — w) + (c + 1) A3f(a — w) 
) fe) esto eines +9%А%а —2w)-. .. (B) 
22. The Newton-Gauss Backward Formula.—From {һе 
formula of the last section another may be derived which 
18 often used when а is measured in a negative direction 
Tom Жа), ie. towards decreasing values of the argument. 
Suppose we write f(a — a) in the form fa +2(-w)} and change 
e sign of w in the discussion of the last section. The 
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order of the arguments and corresponding entries is then 
reversed. Instead of А/(а) in the Newton-Gauss formula we 
now have /(a—-w)-j(a), or — Af(a —w); АЗ(а-ш) in the 
above formula becomes - ASf(«—2w); А5Д(а-2?ш) becomes 
= A®/(a — Зи), and so on. We thus obtain the formula 


Ke- ew) = f(a) — e Nf(a — w) + (0) Ау (n — w) — (e + 1)5A3/(a — 2w) 
+ (2 + 14A1/ (a — 2w) — (x + 2): 5/( — Зи) +... 
which has been called the Newton-Gauss formula for negative 
interpolation, от the Newton-Gauss backward formula. 
23. The Newton-Stirling Formula.—In the Gauss formula 
J(a + aw) = Ја)  vAf(a) + do(v — 1)А?/(а — w) 
Se ghe + 1)д(@ - Aka - w) 
+++ (0 La(w—1) (c — 2)А (а — Әт) +... 


the terms may be rearranged thus; 
Sa ane) = fla) + aa) - Аға — v) + лада — и) 


ж(а2 


o(a? -1°) ЕЛ Л ад 1 
+ 5! А870 – w) — Лау и — 2 


a (a? 


+ = asia = 20) +. . 


Suppose we re 


place the differences of even order withi 
brackets by 


differences of odd order, using the identities 
Afla- v) = Дуа) — Affa — w), 

Аа (а — w) = Ala — w) — A/a — 2w), 

We obtain the result 


n the 


and so on. 


fa + аш) = f(a) 4 Af) + Mon, ауа — v) 
480-1). Beau) дада, 
aa rn) 


ДУС, 4 
up git -1 Atla — 2w) 
+ А5/(а — Зи) 
2 


+2- a- м oy) 


a(g 12) (52... 92 ; 
> т=н -Әш)-... 


(А) 
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This formula, which was first. given by Newton,* was after- 
wards studied by Stirling Т and is called the Newton-Stirling 
formula, 

The mean-differences LIA) + Afla —w)}, $1 NT 2w) + АЗ(а- ш)), 
ete, are completely symmetrical with regard to increasing and decreasing 
arguments. This fact enables us to express the formula very concisely 
by means of the central-difference notation of & 20: 


AM a352—1 
1 ) 5з, + — 


Is mg + op duty + 50210 pen = 
таЗ-1 02 99 
* 206080, PES 


2 


Up 


where мӛие- 10и ұ--бш), 
pug 108и 3+ Sug), 
and so on. 


24. The Newton-Bessel Formula.—In the Newton-Gauss 
formula 
Na+ aw) = f) + Ауа) + doe - 1)А?Да-т) 
+{(@+1)д(@- IA SQ — w) 
paete- 1) (o - 2M — 20) 4. . .; 
let us substitute for 1/(«). 4 Аа — w), Ауа — 2w), ete., their 
Values obtained from the identities 
(a) = Дач w) — АХа), 
ү + xs - луи) -Aflu -1) 
Ма ~ 2w) = А“(а-ш)- А%(а- 2w), 
ete. А 
The above equation becomes 
Ke + aw) — M (a) + flat vy} 6 7 AKA) 
g(t 1) a(x — 1) (2-8) лэди = т”) 


== Hae - + A*f(a)) + 3! 


T ещ. 1) (« - 2). HAI- 2w)  Mf(a — w); +... (A) 


Which is ТЕЕ, with respect to the argument (а-- 2%). 
This formula, which was first given by Newton i and later 


Used by Bessel, is called the Newton-Bessel formula. 
з ses : 
Ч Newton, Methodus Diffcrentialis ( erg а p Case i. 
| Stirling, Methodus Diferentialis (1730), Prop. хх, 22: 
Werentiatis (1730), Prop. xx. Case ii. 
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Itin this formula we write z — 1 = y, it becomes 
(a 3o yw) =a) + fa +0)  yAf() 


2. 
uita) + tray 1052 


+ eony = 9 мда = 20) + At/(a-w) +... (B) 


25. The Laplace-Everett Formula.— When it is required 
to interpolate between f(a) and Ка + w) in the construction 
of tables by the subdivision of intervals, statisticians often use 
a formula due to Laplace and Everett,* which may be written 


E EN 


joa" ҳа? — 1) (2? — 
БЕ Dg , ole je Әна. . 2 


where ug denotes /(w + 210), and £ denotes (1-2), and where ав 
usual ó* denotes A*?E-1, Thus for Uy, @= 49, E=1-F=}. 

This formula involves only even central differences of each 
of the two middle terms of the series between which the 
interpolation has to be made. 


To prove this formula we eliminate from the Newton-Gauss 
formula 


Aa mv) = fla) sf) + (2) Ааа — v) + (ж + П) Лаа — w) 
%(е-1),А“(а- 2w) + (ж + 2)„А5/(а — ш)+... 
the differences of odd order by means of the relations 


Ада) = уа + w) - fla), Affa- w) = А?/(а) — А?/(в — w), 
Ауа — 2w) = Муи — w)- МД 20)... 


The Newton-Gauss formula becomes 


Na+ wv) — fa) + (Fa +) -Да)) + (а Аға — w) 
+ (E+ 1)s{A2/(a) — Afla — w)} + (ш + 1) Ааа — 2w) 
+ (2+ 2) A (a – w) — Mf(a-2w) +... 
Using the relati Tus es ; i 
may be written on (0+1), (1% (p), this equation 


* Laplace, Théorie «nal. des Prob., P. 15 
p. 648; J.L.A. ЗБ, P- 452 (1901), Tables о 
in Tracts for Computers, No, у. 


; Everett, Brit, Assoc. Rep. (1900), 
Г the co-efficients have been published 
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Дазаш)-(1- 2) Ди) + (и +w) + (w+ 1)вА% (н) — (а) Ауа — w) 
+ @ + 2) A3 (a — w) — (w+ 1A (a-2w)4... 
Introducing central differences and rearranging the terms, 


Na+ aw) = (1 —a)f(a) = (w)g82A(u) = (w+ Dy)... 
gf + w) + (w+ 1) збу (и + w) + (x + 2) / a + ш +... 
If we now transform the coeflicients of /(и) by means of the 
relation 1—z—£, so that (9ы- – (É+ 1), (w+ 1)5= - (£42). 
etc., we have 
Na+ ww) = Ela) + (E+ ыда) (6+ 2) 9/0) +... 
+а/(в + w) + (T+ 1) (a+ w) + (w+ 9), tla + ш) +... 


Which is Everett's Jormula for equal * intervals of the argument. 
26. Example of Central-Difference Formulae.— The fol- 
lowing example illustrates the various central-difference formulae:} 
To compute the value of logio cosh 0°3655, having given a table of values 
of logig cosh x at intervals 0-002 of the argument, 

Forming the difference table, we see that the differences of the third 
order are approximately constant. The differences of the fourth order 
Will, however, be taken into account since such a difference may affect 
the aceuracy of the last figure of the result 
Argument. Entry. 

0:360 0:0275 5462 3980 
30061 3825 


0-362 278 5523 7805 152 8035 
» 30214 1860 —2199 
0:364 281 5737 9665 152 5913 —18 
30366 7773 — 8185 
0:366 284 6104 7438 152 3778 - 
30519 1551 —2138 
0-368 287 6623 8989 152 1640 
30671 3191 
0:370 290 7295 2180 
In Everett's formula put «= 3, £— 1, and ug= 0:0281 5737 9665, 
00-3655) = 1881 5737 9665)-- (— 5.0152 5913) +02013) 
+ 3284 6104 7438) - (— = x)(152 3778) 477, (-3) 
= 283 8513 0494-75 — 14 2937-59 — 0-13 — 983 8498 7557-03. 


* log cosh (0-3655)-- 0-0283 8498 7557. 
SAARA 70900 


* Corresponding formulae for unequal intervals have been given by R. Tod- 
hunter, 7.2.4. 50 (1916), p. 137, and by G. J. Lidstone, Proc. Edin. Math. Soc. 
40 (1922), p, 26, Чын 

TA valuablo sot of Worked-out examples is given by p, J, Comrie in the 
Nautical Almanac for 1937, pp. 031-094. 
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In the Newton-Bessel formula put «= 3. 


281 5737 9665 = 
f(0°3655)=3( + эв 6104 7138) + }(80366 7773) 


52 591: 
—38309213551:5 +7591 6943-25 — 142954-27 + 16-68 — 0-14 
= 283 8498 7557-02. 
2. log cosh (0-3655) = 0-0283 8498 7557. 


By the Newton-Gauss formula 
{(0°3655) = 281 5737 9665 + 2(3 0366 7773) + ( — 45) (152 5913) 
+(— 413) (— 2135) 625.0 13) 
—281 5737 9665 + 2277 5082975 — 14 3054-34 
411676 —0:22 


— 283 8498 7556-05. 
+. log cosh (0:3655) = 0-0283 8498 7557. 
By the Newton-Stirling formula 
TM " зл/ 30214 1860 е 
0:365) = 281 5737 9065-21 2 0210 7773) * s (152 5913) 
-2122 Ке қ 
+090 5155) (сайы (- 13) 
= 2381 5737 9665 + 2 2717 8612-38 + 42 9163-03 
+ 116:40 4-713 


= 283 8498 7556-94. 
1106 cosh (0-3655) = 0:0283 8498 7557. 


27. The Formulae of the preceding Sections may be 


expressed more concisely by means of the Central- 
Difference Notation of $ 20. 


Everetl’s formula: 

a = Euo + (E+ 1) Pto + (E+ 2) tus es. + (ET) ыы... 
Yu, + (w+ 1) бш + (o 2) 9t в... (mr) be o 
The Mewlon-Bessel formula: 


Ma pty Qn — 3), + (а) uiu, + 2-0-0, 


+ (0+ T)anitu, + (2+ 1)а(ж— ШЕ- 2) (z — Desu, 62 
025 -i i 


T (2 RA 7 29. є Y 2 
(z +7 = 1), пә "Uy (т Deg 


ortu, MAL. 8,4 
Тһе Newton-Gauss formula: 
Ug = Uy + WOU, + (2) Sug + (a + 1) 


au, + (2 + 1) ио (ш + 2)5%ш, 
А. 


UE Gor 1) аи + (w+ "зада +... 
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The Newton-Stirling formula : 


a(i 


2 
a?. 
Ux = Ug + тиди + 5 o + 


ala2 — 12) (a3 — 92 
цо + ( J > 


xi т(а3- 12) La - 2?) 
an ә: 


+ P(E t)ar t (8 +r- П) дно + (8+ 0) оар... 


Newton-Gauss backward formula: 
и. = Ug — TÒU} + (2) ng — (® + 1)36°u_4 
+ (a+ 1),3479 - (@+2)$и-у+... 
+ (a +r — 1)g trug — (2 7) 1821044... 


28. The Lozenge Diagram.— We shall now give a method 
Which enables us to find a large number of formulae of 


Interpolation. ! 


А Й 
Let (р), denote the quantity а-а? 


entry (a+r). We obtain at once the relations 


- 1) 
р), = (P+ 1), 7 (Ры ( 
i E. oe - Atu p= ATH, © (2) 


and let т, denote the 


and, combining these equations, we see that 


(р) Ати _ „л — Аш} = + Yor (P) A-n 


(Аш. x (p + 1), 4 At tes = (DAM rsa + (Piped (3) 
Suppose we arrange these terms in the form of a A lozenge so 
that the terme oe eh left-hand side of the equation lie along 
the two upper sides of the lozenge and the terms of the right- 


q 
(pa Au, 


а 
(руа А ters 
Fra, 2. 
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hand side along the lower sides. We obtain the above diagrain 
in which a line directed from left to right joining two quantities 
denotes the addition of those quantities. 

Equation (2) may be expressed by the statement that: im 
travelling from the left-hand vertex to the right-hand vertex of 
the lozenge in the diagram, the sum of the elements which lie 
along the upper route is equal to the sum of the elements which lie 
along the lower route. 

It is evident that this statement may be extended. For 
example, let us place in contiguity the lozenges correspond- 


ing to 
p=n p-n-1 p-n 
DEE 
r=1 r=0 r=1 


so that the upper vertices of the lozenges, which are of the form 
(p),Atw_,, form a sort of difference table : 
(а), Диу 
(л),А?и _ 
(n — 1), Au, à 
We obtain the following diagram: 


(n), Au , 


(а) 


o [ au, 
Ss 
9 P dac “м " 
Au, Au, 
(n-1), ы uer (n)a 


и 2 
ug Aug 
(n-1), 


(n-1), Ай, 
Fia. 3. 
Applying the rule given by equation (3), it is evident that 


the sum of the el 5 : 
cet ements along either of the following routes i$ 


Ug + (mA... (n 4- ),A9u.., + (m+ 1) Ази 
(т) Ай + (а),А%и a +(ns 1);A3u 
Uot (n) Aug + (т) А2, + (п) Аз и. g 


П 


-1› 
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Since Uo + (п) Avy = иу + (n — 1), At, we may form three 


other expressions beginning with the term Uy 


equivalent to those already given, namely, 


instead of 4 and 


Uy + (n — 1), Atty + (n)Au у + (n+ 1);А9ш | 


and two similar expressions. 


If we examine the structure of this diagram, it will be seen 
that the values of g and + in the expression (p),A%w_, are 
arranged in precisely the same way as for the differences 


А17 (0 — rw) in an ordinary difference table. 


The values of p are 


constant along any diagonal descending from left to right of 


the diagram, while along a diagonal ascending 
these values increase by unity at each vertex. 


from left to right 
The first value 


of p along either line radiating from v is taken to be pn. 
By extending this diagram we arrive at the following, which 


2 
nz | Au s 
552 (n2), "ing. 


(n 72), к 
m А, 
(м), (n+2) (ағ), 
u no | Au 
Li -2 
бы), (км), (n2), 
n 1 М. 
(п), (n+1), (reer) 
ad Au, 
i (n) 
(n), 2 ш 
Б Su, 
(n-1), (n), ТЕ 
в! Р 
uy | Au, 
(а), (279, (n); 
ls Б 
(n-2), (n-1) (n-1), 
ай БІ 


FP 
ТРТ. 


(аҙ), 
|а 


(n2), 


(n2), 
" 
E 
-2 


(n1), 


(а-а), 
| д. 
TA 


(n); 
|а 
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may be called а lozenge or “ Fraser" diagram since it is a 
modification of one due to D. C. Fraser.* 

Now the Gregory-Newton formula for w, is the sum of the 
elements from М along the downward sloping line to the line 
of zero differences. So w, =the sum of the elements from vo 
along any route whatever to the line of zero differences. 

From the identity vo + NAUg — u, + (n – 1)Àw, it is evident 
that the value of и, is unaltered if a route is selected starting 
from wu, instead of from «y In general the sum of the elements 
along any route proceeding from any entry ur whatever to the 
line of zero differences is equal to Un 

Applying this rule, we have at once from the lozenge diagram 
Uy = Uy + Qu A a + (n+ 1) Аи о (n + 9) N9u 3 


+@+3)А%ш +... (D 

thy mg d (п)уАи_ү+ (n+ 1)g NT a (+ 1); 3и 
+(n+2),dtu_ot. ++ ©) 
Ugg = Ug + (п) цо Qr) NS + (n+ Vg Mug + (+ 4M „+... (6) 
Uy = Uy + (n — 1), Atig (п) Ано + (n)gABu_y + (n+ АЯН yt. + (7) 


Rewriting equations (5), (6) in the central-difference notation, we find 

Ue = Ug + (n) bu y+ (n 1) дио + (M+ 1) Зи (а 2)sStug 5 
and 

My = tto + (п)уёну + (п) дио + (п 4 1)999 + (п + 1) адио. - 
which is the Newton-Gauss formula, 


If we now take the mean of these values of и,, we obtain the formula 
whose differences are along the row corresponding to 40: 


Uy = Ug (а) (ди, дщ) + (а-ы 1), + (n)a! Sto 
о жа Yi 88р) + (а + Dg (а-ы Da pto "7 
r ж 


"s - vo + Qu + ynu + Yn (n — D)piSus + здра? — 1)54ug e = 
which is the Newton-Stirling formula. 


d m аш of Uy <a equations (6), (7) may be expressed either 
a rmula or as the Ni -Bessel for! iting (0,4 
in the central-difference LED EINE CHA м 
Wy = Ug + (0,83 + (0)589uo + (п + Tu, + (n + 149g +- 8 
і EET Vo Beg + (+ т) д? ц e С 
m= Uy (n — 1,бш + (п) 02и + (п)б9и + (n+ Т) даш +... 9) 
Taking the ari + @+т— 1), (n т П) аду. ‘ 
8 the arithmetic mean of these values of Un, we may eliminat? 
* JIA, аз (1909), p. 238. 
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differences of odd order by applying the relations (94 = P+ Naga - (uai 
and 62951, Gru. — Sug. The coefficient of ё иу lakes the form 
iio +r 1) raQdoG-r-1)) or (n4 Torr The co- 
efficient of бли becomes 3(Q e r- 0$ —( 4 "area — (п 1) 5) 
or (n 4 r l)p and by substituting & for (1 — n) we see that 
Smtr- Varga = = — ен m Moray 

The arithmetic mean of equations (8), (9) may thus be written in the form 

Wy = Bug (E+ 1)9*ug-- (E+ 9)9tus +. . + (E+ Tory 10g H-. o . 

+ nug + (n + 1),892u4 + (m+ 2*0, +. . (n+ org Oy te. 

which is Everett’s formula. 

Suppose, however, we find the arithmetic mean of the values of Un 


in (8) and (9) and simplify the coefficients of differences of odd order in 
the resulting expression by means of the relation 
1 
HMA gat WAT = Vora} mo r- 1)» s 


We now obtain the result 


Е, n(n — 1) (n — Ф) 
My = pug + (n — 189, + (n)an + a= 3) x TT +(n+ ludh.. 
c 
+(n+r— 1)" +(n+r— Des тте ЯК 4; 


which is the Newton- Bessel formula. 


29. Relative Accuracy of Central-Difference Formulae.—- 
It is frequently necessary to use approximate formulae which 
terminate before the column of zero differences is reached. F: rom 
Ше last section we have seen that the sums of the elements along 
any two routes which terminate at the same vertex are identical. 
If the routes terminate at two adjacent vertices (р) Au „ау and 
(р) Ази. which are in the same « lozenge,” the sums of the 
elements along these routes differ by (p), Аш, 41 — Afu..,), d.e. 
by (р) At, ,. Extending this result to routes terminating in 


differ by (n + 2),A9u g+ (n+ T),A9u.. + (п) „Ли ED 
We shall now consider routes 


ean of the elements alon 
two adjacent routes. From the mode of formation we see that 


the sums of the elements along such routes are identical as far 
d the vertices at the intersections of the routes. For example 
€ Newton-Gauss formula is equivalent to the Newton-Stirline 

7 = © 
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formula as far as differences of even order, and it is also 
equivalent to the Newton-Bessel formula as far as differences 
of odd order. When a formula is curtailed, the question arises 
as to whether it is more advantageous to select a route which 
terminates at a mean difference or at an ordinary difference. 
The following diagram represents the portion of the lozenge 
diagram along the row corresponding to o and adjacent to 
the differences of order 27. Let A denote the mean differ- 


ence (n + 7)вааи 10, and let B denote the mean difference 
(n+r- 1) шд". 


Й DH 
Ss (n+r) E 


ог+л 


in, 4 ^ (n+r+ = m 
Og rrr a Keres Uo 
(n+r-1) (nir) = 


' or (nr) iim 
ЕР Б arts | ог+т 
0 атт Х----------- ô ч4-<----------- 
ШЕ i 
(n-+r-1) 
n+r-1 гал 
GPD T ан” nn 
ôu, 


Fic. 5. 


The route along the dotted line through A represents the 
Newton-Stirling formula and the route along the dotted line 
through В represents the JVewton- Bessel formula. The Newton- 
Gauss formula, which is represented in the diagram by a zigzag 
intermediate route, is equivalent to the Stirling formula at the 


vertices ^н, and 6"+2u9, and it is also equivalent to the Bessel 
formula at the vertices 82-1) and 2214) 


Consider the three routes representing the Gauss and the 
iis а ling formulae and the formula which contains the differences 
-lu y, ug rtu y and 942, If we suppose these 
formulae to be curtailed so that the last difference of each is of 
order 27 +1, we may compare the accuracy of these formulae 
by ОБЕ the magnitude of the neglected terms of order 
e +2). Thesum ad the elements along either of the routes from 

Пе common vertex 842 to the line of zero differences being 
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the same, the most aceurate formula is the one in which the 
neglected term of order (2r + 2) is the smallest. These terms ате: 
(пады, Mn Parse t (MET E oraal? 

(nr + 1)a, i 999720 
respectively, and they are also arranged in ascending order of 
magnitude. The Newton-Gauss formula is therefore more 
accurate as far as mean differences of order (27+1), when 
further terms are neglected, than the corresponding Newton- 
Stirling formula passing through the same differences of even 
order; and both are more accurate than the formula containing 
the difference Зи ы In precisely the same way we see 
that the Bessel formula is more accurate than the Gauss 
formula as far as differences of even order when further terms 
are neglected. In general, 4 central-difference formula terminat- 
ing at а mean difference of the entry Up is more accurate than 
а formula which is curtailed at the corresponding central- 
difference of uy 3, and it is less accurate than a formula which 
is curtailed at the corresponding difference of арқ 

We shall now illustrate by an example the superiority which central- 
difference formulae generally have over other interpolation formulae. 

Let it be required to find uj where -1<7<1. If we employ for 
this purpose an interpolation formula which proceeds according to 
central differences of wg, and stop at the (2r+1)th term, the result is 
the same as if we employed Lagrange’s formula with given values of 
w so that by § 19 the error is 


ИРА 
@+)(@+т-1)... 6 рака gy 
@r+1)! : Е 
Where 4 denotes some number between «— rw and a+ rw. If, on the 
other hand, we employ the Gregory-Newton formula, and stop at the 
(2r+1)th term, the result we thereby obtain is the same as if we 
employed Lagrange's formula with given values of ug, ty). y ну, 80 
that the error is | 


ай-1)...@—9 


ar m jore. 


Where 2) denotes some number between а and a+2rw. Now fervere 
Фев not, in most cases, differ greatly from f?7* PG), but (xr) (e +r— Т) 
EE (r—7) is much smaller than «(a — 1) 2... (r— Әт) in absolute 
ue when — i-e Thus the error is smaller in the former case than 


P A detailed discussion of the accuracy of interpolation formulae is given in 
pers by үү, F, Sheppard, Proc. Lond. Math. Soc. 4 (1906), p. 320, and 10 (1911) 


р. н; D. C. Fraser, J.7. А. 50, pp. 25-27 : G. J. Lidstone, Trans. Fac. Act. 9 (1923), 
D311) | 
з 
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in the latter. — For this reason central-difference formulae are prefer- 
able to the ordinary formulae for advancing differences. 

The following remarks* are of general application : 

“Formulas which proceed to constant differences are exact, and are 
true for all values of x whether integral or fractional. 

“Formulas which stop short of constant differences are approximations, 

“Approximate formulas which terminate with the same difference are 
identically equal. 

“Approximate formulas which terminate with distinct differences of 
the same order are not identical. ‘The difference between them is 
expressed by the chain of lines necessary to complete the circuit.” 


30. Preliminary Transformations.—In certain cases 
formulae of interpolation should not be used until some 
preliminary transformation has been effected. We shall illus- 
trate this by two examples. 


Ет, 1.—Suppose that it is required to find L sin 15". 


We have from 
а table of logarithms the following entries : 


6. L sin 0. 
0? o' 10" 5:6855749 
3010300 
20" 59866049 - 1249388 
1760919 737864 
30" 6:1626961 - 511594 
1249388 231236 
40" 6:2876349 — 280288 
969100 


50" 6:3845449 


„The differences are evidently very slowly convergent, 
A will x seen mu it is remembered that when 0 is small and 
=æ radians, then sinz-z- i23 4- and 2= 0 sin 1" (near] 

6 i : р s у) 
уш xin 0-1. sin 1” +log 0 (nearly, and the differences of log 8 
т ee a ues 10, 20, 30, 40, 50... of Ө are very slowly convergent. 

cretore calculate L sin 0 when Ө is small by adding the inter- 


polated values of T, sin 0 


One reason for 


» Which has regular differences, and log 6, for 
which tables exist with smaller i 

Ex, 2,— Suppose it is requir i 

ба gee eons suu to interpolate between two terms of 


ntervals of the argument. 


1, t, 70-3 repays 3) — rra 42 
D аа r+ 3; 
P 2+1) MOFFA E W 


where r and p are two widely different numbers. 


E 
D. C. Fraser, 4.1.4. аз (1909), р. 938, 
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It is best to interpolate in the sequence of numerators 

1, 7, r(r 1), r(r+1)(r+2), . + - 
апа to interpolate separately in the sequence of denominators 

1, p, pip +1) ppt D(p2). . 
We then divide the former result by the latter, in order to obtain the 
required interpolated value. p | 

Stirling (Methodus. Differentialis (1730), Prop. xvii. Scholium) says : 

“ As in common algebra the whole art of the analyst does not consist 
in the resolution of the equations but in bringing the problems thereto ; 
so likewise in this analysis: there is less dexterity required in the 
performance of the process of interpolation than in the preliminary 


determination of the sequences which are best fitted for interpolation." 
The general rule is to make such transformations as will make the 


interpolation as simple as possible. 


EXAMPLES ON CHAPTER IIT 


l. Given 
sin 25? 41' 40" = 0-433 571 711 655 565 
sin 959497 0/— 0-133 659 084 587 544 
20" = 0-433 746 453 442 359 
40" = 0:433 833 818 219 189 


find the value of sin 25? 42’ 10" by the Newton-Gauss formula. 


2. Find the value of log sin 0° 16’ 8^5 having given 
log sin 0° 16' 7" = 7-670 999 750 0 
ы 8" — 7-671 448 629 9 
9” = 7:671 897 046 4 
10” = 7:672 345 000 2 


using the Newton-Gauss formula. 
1 Cheek your result by obtaining log sin 0° 16' 8”-5 from the following 
data : 
log sin 0° 16’ 6" = 7-670 550 405 5 
8"=7-671 448 629 9 
10" — 7-672 345 000 2 
12” = 7-673 239 524 3 


9. Apply the Newton-Stirling formula to compute sin 25° 40' 30" 
from the table of values 
sin 25° 40' 0" = 0-433134785866963 
20" = 0-433222179172439 
40" = 0-433309568404859 
sin 25° 41” 0” = 0:433396953563401 
20" = 0-433484334647243 
and verify your answer, using the Newton-Besse] formula. 
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4. Given 


314789 

440680 

563025 

find the value of log 3375 by the Newton-Bessel formula, verifying the 
result by one or more other central-difference formulae and comparing 
it with the true value. [3-5282738.] 


5. Show that the lozenge-diagram method really derives all the 
interpolation formulae by repeated summation by parts, i.e. by the use 
of the formula 


uy Av, = А(ил) — vus, 
which is the analogue in the Calculus of Differences of the formula 


fud wv - [ъй 
in the Integral Calculus. 


CHAPTER IV 
APPLICATIONS OF DIFFERENCE FORMULAE 


31. Subtabulation.—An important application of inter- 
polation formulae is to the extension of tables of a function. 
Thus, supposing we already possess a table giving sinc at 
intervals of 1'of œ, we might wish to construct а table giving 
sin æ at intervals of 10” of æ. This operation is called swb- 
tabulation. Subtabulation might evidently be performed by 
caleulating each of the new values by ordinary interpolation, 
but when the new values are required in this wholesale fashion 
it is better to proceed otherwise, forming first the digerences of 
the new sequence of values of the function, and then calculating 
the latter from those differences.* 

Lat To Ey Ты gres ie e tea given sequence of entries in a 
table corresponding to intervals w of the argument, and let 
their successive differences be AT, = T, – Tp, A?T, = T, - 2T, + To 
ete. Suppose it is desired to find the values of the function 
їп question at intervals w/m of the argument so that (m -1) 
Intermediate values are to be interpolated between every two 
Consecutive members of the set То, T, T, .. . Denote the 
Sequences thus required by to 4, t» . - > so that /9— To, én = T}, 
ton = Т, ty, = Ts, ete., and let the successive differences in the 
new sequence be 

Аф-а-ф Arita = te — 24 + to ete., 
Where A, is used instead of A to denote the operation of 
аталыр in the new sequence. The differences in the new 
quence may now be found in terms of tbe differences in the 
old Sequence by the use of operators in the following way. 


* 
Lagrange, Œuvres, 5, p. 663 (1792-3). Cf. L. J. Comri 
ange, , 5, P- 2-9), . L. J. Comrie, Monthly Noti 
xs, 88 (1928), p. 506. F. Emde, Zeitschr. f. angew. Math., 14 (О). 
should © Trans. Act. Soc. Amer., 38 (1937) 16. The discovery of subtabulation 
log. uu ded to Н. Briggs (1561-1631), who used it in his computation of 
53 
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Denoting the initial value % or Ty by /(«), we have by the 
Gregory-Newton interpolation formula : 
t= f(a + w[m) = Tg + (15m), AT, + (1/т),А?То + (1/m),ATo t+... 
and the operators A, and A are thus connected by the relation 
A, = (1/m),A + (1/m) A? + (1/m),A3 +... (1) 

Suppose for simplicity that ЛТ, is the last non-zero difference 
of the original sequence, so that A9TQ—0, A®T,=0, ete. 
Equation (1) gives 

Aj = 1(1/т) А + (1/m) A? + (1/12) АЗ + (1) AM. (2) 
If we now substitute the values s=1, 2, 3, 4 in the last equation, 
we are able to determine all the differences of the new sequence 
in TS of the os an of the old sequence: 


Ж E» 
Aly тун eter Um) Sm уу, 


Gms 
= т) (1 — 2m) (1 - 3m " 
T Cm ae ( —T дат, (3) 
iL xam hz (L— m) (7 — 11m) , gy 
87%- 77 а ш ТІ; дет, (4) 
А%- E en) as Ж (5) 


AY %- Lat, 


(6) 
When the differences are thus calculated, the entries ty ta ty 
may be derived in the usual way by simple addition. The 
values of tm, tom fm . .. formed in this way should agree 
with the tabulated values T, ils. га» 


Ex.—The logs of the numbers 1500, 1510, 1520, 1530, 1540 being 


E places of decimals, to find. {һе logs of the integers between 1500 
The difference table of the or iginal values is as follows : 
No. log. A, At AS д. 
1500 . 176091259 
2885688 
1510 178976947 — 19047 
2866641 2 
1520 181843588 — 18798 Y -4 
2847843 
1530 184691431 —18553 i» 
2829290 


1540 187520721 
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Here m= 10. 


” А = oat ~4)= —0-0004 in the ninth place, which is negligible, 
7 
Ago 1 2494 07100. — 0.2544 =0-25 
10 2-104 which is approximately constant, 


221 (1- 10), .0-10)(7-110) 

А = (7 19047)+° 249 4)= — 199-74 

1 = 08 — 19047) +o 1:39 О , 
1 " (1-10) = „ (1—10)(1— 20), 

А28 ell 19 07 ye OM. 

1 102885688 + Eno 19047)4- SU 
(= 10) = 20) (1 = 30), _ 
24- SEE A 4) 
—388568-8 
857-115 
7:0965 
0-08265 
:094 
No. logs. Ay Aj Ag. 

1500 176091959-1 
289433-1 

1501 1763806922 — 192-74 
989240-4 0-25 

1509 176669932-6 — 192-49 
289047-9 0-25 

1503 — 176958980:5 — 192-24 
288855:6 0:25 

1504 1772478361 — 191-99 
288663-6 0-25 

1505 177536499:7 -191.74 
9884719 0:95 

1506 1778249716 — 191-49 
288280-4 0-25 

1507  178113252-0 — 191-24 
288089-2 0:25 

1508 178401341-2 — 190-99 
287898-2 0-25 

1509 178689239-4 — 190-74 
987707-4 

| 1510 178976946:8 

The required new table is : 

à Жо.” log. Хо. log. 
1500 3-176091259 1506 8:177894979 
1501 3-176380692 1507 3-178113252 
1502 3-176669933 1508 3-178401341 
1503 3-176958981 1509 3-178689239 
1504 3-177247836 1510 8:178976947 


1505 8:177536500 
and the final value of log 1510 agrees with the original value, 
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32. An Alternative Derivation.—It is frequently convenient when 
dealing with a function whose degree is known to insert values. of 
the function, intermediate to those already tabulated, by the following 
method : 

Suppose, for example, that a function Дә) may be represented by a 
polynomial of the third degree, and that values of the function are 
tabulated at intervals w= 10 of the argument. Let it be required to insert 
values at an interval w=1. Using the notation of the last section, we 
have (by the Gregory-Newton formula) 


"To — fo, 
T; — = tot LOA + 45420 + 190.9, 
To= = lo + 20,5 4-1904,%, + 1140 tg, 
Ty = = fo + ЗОД, + 4354200 + 4060 A491. 
Differencing these equations, we see that 
АТу-104,--454/4, + 120A,%, 
AT, = 10A,1, + 1454,9 + 1020À 31, 
T 541%, 25999043 
АТ-104,40:-2454,%,:-2920А,%, 
Similarly АТ = 100A; + 9004,31, 
A?T, = 10043, + 1900421, 
2. АЗГ--1000Л,%,, 
The leading term and its differences for the subdivided intervals are 


seen to be 
pics Agit — -001A9T,, 
Ato = 01AT, — -009A°T,, 
| М, = AT = 045N?T, + -0285A9 T, * 
from which the values tj, ір... are formed by addition, 
Fic — Having given а table of values of log : at intervals 


w=5, to insert between log 6250 and loy 6255 the intern 
the function at intervals w= 1. 


of the argument 
rediate values of 


Entry, А. д2. 
Put То=1од 6250 = 3:7958800 
; 3473 
T, =log 6255 = 3-7962273 -3 
ч 3470 
T3—1og 6260 — 3-7965743 -2 
3468 


T4—log 6265 = 3-7969211 
The differences of the second order are a 


! 1 pproximately constant, so we 
assume log z to be a polynomial of the second degree. ' 
Ty=')=3-7958800, 
T,= t5=fo+ 5At +1 ОД 2/0, 
To= fig— + 10Л + 45,21. 
ATTo— 5A. hs 
07 Ay) + 10,21. = 3473, 
AT, = БА + 35A. 
ATTQ— 95А 3, 
* These are precisely the set i i 
differences of the tabulated fon. ee ле Ан, the third 


APPLICATIONS OF DIFFERENCE FORMULAE 57 
From these equations we obtain the values 
Aty= — 019°,  Ayfp= 694-84, 


expressed in units of the seventh decimal place. 
Forming the difference table for the subdivided intervals, 


y. Ар А. 

log 62 958800-00 
694-84 

log 62 51—37959494-84 -0-19 
694-72 

log 62 52 = 37960189-56 -0-12 
694-60 

log 62 53 = 37960884-16 -0-12 
694-48 

log 62 54 =37961578-64 -0-419 
694-36 . 

log 62 55 = 37962273-00 


We may now insert these values of the function in the table of values, thus: 


log 6251 =3-7959495 
log 62 = 3:7960190, ete. 


We may obtain without difliculty formulae for subtabulation based 
On central-difference formulae, or on Everett's formula. These are 
frequently to be preferred to the subtabulation formulae based on the 
Gregory-Newton formula. 

Owing to the rapid accumulation of error in the higher orders of 
differences, care must be taken to include additional places of digits in 
the computations, as in the above examples. 


33. Estimation of Population for Individual Ages when 
Populations are given in Age Groups.—We shall now find 
the values of a statistical quantity, such as the population of 
а given district, for individual years, when the sums of its 
values for quinquennial periods are given.* 

Теб... tig, Ч-р Uo Up Ug be the values of the 
quantity for individual years, and let the quinquennial sums 
Бе... Wy, Wo, We» +. во that 


Wa =ч +06 5% tUg + Us, 
Wo =e +My +% UI. 
W 4 2-g U-at Uist и. 
It is required to find the value ше in terms of the W’s, 


* G. King, 2.1.4. 43, р. 109 (1909). See also Бо, p. 32. 


(0311) 3° 
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The Newton-Stirling formula may be written 


Aw + Лиу mn n(n? — 1) Ази „+ Au- 
Un ug dm 1 —À4 gA N-t т =a 
n?(n?—1) 4 
Lae Au g+. 


If we denote и, +u_, by yn and neglect the differences of 
the fourth and higher orders, we may write 
Yn = 2ug + NAU. 
"Therefore Wig to 4-34 Yo 
= ug + Ли 1, 
and Wit Wa 7 gs ya Js Jo Vo 
= 10u, + 135A7w_,. 
Eliminating A?u., from the two last equations, Ug may be 
expressed in terms of the W's: 
125%) = 2T Ws — (W -4 + W3), 
or, writing A?W_, for (W_,-2W,+ W4), we obtain the result 
125w = 25W,— A?W_,, 
or Ug = 0-2W, — 0-008A2W _,. (1) 
Ex.—To find the value of the quantity for the middle year of the second 


quinquennium, when the following are three consecutive quinquennial 
sums: 36556: 39387: 41921. 


Denote the given quinquennial sums by W 


ср Wo, Wy respectively, 
and form a difference table, 


W_,=36 556 
Х--39 387 -297 


W,=41 921 
The required quantity % 15 therefore, by (1), 


= 0:2 x 39 387 — -008 (— 297) 
=7877:4 + 2-4 
— 1879-8, 

'во Ug — 7880. 


| The above formula таау be extended to inelude the fourth 
differences of the W's when we neglect the differences of the в 
of the sixth and higher orders We have now 


* When the groups are unequal, i imi i 
1 : We can proceed in а similar way, usin 
divided differences. s 5 


APPLICATIONS OF DIFFERENCE FORMULAE 58 


Уһ = "+ LP 
= 2ug + ЗАН + yap — 1)Atu_o, 
Wo tot Jit Je 
= Bug 4 8А?®н + Аби, (2) 
Wie Ў/ „у = 10u + 185А?%и-у+ 37TAtu_s, 
Wo + УУ = 10u, + 510A9u.., + 4627Atu.. p 


Eliminati ng ug from the three last equations, we have 
A2W .,—125A*u ү + 3750 o, 
and AW, - АМ. = 375А% „ү + 4250Atu.. ,, 
and eliminating At- from these two equations we find that 
Atus = 0-00032A4W > 
and Ази, = 0-008A2W .., – 0-00096A4W ..., 


If we now substitute these values in equation (2), we obtain 


the result 
Ug = 0-2(Wo- 5A?u ., Atua); 


or ty = 0:2, 0-008A2W _, + 0-000896A4W . ,. 
This value of ug was also given by G. King.* 


The following demonstration of a more general formula is due to 
G. J. Lidstone. 


зі 


а 
Let = Хи, Wi= È ty ete, 
-r "+1 
(4100-1 
and let ja D Uy 


» 
Where p is some number independent of « From these definitions we 
have at once 


Ayr= We 
and Hg, - on = 2 38 
In Bessel’s formula, 
= % es th + mAyo+ 2 i SELLE E * oC +... 
put m 1 


“r+ ly 
Form the difference Yim- Jim and in the result substitute W and its 


ЖАЛА. 43, y. 114. 
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differences for Ay and its differences. We thus obtain the required 
formula. 


The result is 
mim? — 
31/2 


m(m? — 1) (т — 


Dae 
„с. 


ig 2m Wo + Pow „+ 


which, when 2r + 1 = 5, becomes 


по 0:2Wg— 0-008A?W ,--0-000896A*W y+... 
as found above, 

34. Inverse Interpolation—We shall now consider the 
process which is the inverse of direct interpolation, namely, that 
of finding the value of the argument corresponding to a given 
value of the function intermediate between two tabulated values, 
when a difference table of the function is given. 
as inverse interpolation. 

Let /(«--zw) denote a particular value of the funetion of 
which the differences are tabulated. We now wish to find the 
value of the argument z corresponding to /(а + 220); for this 
purpose it is best, if — 1<< 1, to use Stirling's formula * 

(a +жш) = Да) + 2НА/а) + Af(a — wy, + Ja*A?f(a — w) 
+ gal? — 12) 1 AS/(a — w) + Afla — 2)! 
+ 3а? (02 – 18) 4а – Әр) +... (1) 


Dividing throughout by Аи) + Дуе w)}, the coefficient 
of x, equation (1) may be written in the form 
t= im — МАП, раба? —1)D, = 


This is known 


zz -10D4-... (2) 
where m= {fe + aw) Да) Дуи) + Afla — wy, 

Di = (A%/(a — vj] MAf(a) + Ду(а — wy, 

Da {Аа — w) + Au — 2) CA a) + ду 
and so on. We һауе now to solve equation (2) by successive 


approximations. 1st approximation: v— m. Substituting this 


value in equation (2) we obtain the 2nd approximation: 


zam? (m? — 1)D4—...., 


(a — wy, 


> and so on for 


* 1f i«z-— 4, Bessel's formula should be used. 
T Ап excellent method of perf i A em n 
culating machine is described by Eo Ged 


interpolation with a cal. 
To XE Chas 
1937, p. 934. J. Comrie in 


the Nautical Almanac for 
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Instead of solving equation (2) hy successive approximations we may 
arrange it in the form 
т-ға ЗІ + ds? — 1)Dg + ae? – 1)05+. .. 
We have merely to reverse. this series to obtain a formula from which a 
may be found by direct substitution, namely, 
s=m(1 +4Da+. ..)+ in*(— 10+ 44D34 - 1D4D,-. . ) 
TmnD?-i1DQ-...) 
efus ne 
As an example of inverse interpolation, suppose we wish to find the 
positive root of the equation * 
27 28: — 480 — 0. 


Writing y=27 + 28:1 — 480, and finding by a rough graph that the 
toot is a little over 1-9, we construct the following difference table : 


СА y. A. АЗ, AS, 
1:90 --25-7140261 

11:0886094 
1:91 — 146254167 0-2293434 

11:3179528 00041112 
192 . 3.3074639 0:2334546 

11:5514074 0:0041775 
1:93 8:9439435 0-2376321 

11:7890395 


194 200399830 


Evidently the төрі, lies between 1-92 and 1-93, and therefore if the root 


be 1.92 4 0-01, we have by Stirling’s formula in equation (1): 


0= — 3-3074639 + 11-4346801¢+4 0-1 1672733? + 0-0006907 («3 — 2), 
O= ~3-3074639 + 11-4: 


32? + 0-000690723. 


Dividing throughout by the coefficient of z, 
к= 0-28926595 — 0:010908812 — 0-0000604:43, 
lst approximation : »— 0:28926595, 


2nd approximation ; «= 0-28926595 — 0:0102088 x 0-083675 
- 0:0000604 x 0:0242 


= 0-28841027, 
— 0-28926595 — 0-0102088 x 00831805 
— 0-0000604 x 0:0240 


31d approximation: = 
= 0-28841538. 
The required root is 1-9228841533, correctly to 10 decimal places, 


* This equation was suggested by W. B. Davis (24. Times, 1867, p. 108) 
ut solved otherwise by him. 
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35. The Derivatives of a Function Гош the Gregory- 
Newton formula 


(a 3 aw) = f(a) + cAf(a) + === D деда 


we have at once 


fa + аш) — Йа) 
тш 


= дда) + Pot лаа). 2-0 e- Daae 3, 


If z is taken very small so that 220—0, the left-hand side of 
the equation is of the form 1Д@+%)-/(а)}}һ. The limiting 
value of this expression when h->0 is the derivative of the 


function f(s) for the value а of its argument. We thus 
obtain 


f) = ARO) - 49/0) - 44956) -499/ 0) +... — (3) 
The successive derivatives of the function m 


by the use of the differential caleulus in the 
Differentiating (1), we obtain 


2 


ay be obtained 
following way. 


= 99? — 9 
= 1 Аға) + M RES ТЮ 


2: 


wf" (a + zw) = Afla) + 


4 425 - 180? + 225 6 
A 


Аа)... 
Also 


"Pf" (a + шш) = Азда) (s 1)дау{)у 4 ш-н na 

and so on for derivatives of higher order. 

xu Т =0 in this set of equations, we obtain the results 
wf (a) = Aflu) – Lary 


(0 + ANa) – ұма) + дуда) 


” SANA) Fena 
wf” (а) = Аа) — Аза) + HAYA) — зла) 4.4 a 6 
wf" (а) = Af (a) — Ада) + ore Er "i AK ^ Да)-... 
Af (а) - Аа) - 2А5(а) > Аға) e S E 3 

wif" (a) = A®f(a) – Леа) 

wf" (a) = ASf(a) —. .- 
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Ex.—To find the first and second derivatives of log, at «= 500. 


2x loge a. A. АЗ, АЗ, As 

500 6-214608 
19803 

510 6-224411 - 385 
19418 15 

520 6-253820 = 370 =] 
19048 * 14 

530 6-272877 — 356 -1 
18692 13 

540 6-291569 —343 
18349 

550 6-309918 


Неге w= 10 and 
10/'(500)— 0-019803 + 1(0-000385) + }(0:00001 5) 
— 0-020001. 
Also 100/"(500) = — 0-000383 — 0:000015 — }3(0-000001) 
= —0:000401. 
Neglecting the last. figure, which is liable to error, we obtain the results 
['(500)— 0-002000 
Ү/500- — 00000040. 
We may find the formula for the nth derivative of a function other- 
Wise, by using symbolic operators and expanding the function f(a + w) by 
Taylor’s Theorem. 


Thus даза) Ли) wf) 2/0) 4. кн (1) 
If we denote ES the operator for differentiation, by D, equation (1) 
Becomes оту? 
(a +ш)у=(1 + D =. +... MM, 
er (14+ Ayfa) = e" fa), 
and l4 Az", (2) 


Taking logarithms of each side of this equation, 
wD = 109 (lt A) 
TAJA pA... 


or ш/а)-АҚа)- Afa) + ъА3/а) –. .. (8): 
Also wD? = {log (1 + 4)j? 

қ FAAA yA . 2 
Therefore wf (a) = (A — $42 +A. . fa) 


= Аа) – Bf + 1 2.А4/((а) Шы (4) 
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and in general 
ауа) — (A — FA? 1A3— IM... ууа). (5) 


36. The Derivatives of a Function expressed in Terms 
of Differences which are in the same Horizontal Line.— 
By differentiating Stirling's formula, 

Harzu) =) + EHANA) + Afla- миў} Afla- w) 
+{ж(а5— 12) 4(A9/(a — w) + Ау (е — 2w) 
Жаза (аз — 12) ДУ (а — 2w) 
+тїӊ®(2* — 1°) (2? – 22) Аа — 2w) + Д5 (а — 3w)} 
+ rha? а? - 17) (a2 — 29) A9 (a — 3) 
the differential coefficients may he represented by 


converging series in terms of the horizontal difference: 
w/"(u +00) 


1 
J 


a rapidly 
. Thus 


= HAA) + Aja — 0) + Ла — 
+432- 1) HAS —w)+ Аз (а — 2w) 
+ iz (4a? — 22) Аа — 2w) 
t qi1g(02i- 1522 + LHASA- 2w) + A5/(a — Зш)} +... 
w?f" (a, + aw) 
= Аи - w)-- eMA*f(a — w) + Afa — 2w)} 
+ (1928 — 2)A9/ (o — 2) 
+ 415(2023 – 302) M (AS/(u. - 2w) + А5/(а — 39)... 
Putting z — 0 in these equations, we have 


ЭЎ (0) = НАЛИ) + Afta — vw) — JM AS — v) + AS fa — 20) 

+ AS (0 — 2w) + ASf (a. — 310)} +... (1) 
wS (a) = ANa — v) — BAY (a — 2w) + 30А - Зш) +... (2) 
These equations give the value of the derivatives in terms of 
differences which are Symmetrieal as regards the direction of 
inereasing and decreasing arguments, 

In order to extend these results to derivatives of higher 
order we Shall Write Stirling’s formula in the central-difference 
notation of § 20 as far as differences of the eighth order. 

Ja + aw) = 49) + Tpu + Sars i + la(s? — 1)pd3u9 + Tra (2? — 1)84ug 
+ тода? — 1) (a2 — 4) ёи + Tis?" (a? — 1) (x? — 4)66% 

*sosst(a? — 1) (s? — A) (Ge 9)u5*u, 

"ossgt(z* — 1) (a2 — 4) (а? — 9) Bug. 
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When the right-hand side is arranged according to ascending 
powers of z, we obtain i 
Да + mw) = ug + a (pug — Fo + 16000 — үзгө" to) 
жақы — бше + гїөӨ®нө— 112000) 

+ a? (Kui — ани + тїн! to) 
a C a Bug + эт 
+а5(ү1ӊиө—ъуонё' uo) + 2900000 — ү 

If both sides of this equation ате differentiated and we 

substitute the value z—0, we obtain the value of w/'(«) as in 

equation (1); and the higher derivatives of /(«) are formed by 
differentiating ш/а + aw), w?/" (6 + 2и), and so on. 

The successive derivatives of /(v) correct to differences of 
the eighth order are given by the following equations : 


wf (a) = pàug — à pug + 160020 — spo to 

wf" (a) = Pig — Wg + vg to Puo, 

wf" (a) = pug — ptio + Fou Uy, 

wA f (a) = ito — 08900 + riodo 

wf (a) = pto — Sp t, 

aS f (a) = Bug — 1884, 
We see that ш/а) is equal to the coefficient of z in (3) and, 
in general, wrf™(a) is equal to the coefficient of а" in the 
equation (3) multiplied by т | This result might have been 
obtained at once by comparing (3) with Taylor’s expansion 
of f(a + aw). 

37. To express the Derivatives of a Function in Terms 
of its Divided Differences.—We shall first find the derivative 
of a function Да) for the particular value a of the argument x 
in terms of its divided differences. As shown at equation (3), 
$ 13, we may write 
Дв) = Дао) + (и а)Даара:) + (^ — а)(в-«)/(0644,4%0) 

з...-(ш-а)( а-а)... (u — Gna) 4 ys 5 Gn), 
Where the divided differences of order beyond the nth are 
Supposed negligible. If we put u =o we have 
Лау а) = Дао, 41) + (to — t3) tos а (tg) 


+ (ag — 24) (tg = tto) f (fto. a» to аҙ +... 
+ (ио = а) (а= ГА - 55 (as — tM (to 9, - - 2 а). (1) 


260 
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But in $ 16 we found that 
Mu) — fto) + (u — ао) (ао, бу) + (u — tto) (to. бо, 4) 

%(и-а) (to, to, do, ao) +. . 
and by Taylor's expansion, 

м Wa 

Л%) Hla) + (u= ege) (ung 19. qu. ga, 
во that f'(a) = (ио. ад), AS” (Ho) = (ао, tts, 4), and in general 


Қалар to, . . ., tto), 
which gives the nth derivative in terms of the divided differ- 
ence of the ath order with repeated arguments. 
Equation (1) thus becomes 
Ха)-Леа)%(%- а)Дарара) + (do — 4) (to — в»)/(аоау,а»,ау) 
%...%(%-а)) (9-а)... (ву — а,-1)/ аа, ++ Gy), (2) 
which gives /“(а4) in terms of its successive divided differences, 


As a special case of this formula when 04 — Uo +, аз = ao + 2w, ete. 
1 1 
gs f(ag) + (— w)( — 210) Даа) Фоа 


ог wf (ag) = Af(ag) — ЖАҚАН 2АЗ(а)-..: 


Which is the formula of $ 35. 


fag = АЛ) l-u) 


А. more general expre 
in terms of its divide 
Newton’s formula: 

Kæ) =H) + (s — суа, а) + (x 
+ (2-а 

Denoting the factor (= 

Ха) = fug) + tto (ttg, ау) 


ssion for the derivatives of à funetion 
d differences шау be obtained from 


-%(2- а) (to, ал, аҙ) 

4(2- а)(2- Ap) f (to, а 4, а)... 

— 44) by an, this equation becomes 

+ agas f (ao, а а») + ftot o f, 

б +.. taya... аа -17 (to, а, gy. . ., an): (8) 

Differentiating both sides of this equation, we see that 

(а) = (tt, ау) + (a) + а) (do, ft, %) 

+ (адау + agag + ааз) (40, 44, o, аз) nist LR (4) 

fF" (2)/21 = (а 44, в) + („+ а + ag) (а, ау, а, аз) 
+ (aga, + 400% + араз + aa + 443 + agas) f(a 

LO =A (to, а, а, аҙ) 

+ (aota tasta (90. 4, "o xe fel 
f"G)A1- fta, а, m A 2 + аз)/(ао, ay, а, в, 04) + (5) 
*( 
,and so on. 


(to, My, 4, аз) 


о 4һ Uy, аҙ, 04) +... 


"9 ay + as + ag + ta) (to, а, аза, аа)... (6) 
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In these equations the coefficient of the divided differences of order 7 
is a symmetrie function of the quantities ар 43, do, . . ., аі. In 
equation (3) this coeflicient is of r dimensions, and after each differentia- 
tion its dimensions decrease by unity; so we see, therefore, that the 
coefficient. of ар a, . . ., а) in the equation for feXz)[r! is unity 
(Le. zero dimension in Фу = 49 a, j, and all differences of lower 
order vanish. 

If we suppose Ug = = gg. . -= Gy We obtain the values given 
above: faq) — (а ag), f (to) = 2h tos 4 4%» and so on, | И 

Substituting in equation (4) the value £= do, we obtain equation (2), 
namely, 


Ғад) = (ао а) + (аб — tf (to. t3 t9) + (t — t3) (ao — tolto, ay aota) +... 

The latter equation is used when the derivative of a single value of 
the function is required; but when the derivatives of several values of 
the function are to be computed, we use equation (4). 

Ex.—From. the following table of values compute the third and fourth 
derivatives of f(0) when the argument Ө has the values 5, 14, and 93 
respectively, 

0 ә 4 9 13 16 21 29 
KO) 57 1345 66340 402052 1118209 4287844 91242820 


We first form a table of divided differences : 


ГА LO 
®= 2 57 
644 
«= 4 1345 1765 
; 12999 556 
а= 9 6840 7881 45 
; i 83928 1186 1 
43-13 402052 22115 64 
938719 2274 1 
44-16 1118209 49401 89 
633927 4054 
4-91 4987844 114265 


9119372 
$929 212498920 


The function is evidently a polynomial of the 5th degree. 


Tabulating the values of ag; ар а»... » We find 
8—5. 6-14. 0-93. 
5 3 19 21 
ру 1 10 19 
z 2%! 5 14 
Ce 
3 L4 1 10 
А s x11 -2 7 
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From equation (5) we have at once 


FS” (0) = 556 + (ag + ay + a5 + 0345 
+ (000) + 915 + 404454044 + ауаз + 4305 + аад + 0305 + азад + agta) l, 
зо Ј"(5)=1 696, f"(14)=12 102, у”(2зу=3э 298. 


From equation (6) we have 


"(0)-45-- (ag 4- a+ ag + ag + 04)1, 
so (5) = 624, f"(14)—1704, jf"(23)— 2784. 


EXAMPLES ON CHAPTER IV 


1. The logs of the numbers 400, 410, 420, 430, 440 being given to 


seven places of decimals, find the logs of the integers between 400 
and 410. : 


log 400 = 2-6020600 
log 410 =2-6127839 
log 420 = 2-6232493 
log 430 = 2-6334685 
log 440 = 26434527 


2. If ArT, is the last non-zerc 
that Ат „0, Ares. 
tabulation are : 


› difference of the original sequence, so 
+ ә Show that the formulae for sub- 


з ene 
Arte Lary 


1 
a = 
Av 1 


де-то 1)(1—m) 
эт" 


Атту, 


E 1 adi "-9)(1- 
Аут ur em. EEDU M Arin, 


9т?”-1 


fr-3)-m-2m) (r— 3)0-3)0-m9,, 
+ \ $3 + En ja To. 


higher than the rth in the new 


The differences of order sequence 
are, of course, all zero, 


3. The following are three consecutive quinquennial sums : 


44133, 41921 and 39387. 


* Mouton, an astronomer of Lyons, in 1670 noticed that if in a sequence 
whose rth differenees are constant, say = с, intermediate terms are inserted 
corresponding to a division of each interval of the argument into m equal parts, 
then the new sequence has its rth difference constant and equal to с/т”, 
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Find the value of the quantity for the middle year of the second 
quinquennium. 


4. Тһе populations for four consecutive age groups are given by the 
table of values 


Age Group. Population, 
25 to 29 years (inclusive) 458572 
30 to 34 years( » ) 441424 
35 to 39 years( „ ) 423123 
40 to 44 years( s ) 402918 


Estimate the populations of ages between 32 and 33 years, апа between 
37 and 38 years respectively, 
5. Show that if 
Wo = но + trat. © -+ Hoyo 


and in general А 
WaS tagot Magi te E Кене) 
ЕБЕ и Р 
then the individual value u,, may be found from the groups of t indi- 
vidual values W. Wy Was. and their differences by the formula 
o Wp 


қ AW 
Jg AW 2 (1- = 9i) — "0 
tye N04 (20 — t+ ОН (9 +-Bx{1 — 20+ (L— 3t 4-20)} 5, 


where third differences are neglected.* 

6. In the following set of data h is the height above sea-level, p the 
barometric pressure. Calculate by a difference table the height at which 
P=29 and the pressure when h= 5280, 

Бәй 2753 4763 6942 10593 
2 ча 30 әт 25 23 20 
7. Form a difference table from the following steam data, where pis 
Pressure in Ibs. per square inch, 
өсе BSD 96-2 100-0 104-2 108-7 
5 11-38 12:80 14-70 17-07 19:91 

Caleulate p when 0-9991 and determine by inverse interpolation the 
temperature at which р= 15. 

8. Calculate the real root of the equation 

а3+2-3=0 

by inverse interpolation. 

“Он. Forsyth, Quaréerly Publications of the American Statistical Associa- 
tion, December 1916. 
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9. Find the differential coefficient of log, ж at «= 300, given the table 
of values 


ж. loge ж. 

300 5-703782474656 

301 5:707110264749 | 
302 5771042701735 

303 5713732805509 

304 5-717027701406 

305 7120311776607 

306 


51723585101952 
307 5.726847747587 
[ 
Find from the above table the differential coefficient of log, : at = 309. 
10. Given the values 


2. y. 

0 858313740 095 

1 869-645772 308 | 
2 880-975826 766 

3 892-303904 583 | 
4 


903-630006 875 | 
2, 
find the value of Фу when == 0. 
daz? 


2 
11. Find a! when 2— 1, given the following values : 


2 y. 

1 0:198669 
2. 0-295520 
3 0389418 
4 0-479495 
5 0-564642 
6 0:644217 


12. Apply the cen: 
first and second deriv 
of Ех. 9, 


13. From the followin 
function y corresponding 


tral-difference formulae of 


836 to compute the 
atives of log, 


304, having given the table of values 


g data compute the first four derivatives of the 
to the argument ;— 11: 


55 y. 

2 108 243 219 
5 121 550 628 
9 141158 164 
5 163 047 364 
E. 174 900 628 


214 358 884 


CHAPTER V 
DETERMINANTS AND LINEAR EQUATIONS 


38. The Numerical Computation of Determinants.— 
In this chapter we shall consider the problem of finding the 


numerical value of a determinant, say, 


[а а аз 
b b bs м Us 
Gi ао” 6 (A) 
а а ds а 
е а а аё % 
When the elements ay, ts, . . + are given numbers. The method 
Senerally adopted, which is due to Chid,* is as follows : 
We first notice whether any element is equal to unity; if 
Not, we prepare the determinant for our subsequent operations 


by multiplying some row or column by such a number p as 
Will make one of the elements unity, and put 1/p as a factor 
Outside the determinant. This unit element will henceforth 
e called the pivotal element. Thus in the above determinant 
We shall suppose that з = 1 and take bs as the pivotal element, 
€ shall show that the above determinant is equal to the 
Clerminant 
er 1j а = аз d2- аз Ma- (aba — 05 — 43% 
сд — Caba Cs — Cabs 
dy — daba ds — dab (B) 
4-Фіа 6 — Cas 


бу — еҙ бо — Clo 
d, = dab, do 2d 440% 
£i — egby £g — ез2 
F. Chid, Mémoire sur les fonctions connues sous Te nom de résultantes ou de 


* 
[M 
"ants, Turin (1853). a 
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The law of formation of this new determinant (B) may be 
expressed thus: Zhe row and column intersecting in the pivotal 
element of the original determinant, say the rth row and sth 
column, are deleted ; then every element y is diminished by the 
product of the elements which stand where the eliminated row 
and column are met by perpendiculars from y, and the whole 
determinant is multiplied by (— 1). 

The advantage gained by substituting the determinant (B) 
for the determinant (A) is that (B) is of order one unit lower 
than A; and therefore by repeated application of this method 
of reduction we can reduce any determinant to the second order, 
when its value may be written down at once. 

To prove this theorem, we first divide the columns of the 


determinant (A) by by, be. . ., Ds respectively, so that it takes 
the form 


by De ba bs | s 


аз а, a 
hoà "hd 
1 1 1, T 1 
а % n а G 
by % 3 ba bs 
d dy 1 di ds 
ho 7 & 4% 
a е е, е 
by 2 es [» ls 


since 9-1: then (subtracting the elements of the third column 
from those in the o 


ther columns) we write the determinant in 
the form 


by be ba bs | ay 


=% 2-а (t4 45 
қ % 3 аз by — йз bs - 4; 
0 
0 d 10 0 
а (2 
2 
т 06. Ag Са М 
“ g S 16 7% i-a 
5 
а, 
mcus 51-4 а, 4; 
“ b з d, "i A A 
2 b bs 
а е 
%-в --е “а % 
by BS ® ich т — 6 
5 
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This determinant may now be written 


PEN a a (s 
(-1) b bbb |t |, Gia p-a F-% 
1 2 ba bs 
Cy Cg, C4 C5 
T — (3 -- = C3 we 551% к^ 64 
b ls л z 
dy dz 4 б 4 
ME zu qe 1-6; 7y- 
d" $ bi © > 
[71 ез М 5 % 
--( 7% m cu 76 
| G bg bs 


Which is obviously equivalent to the form (B). 


It is usually advisable to prepare the determinant for computation by 
forming zero elements in the row and column containing the pivotal 
element. For example, in the determinant (A) of Ех. l below, zero 
elements may be introduced into the first row by adding three times the 


third column to the first column 10 form the new first column; then 


adding the third column to the second column to form the new second 
nt calculations are simplified. 


column, and so on, Та this way the subseque! ч r 
In performing the computation of a determinant it will be found 
convenient to draw pencil lines through the row and column which 
Intersect in the pivotal element; this helps the eye in finding the 
elements at the feet of the perpendiculars. | 
, Instead of first dividing some TOW or column in order to obtain а 
Pivotal element equal to unity, we may eliminate the row and column 
intersecting іп any element (not necessarily unity) as follows: Delete the 
tow and column in question by drawing pencil lines through them ; then 
the rule is 


биз roduct of elements at feet of perpendiculars 
element = old element — — pement at intersection of pencil lines 

the new determinant being multiplied by the element at the intersection 
of the pencil lines and by the factor (—1yr**, where т and s denote the 
numbers of the deleted row and column respectively. 


The above method of computing the value of a determinant 
enables us at the same time to compute the co-factors of the 
elements corresponding 60 the surviving elements; for these 
Co-factors are actually equal to the co-factors of the correspond- 
ing elements in the reduced determinant. 


For example, the co-factor of су in determinant (А) is 


а а. 3 а, 4 а, 5 
ы М b, bs 
ds 4, d4 4; 
а а а % 
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which, since b4 = 1, is equal to 


4-41; а-ар ap аз 
dy—dye (бра d— dab 
4-өз tp mtu 6g — gh 


the latter determinant being the co-factor of (су = сар), which is the 
element in the reduced determinant (B) corresponding to сү in (А). 


Ez. 1.— Evaluate 


3 ESSI 2 11 

E E 1 4 3| 
1 4 2 3 i| (A) 
B эё s B o 

ТЕУ! 1 2 3 9 


We may select as pivotal element the number 1 at the intersection 
of the first row and the fifth column ; the rule then gives 


ОЮ $ 0[=(-0 е1 0 4 ға 

= ҮЛ i ом -9 з 8 1 

lh 6 d т 8 =l =à mi 
б «<2 =3 Б -1| —7 -1 4 -1 

лы i 3 .s| | 


Taking as new pivotal element the unit at the intersection of the 
second row and last column, we obtain 


(-1)46| —15 


6 10 
99 -99 95 (C) 
|-9 2 7 
As there is now no unit element in this determinant, we may 


divide the second column by 2 and so form 


a unit pivotal element. Тһе 
determinant becomes 


"T 


2| —15 3 10! 

С ES —25 | 

- 9 1 1| 

-2(-1)» 19 .-11 
-77 ' 62 (0) 


= 446, the required value. 


) Пі were required to determine the co-factor 
in the fourth row and first column of the 
should have the co-factor of 5 
corresponding element in the reduced determinant (B) 


= the co-factor of 22 in the next reduced determinant (С) 
=the co-factor of — 77 in (D) 


--99, 


of (say) the element 
К above determinant, we 
in (A) equal to the co-factor of 8, the 


2,.—Evaluate the determinant for the Legendre polynomial of order 


—-—— 
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1] 0 0 0 
Раа) = 1 2 0 o 
о 5z 3 0 
0 3 75 4 
о 0 0 4 93 


We eliminate the fourth row and ‘fifth column, noting that the 
element at the intersection of these lines becomes a factor of the 
determinant. Thus 


5IP(z)=—-4)2 1 0 0 
ІТ 3 9 0 
о 2 ба 3 
| 974 322 
allo us 
(eliminating the 1st row and 2nd col.)— 2 9 о | 
55 а 
72 z 


(eliminating the 1st row and 2nd col.)= — 8 


= 94525 — 105073 + 2952. 
So we have P,(2) = 106325 — 70:2 + 152). 

39. The Solution of a System of Linear Equations.— 
Being now in a position to compute the numerical value of a 
determinant, we can solve a set of linear equations in any 
number of unknowns, 21, 29, 33, . + +, n, SAY 

ЕЕ 21-5 (па Tat. ..+@ Фа = | 
gi 21 +@ 28+... + Qon 2,- 


bs Tı + yg Toat. . -+ ann | 
by the formulae which are proved in works on determinants, 
namely : 
ап Cy біз... 034 
Чә Сә бз... Uon 


бі i бз... Gn 
бә боо бор... Con 


| 
Cn Ang Mng- ++ ж а n Qu... yn 
тесі aL Е T = 
My біз бз... Gn [s Me біз... Ay 
E аш (0252 > Йй fis бз. Ол. E oda 
аш (бөз Ing + + - Om a Ang быз... Ang 
and similar expressions for 25, X4, . . ., Zp.* 


* Further remarks and examples on the solution of linear equations will be 


found in Chapter IX. in connection with the solution ofthe ** normal equations" 
ìn the Method of Least Squares. 
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Ex,—Vind the values of т, y, z, w that satisfy the system of equations: 


r4 


We have at once 


Зх + 52 — 40= 19 
Y+ z+ w= 5 
Ge- y+3w=19 


By + 42+ 2w= | 


| 98 3 4 2 
12 0 5 = 
5 1 1 4 
2119 -1 0 са EI or 
9 3 4 2} -207 * 
3 0 5-4 
0 1 1 1 
6 =l 0 3 
9 28 4 8 
ы |8 12 5-4 44g 
Y= ~ 5070 5 1 a) G97" = 
6 19 0 3 


and in the same way we obtain the values z— 4, w=3. 


2. 


EXAMPLES ON CHAPTER V 
Evaluate the determinants 


(а) 


2 4 3 7 Of (| 1 3 о 
2 3 5 5 3 -1 9 3 
1 0 9 1 2 0 -1 9 
3 0 1 0 6 0 0 -1 
2 а 8 4 1 | 0 © 0 
M12 1 о о o 
3 3% 1 о 0 
4 | 2 1 0 
> Я F 1 1 
9 * 4 у З 
2. Show that the determinant 
2 1 0 0 0 0 . 
22 5 1 0 0 0 . 
0 32 7. 1 0 0 . 
0 0 4? 9 1 0 
0 0 0 5? 11 1 


with (n — 1) rows, is equal to 


n 


омооо 
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3. Compute the values of 


ojs 1 0 o|q 7.1 2 5] 
1 4 1 0! 6 4 3 0 2 
1 1 H 1 0 3 0 1 9 
E i 5 4 1 0 6 5 3 
| 9 1 0 9 0 
Qj 2 s 4 5 6 
2 3 4 5 6 1 
à 2 5 9 2 9 
| 4 5 6 1 2 3 
5 6 1 2 3 4 
6 1 9 3 4 5 
4. Verify the relation 
әле) 1 1 0 0 0 - (n+ 1) rows, 
em | 1 1 0 0 . 
it 2 V Y 
=t 1 3 3 1 і 
1 1 4 6 4 “| 
. . | 


the constituents being binomial coefficients, when 1 =2, 3, 4, . . 


5. Solve determinantally the following sets of equations : 


(о) ж+9у—29 =a 
Be B+ 2 
7+ 
a 

(B) wy Duy 24,% 


dry — uy Тә 

- 94+ 8ra + 107 

24 + 20ra — 13g + a 

Блу 4 Brg t g+ dap 


CHAPTER VI 


THE NUMERICAL SOLUTION OF ALGEBRAIC AND 
TRANSCENDENTAL EQUATIONS 


40. Introduction.—In the present chapter we shall show 
how to find the value of an unknown quantity which satisfies 
some given algebraical or transcendental equation; or the 
values of several unknown quantities which satisfy a set of 
given equations, equal in number to the number of the 
unknowns. 

The methods in use may be classified as follows : 

(а) Literal methods, in which the solution is obtained as a 
general formula, so that nothing remains but to substitute 
numerical values in the formula; as, for example, the solution 
of the quadratic equation а? + 9bz c — 0 by the formula 


z= -—buax4b-c. 

These literal solutions are valuable when they сап be 
, obtained,* but in most of the cases we shall have to discuss, 
they are unattainable, at апу rate in а form involving only 

а finite number of arithmetical operations. 
(B) Numerical or computer's methods, in which the working 
is mainly arithmetical from the beginning. These are, оп the 
whole, the most useful, particularly when a high degree of 


accuracy is required, and they constitute the main topic of 
the present chapter. 

(y) Graphical methods, iu Which the solution is obtained 
by drawing diagrams. 


These are much used when a rough 
* The solution of the cubic discussed in § 62 below and the 
proved in § 60, are examples of literal solutions. i 


78 


general formula 
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Solution is all that is required or as a preparation for a more 
accurate solution by numerical methods, but for many purposes 
they have been superseded by the 

(8) Nomogruphic methods, in which a diagram is prepared 
once for all to serve for a wide class of cases, so that it may 
be used over and over again with different numerical data. ` 

(c) Mechanical methods, іп which some mechanical arrange- 
ment is applied; many ingenious machines have been de- 
vised for the purpose of solving different equations, but on 
account of their cost and complexity they have not come into 

extensive use. 

41. The Pre-Newtonian Period.—A method for the ex- 
traction of the square and cube roots of numbers, digit by digit, 
Was discovered by the Hindu mathematicians, and by them 
communicated to the Arabs, who transmitted it to Europe. 

This method was extended by Vieta in 1600* so as to 
furnish the roots of algebraic equations in general. The 
‘process was so laborious that а seventeenth-century mathe- 
matician described it as “work unfit for a Christian,” f but 
it was in general use from 1600 to 1680. 

In 1674 a method depending on a new principle, the 
Principle of iteration, was communicated in a letter from 
Gregory to Collins; { and independently, a few months later, 
in a letter from Michael Dary to Newton.§ This principle we 
Shall now discuss. 

42. The Principle of Iteration.—As a first illustration 
of the principle of iteration we shall consider an algorithm 
Suggested by Newton || for the determination of square roots, 
Which may be described as follows: 

Let N be the number whose square root is required. Take 
any number т and from it form т according to the equation 
a= 3 (vo + Х/т). From ау form аз according to the equation 
a= (ш N |). From ж form та according to the equation 


* De numerosd potestatum adfectarum resolutione, 1600. 
1 ї Warner in Rigaud’s Correspondence of Scientific Men of the 17th Century, 
* P. 248, m 
Í Rigaud’s Correspondence, 2, P- 255. . 
igaud, op. cit. 2, p. 365. For an account of Dary see Rigaud, 1, p. 204. 
Op. ей. 2, p. 372. 
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x= Иаз--Х/т), «nd so on. Then the sequence of numbers 
жу, л, 2,2, . . ., tends to a limit which is JN. 


Thus, taking N=10 and #=1, we have 


= 3-1622775, 
= $(3:1622775 + 10/3-1622775) = }(3-16227 75 + 31622778) 
3-1622777, 


which is the square root of 10, correctly to seven decimal places, 


In order to prove the validity of the process, we proceed as 
follows : 

The equation ® = Y, -1+ N/a, 1) 
may be written 


tp- JN — (2a - za) 
mS JN Noa JN/’ 
whence we have 
ta- JN a) e) 
Ent JN \ао+ JN 
From this equation it is evident that if * 
®- AN 
t+ JN 
to- JN —-— 9 
mx JN 21, then Lt, ,, y, — JN. (2) 
The limiting case is when 


[ао - JN|=|ao+ JN . 


20-74% N= Хе, 


<1, then Lt, ,,z,- JN; (1) 


If we write 
this becomes 


| * cos 0 — X* cog За + ir sin 0 — iX! sin 20 | 


{ = [reos 6+ X! cos Ja ir sin 0+iX? sin Jal, 
or, Squaring both sides, 
124+ X — 2rX3 cos (0 — 3«) = + X + 2X? сов (6-14), 
Cos (0 а) =0, р 
0- 4:909 4. da, 
which is the equation of а straigh 


*If z is a com 
numbers, then 


80 
or 


t line through the origin in 
plex number, зау equal 


I (i249 5 to u+o Ti, where u and v are real 
М P9) is denoted by |=| and is called the modulus of z. 
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the plane of the eoinplex variable zo, perpendicular to the line 
joining the points ,/Х and - JN. Denoting this line by J, 
we regard it as dividing the plané into two half-planes ; and 
we see from (1) and (2) above that the algorithm leads to the 
value JN, as long as the initial number то is taken in that 
half of the plane which contains JN; and the algorithm leads 
to the value — JN, as long as 2% is tuken in that half-plane 
If xq is taken exuctly on the line l, the 


which contains — JN. 
does not tend to а limit.* 


Sequence Xp, 21, Xo, . . ә 


ative pro may be observed in 
connection with this example, namely, that a mistake in the performance 
of the numerical work does not invalidate the whole calculation. If, for 
example, a mistake were made in calculating гу from vg, the erroneous 
value Тү obtained might have been obtained correctly by starting Írom 
а different value «y ; and since fo is to be taken arbitrarily, the true 
solution may be reached by way of zy as well as by way of ә. The 
Correct result is obtained whenever the numbers tn 7544, Try) + + ә are 
obviously tending to a limit, however many errors may have been com- 
mitted in obtaining these numbers. This valuable feature of iterative 
methods has made them very popular. 


43. Geometrical Interpretation of Iteration.—The nature 
of iterative methods may readily be illustrated T. geometrically. 
Let Ја) =0 be the equation. Write it in the form Ala) = а), 
аз may usually be done in many ways; thus, if the equation is 
За? — 85.4.8. 0, we can take Ale) 23a, /(ш) -8r-a. Draw 
the curves у = /(z) and y =fo(x); the real roots of Га) = 0 are 
evidently the abscissae of the points of intersection of these 
two curves, An iterative process for finding them may be 
devised as follows: select any point % on the axis of > so that 
the value of ap is nearly equal to that of the abscissa of one of 
the points of intersection of the curves. From 2 draw a 
Straight line parallel to the axis of у until it meets the curve 
Which has the slope of lesser magnitude. Suppose, for example, 
When =a that | A @|<|FO!| and that the line z = 20 meets 
the curve y = f(a) at the point (to yo). From this second point 

Tawa line parallel to the axis of т until it meets у —/»(x) in 
the point (т, yo). From the third point draw a line parallel to 
Muda тей ЕГ "Palermo, аз Q917) р. 1. 


T Cf. m, Ross, Nature, 78 (1908), P- 663. 
(0311) 4 


A pleasing characteristic of iter 
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А NN a 
the axis of y until i& meets the curve JA) -yin (21, ул), "- 
from this fourth point a line parallel to the axis oí x, and so on. 


х 
Хаха 5 у 

Fro. 6. 
Then the abscissa o 
third and fourth po 


Ег. 7. 
f the first and second points is zy, that of the 
ints is %, and in general т, approaches nearer 
РЫ 


cil D E 
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process according as the slopes of the two curves have the same 
or different signs for the abscissae zo, 21, 2%... 


In Fig. 6 the abscissae хл» "p ++- all on the same side of 
the root « and the lines approach the point of intersection of the curves 
in the form of a “staircase.” In Fig. 7 the lines approach the inter- 
section spirally. The staircase solution is obtained when the derivatives 
ot the eurves fle) fol) have the same sign near the point of inter- 
section and the spiral solution occurs when those derivatives have 
opposite signs. 


Ex. 1.— To find the real roots of the equation 
25-:-02--0. 
The real roots are the three intersections of the curves y=45 and 
y=x-+ 0-2 as shown in Fig. 8. 
We can iterate to each of the three roots as follows : 


For the positive root 


E 1:0445 
242 104472 | 
(The root is «= 1:0447616.) 


For the larger negative root 
r= = -- | _ 
— 1-000 | 
— 0:956 


y= — 0-756 
у= — 0:7456 
Yg= - 0:7430 


ды | 
= —0:9423 | Y= — 0:7423 


а= — 0:9456 


y= — 074214 


(The root is х= — 0:91209.) 


For the smaller negative root 


т-,-02 | = 


= — 0-000 | y=—0-000 

— 0-200 | = -000032 
m= -020032 | = — 00003225 
(Correctly to five places.) 


Ex, 2.—Find, correctly to five decimal places, the root of the equation 
y + logygy = 0-5 


by d Б 
Y iterating the formula урл = 05 — 1081002 
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By inspection of a log table we see that 59 — 0-68 is an approximate 
value of the root. So we take 
y= 0:5 – 10100-68 — 0-6675 
Yo = 0-5 — log,90-6675 = 0-6755. 


As the iteration evidently furnishes values alternately less and greater 
than the root, we take (fy + 19)/2 or 0:6716 as the next approximation 
Уз, and then we have 

Yq = 0-5 — logyg0-6716 = 0-6729. 
Take % = (Y3 + Y4)/2 = 0-6723, 
Jg = 0-5 — logy90-6723 = 0-672437, 
Y7 = 0-5 — log490-672427 = 0- 
Take Ys = (Jg + 1,)/2 = 0.67 
Чо — 0-5 — logy90-672392 = 0-672377, 
Yh the mean of the last two values— 0-672385, 
Yn = 0:5 — logy)0-672385 = 0-672382. 
The root, correctly to five decimal places, is 0-67238. 


Ex. 3.—Find (using only Barlow's table of cubes) the smaller positive 
root of 


3$ — 2x x 0-5 —0, 
44. The Newton-Raphson Method.—It is evident that in 


iterating towards any root we are not bound to proceed by 


I| 


preceding article; We 
oblique steps, as in the 
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Ја) -0. Suppose that the are AP is convex to the axis of т, 
and that P is a point on this are with abscissa zy. At P draw 
a tangent to the curve meeting the axis of z in M and let 
OM-a, Let Q be the point on the curve whose abscissa is 23, 
and at Q draw a tangent to meet the axis of z in N; write 
ОМ =з. Let R be the point on the curve whose abscissa is 2», 
and similarly at R draw a tangent to the curve to meet the axis 
ofz. ТЬ is evident that the points L, M, N, . . ., tend to A, or, 
in other words, the values 20, Zi. 2%, 2%»... » form a sequence 
tending to the root of the equation /(z) = 0. 1, however, we 
start on the other side of A, where the curve is concave to the 
axis of v, at Q4 say, the first step of this method carries us 
to the other side of A, where the are of the curve is convex to 
the axis of æ, after which the sequence tends to the root as 
before. 

Now we have 

лу -a = ML=LP eot РМІ, = (ао) [7 (80), 

BO ay = to — / (9) / (т), 
and in general туі =, - /(®,)[/”(®). (1) 

The process is therefore an iteration based on the equation (1). 
In substantially this form it was given by Raphson* in 1690; 
but the method is commonly called N ewton’s, because Newton 
had previously + suggested a nearly related process. 


The preceding discussion is really based on iwo assumptions : 
l. That the slope of the curve does not become zero along the are 
1P; ùe. that the equation /'@)= 0 has no root between 20 and 2%, the 
abscissae of Ф and Р. 

9. That the curve has no point of inflexion along Q,P. 

The rule of Newton becomes more precise if we make use of the 
Observation that we can determine which of the two abscissae 20 and «o 
Corresponds to the part of the curve which is convex towards the a-axis 
from the condition that at points where the curve y=f(x) 15 convex 
towards the axis of x, we have the relation 


Лау”) >0. 


ia Analysis Acquationum Universalis, London (1690). 
T Wallis’ Algebra (1685), р. 338- 
1 The difference between Newton's process and Raphson's is that Newton 
calculated a set of successive equations, whose roots were the successive residuals 
etween the above quantities Xn and the true value of the root, whereas in 
Каро form of the process this js unnecessary. 
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Hence we see that if fix) has only one root between two bounds ay ded 
Ty While ў (к) and f"(y) are never zero between these bounds, then the и ; p^ 
Барін process will certainly succeed af it he begun at that one o А 
bounds for which fe) and f (y) have the same siga. | РИЧ 

We might have derived Newtons method by the aid of Тау 
Theorem as follows : . - 

Let % be an approximate value of a root of the equation f(r) = 0. 
Put z—z5--p, where p is small. Then by "Taylor's Theorem 


0=/(ж + p) =f) + pf (9) + terms involving higher powers of p : 
зо approximately we have 
P= -Sf (x), 
> 0 f Ef (r 0), 


which is Newton’s formula.* 


and therefore 


Ет, 1.—Let the equation he 


аз 


s-5=0.f 


Here it is obvious that an approximate value of the root is 3 


Taking z52 9, we have 
072, 


Next 
f 


Eum s 


f (1) 


[(2-0946) 0-0005415505 5 
Now F(@-0946) = Үл “0000048517 


0-061 
~ 77-93 = 2:1 - 0-0054 (nearly) = 2-0946. 


во & 


2-094600000 — *000048517 
2-094551483. 

The required root, is 2-09 
postpone for 
know the mur 


455148 correetly 


the present (cf. $50) the answi 


nber of places to which our reg 


to the first nine digits. We 
er to the question, how we 
ult is correct, ' 
He. 2.— Find correctly to four decimal places the greatest root of 
3 4,9 
* On the Шап of conditions 
8 to а root of ion ef, ome ee 278: 
«es Journ, für Math. 138 (1910), x j, hy Cora, or. 3, 4, p 
T “The reason I cal аз. =0 a celebr 
T which Wallis chane ebr a ae published 
conse. v T 
as felt bound in duty о 
hod, neglect to show we 
does not come in at th 


M а pilgrim wh 
. Bunyan)" Ppiigrim who 
unyan),” [de Мо Il, 20th January 1861]. 


rgan to Whewe 
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Ел. 3.—Find by Newton's method, correctly to six places of decimals, the 
root of the equation 


æ logyge = 4°77 72393. 
From a table of logarithms we have, by inspection, the values 
6 109106 = 4-67 and 7 102107 = 5792, 
80 we take as a first approximation %=6. 
The next approximation is 
= — fef Eo) 


aero 2 


Now dir) = (6 x 0°77815) – 41712 = — 0-1083, 
(чу) = logygro + logy? = 0:778 + 0-434 = 1-212, 
89, 1700) = 0:825 (nearly), 
апі a = 6:089. 
The next approximation is 

arg mary — fe) еу, 
Now f(y) = (6-089 x 0-7845460) — 47772393 = — 0-0001387, 
"o tg = 6-089 + (0-0001387 x 0-825), 
w tg = 6-089114, which is correct to six places. 

45. An Alternative Procedure.— Instead of following 
Newton’s rule strictly by forming (zo) and (vo), ete., we may 
proceed in a somewhat less elaborate way as follows : 

Suppose we have found (graphically or otherwise) a first 
approximation to the root of the equation /(z) -0, which we 
Will call а, Let 2 denote the required root of the equation 
and put 

£= a +0, (1) 
Where 8 is a small quantity. We now substitute this value of 
тіп the original equation, neglecting powers of 8 greater than 
the first. We solve the simple equation in 6 so formed and 
denote the value obtained for 8 by ё. Then the second 
approximation to the root z is a+. Now denote а + 1 
Y аз, and write 
$ — ag 6, (2) 
and substitute this value of z in the original equation. Pro- 
ceeding as before, we find an approximate value of the à of 
equation (2); let it be ds, SO ас + з is a third approximation to 
© root; then we denote az + дз by аз, and write 
qug +ð, (3) 
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and similarly for further operations. Zhe sequence «uj, as, . . ., ау, 


converges to the root x. This procedure is essentially equivalent 
to the Newton-Raphson process, as is evident from the 
connection pointed out above between the Newton-Raphson 
process and Taylor's Theorem ($ 44). 


Ех. — Find the root of the equation 


10x — «3 = 3-1462644, 
which is near 0-3. 
If «=a,+6 where ô is small, we have approximately 
3-1462644 — 10a, + ау 
b= —— 
10 – За? 
Put ау = 0:3, then 
0-17326 < EN 
бӛ--ала” =0:17326 х0.10277 = 0.017800. 
9-73 
The next approximation is dg = 0:3178, from which we have 
3 3-1462644 — 3-178 + 00320968 
pow 10-3 х 0-101 
= 0:000037,249, 


_0:0003618 
79-697 


so 43 0-317837,249. 
The required root of the equation is 0-3178372, 

It may be remarked that the abov 
to complex as well as to г 
numerical calculations 
be described later 


correctly to seven places. 
e method is theoretically applicable 
eal roots, but in the case of complex roots the 


ате generally so laborious that other methods to 
ате preferable. 

. 46. Solution of Simultaneous Equations, As a further illustra- 
tion of the method 


of the last section we shall find 


а a solution of the 
simultaneous equations, 
8-98 ү, q 
Sy +a? — элу = 4. () 
We first trace the eur 


| ves represented by these two equations, In the 
find, correspond 


first equation we ing to given values of т, the following 


values of y : 


2 0 +1 exl si ag ЕЕ” -10:0 
y жО71 о imaginary Tl 819 p874 x 224, 
and in the second equation similarly 
y 0 95 41 s41 L 1 -2 -3 
т PH ae +1 imaginary -416 -893 -15 
: 9 ae +216 44:93 +9. 
eei ey 4 nnd p Teal root of the equations, represented by 


e > dinate 
From the diagram we see that the ordinat 
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of G lies hetween 4 0-7 and 4 0:9. Introducing the three values y= 0-7, 
и= 0-8, у= 0-9, into equations (1) and (2), we obtain 


[А a: by (1). x by (2). Diference. 
0-7 4037 - 0:95 T1:22 
0-8 - 0:65 - 0-64 = 0:01 
0-9 — 0-85 — 0-18 — 0-67, 


to vary proportionally to y we should 


so if in the two curves x were 
If we now try the three values 


deduce that y would be near 0-799. 


E] 


-2 


Fic. 10. 


0397; 0-798, and 0-799, this time using logs to five places of decimals, 
We obtain 


7. æ by (1). æ by (2). Difference. 
0-797 — 0:6467 — 0-6534 + 0-0067 
0-798 — 0-6492 — 0-6498 + 0-0006 
0-799 — 0-6517 — 0-6460 — 0:0057, 


fr WT. 
Om Which it is seen that the true values are nearly 


в —0-6494 and у= +0-7981. 


We therefore substitute in equations (1) and (2) 
к= —0-6494+6¢ and у= + 0-7981 + dy, 


n B Р 
звір squares of à» and Oy. Using units of the third decimal 
Асе, we have 


12658x + 31928y = — 0:0621, 
98958:— 108530у= 0:0959, 
4% 


(0311) 
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whence s= — 0-0160, êy = = 0:0131, 


so s= — 0-649416, y= + 0-798087, 
which is the required solution, 


47. Solution of a Pair of Equations in two Unknowns by 
Newton’s Method.—A more formal and general treatment of the 


topie of the last section is the following. Let two equations be given, 


Ле, N=0, е, y) 0, 
from which the unknowns (ғ, y) 


ате to be determined, 
Let (o Yq) be 


ап approximate solution of the equations, Write 


а= 04+, 
y — 0+1. 
Then by Taylor's Theorem, neglecting powers of h and Ё above the first, 
we have 
д @ 
0 — fig, yg) + na Th. / з 
Org 6) 
0 — (ду, 4 уж 000, 
Te Yo x9 “Og 
a 
» Убу, Ex сз 
giving h= 70 
f og 
dy 0 
a _ gif 


Б ди, 


F бу _ д 
бю 2% 0) E" 
Therefore ап Improved pair of values Гог the roots is 


д, дуо буо б 
oy у 
of 0g Fy 
eg бо 9% Org 


as in Newton's process for equation* 
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Instead of ) . 
Er = 2, 7 (Ll (6), 
we may take as the formula on which iteration is based 
е = Ly — Ser) [P (2o). 
This means that in the successive steps of the process of 
§ 44, we replace the tangents at Q, R, . . . by lines parallel to 
the tangent at P. By this method we are saved the trouble of 
calculating J’ (a) at each stage, while the number of approxi- 
mations required is practically no greater than in the Newton- 
Raphson method. 
Ех, 1.— To jind the root of the equation 
fu) Sa? + T — 2:3 + 1022 — 2r — 962 = 0 
which lies between 3 and 4. А 
Here f(3) = — 365, /(4) = 1110, so by proportional parts we шау take 
= 3:3 first approximation to the root. 


The next approximation is © 
= —/ (rof (ао), 


Now 

Sug) = — 65-85, Sèto) = 5x4 + 1649 — Gu? + 20x — 2= 1166-6, 
and iff (о) = 0:000857 (nearly). 
Therefore 3-3 + (65-8 x 0-000857) 


356. 


The next approximation is 


е E EET — fle Co 
Instead of calculating f'(z,), we May use Тед again. 
Now 


zd 7-356, 


+ 4r —2= 22-6867, 
ab + day? — 20,+10= 86137, 
att dag? 9124 107, — 2 = 287-08, 


aj + ant ER 913+ 1052 – 2r; – 962= 1-44, 
and therefore Jn) = 1-44. 
We have at once 


tg= wy - (44 x 0-000857) 
3-3560 — 0-0012 
3-3548. 


- This із-созтесі as far as it goes, the value of the root to seven places 
Of decimals being 3-3548487. 
Ex. 2.— Compute the root of the equation 
a+ logge = 0*5 


Corre, А В 
"rectly to five places of decimals. 
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49. The Rule of False Position.—Another iteration pro- 
cess belonging to the same class as Newton's for finding the 
root of an equation is the following. 

Let Да) =0 be the given equation. We find (by trial or 
otherwise) two values а and b near the root of the equation 
such that f(a) and /(0) are opposite in sign. Let the arc 
CRD in the diagram denote the curve у —/(v), the abscissa 
of R being the root of the given equation, and suppose that 
the equations /"(r) — 0, /"а)-0 have no root between а and 


Fic. 11. 


b, the abscissae of C and D. 
concave to the axis of 2 alo: 
and constantly convex to t] 


The curve is therefore constantly 
ng one of the ares CR and RD, 
Пе axis of > along the other of 
аа ares. Let RD be the are which is convex to the z-axis. 
The equation of the chord CD is given by 

4 fb) — fu) 

y — fla) =P 7,14, um 

y – Ја) hon (z-a), 
and the abscissa a! of the point A’, where the chord cuts the 
axis of z, is given by 


, (b - а)/а) 
а -ü-— „ШУА. 1 
— /0) - Ko) = 
Then @ 18 evidently a closer approximation to the root of the 
equation than a, 
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We now draw the ordinate at A’ to cut the curve in C' and 
аз before, we draw the chord C’D intersecting the z-axis in а 
point A^ which lies between A’ and R. The abscissa а” of the 
point A” is evidently a closer approximation to the value of 
the root than a’, and its value is 
‚„_ ‚_(ф—в)/(%) 
a! =U – ту qp 
/@-Ла) 9% 
and so on for further approximations to the root of the 


equation. 


" It is evident that the computation of the root may be simplified if in 
+ sabes (2) we replace b by 0”, the abscissa of any point on the curve 
etween R and D, as in Ex. 1 below. 


Equation (1) may also be written in the form 
í 8/0 - V) 
J) -/ 


The iterative process based on this equation is known as the 


rule of false position. 


The rule of false position is essentially inverse interpolation 


(§ 34) when differences above the first are neglected. The 
above iteration to the root is valid even when the initial points 
C, D are on the same side of the root R, provided the are 
RD is convex to the 2-axis. 


Ex. 1.—To solve the equation 
23—905 


\ 
e 


Here w 
lere we can take а= 2, 0-9, and 


hey a = 2-06. 
We now take a’ = 2:00, /- 2-10, then 
, (2-10 — 9:06) (0378184) , 944 
; a = 2-06 — 75.961000 + 0-378184 ORE 8 cs 
ROM. 
nstead of s йс. 
fa. Ms 10) taking У- 
( 096) ік positive, We have 
" 0-002 (— 0-006153416) 
а —9. Шы ee —— c = 9-09455 
= 2-094 - 576180736 + 0-006153416 0948510. 


2:10 as before, we may take / = 9-096 since 


The required root is 2094551 correctly to seven significant figures. 
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When the rule of false position is written in the form 


[0-f( — f( у 


Е ) (3 
b—a а-а “-) ы 


we may express the rule as follows : * 

Assume two numbers as near the true root as possible, and jind the error 
arising from the substitution of each of these quantities instead of the 
unknown quantity in the proposed equation ; then as the difference between 
the two errors is to the difference of the assumed numbers so is either error 10 
the correction of the corresponding assumed number. 

Assuming this new value а” instead of a and another quantity 07 
differing from a’ only by one unit in the last place so that b’ is greater 
or less than a’ according as a’ is found too small or too great, we then 
find a new approximation а” and so on to any required degree of 
accuracy. 

Үз, 2.—Solve in this way the above equation 


3 


а – 90-5 = 0), 


50. Combination of the Methods of $44 and $ 49.—It 
was remarked by Dandelin t that by combining Newton's rule 
with the rule of false position we are in possession of a method 
of solving equations in which upper and lower bounds to the 
value of the root are obtained at every stage of the process, 
зо that any digits common to the two bounds certainly belong 
to the correct value of the root. 

Thus using the figure of the last section, and still assuming 
that RD is the are which is convex to the g- 
before the chord CD to eut the axis of x 
whose abscissa a ің given by 


axis, we draw as 
in the point A' 
the equation 
Ts (b — a) f(a) 

а 74-8- F(a) аа у (1) 
where а, b are the abscissae of the points C, D. Then w is a 
closer approximation to the root of the equation than a. We 
now draw the tangent at D to cut the axis of cin В. If 0 


is the abscissa of D, then V, the abscissa of B’, is given by 
Newton’s rule in the form a 


yop f) 
Aes @ 
and 0’ is a closer approximation to the root of 


the equation 
ж Barlow's Mathematical Tables (1814), p. xxxvi. 
T Mém. de Т Acad, Royale de Bruxelles, 3 (1826), p. 80. 
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than b It is evident that the root of the equation must lie 


between the bounds a’ and 0. 
We may now operate on a’ and 0 as on « and 0, to find 


two new bounds of the root, namely, 

‚ (у-@7)/(@)) "m mmy 

Lu and D'eU C. 
70) - а) J) 

Which envelop the root more closely than а and 6’, and so on 

for further approximations to the root. 


a= 


1 It may be remarked here that at the conclusion of the process it is 
Ced to take, as our final value for the root of the equation, the arith- 
metical mean of the pair of values last calculated for а and b. 

Ex.—Consider again the equation 

f=- 27-5 =0, 

= which f(x) has a root between 2 and 2-1, while /"(z) has no root 
etween these limits. 

Now f) х/(9)<0 and Д2-1) x /(2-1)7 9, 
so ifa =2, b= 2.1, the curve y=/(#) is convex to the axis when x= 0. 
The next approximations are 


2-1) 0-061 
b -2d-—L5—4-1-1]53 
fey 11-230 

= 2.09457, 


Comparing V/ and a’, we see that 2-094 are digits of the true root. 
Now take a'=2:0943, 0 = 2-0946 


and we get 
0-000000,841949,4579 


SR WES] оаа. тсс = 
qu. = 90948 77 5.003348,048729 


абд 
ЛР) — fe) 
= 2.094551,475, 00541,550536 

Мел Or 0.000541,5505 
V =U — ДУУ" @)=9+0946 – —үү:162047,48 - 
80 the & = 2-094551,483, > 
€ first eight digits of the root are 2.094251,4. 
he arithmetic mean between a" and 0718 
2.094551,48, 


Whi 4 
cl r : еі 
à gives the first nine digits correctly. 
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51. Solutions of Equations by the use of the Calculus 
of Differences.—We have already seen in $ 34 how equations 
may be solved by inverse interpolation. We shall now show by 
an example how divided differences (Chap. II.) may be applied 
for this purpose. 

Suppose it is required to solve the equation 

Y= + За? – 12: - 10 = 0. 
The coefficients — 10, — 12, 3, 1, are of course the divided 


differences of y for the set of coincident arguments 0, 0, 0, 0, so 
we can write down part of a table of divided differences thus: 


2. y. 
0 = 
0 Бақ - 
= 1 
0 = 3 
-12 
0 = 10 


and this we shall now extend downwards. The third differ- 


ences of y are constant, and therefore if we take as the next 
argument z — 2, we have 


2 y. 
0 = = 
- 1 
0 - 8 
-12 1 
0 —10 5 
-2 
2 -14 


Неге the number 5, which is the new divided difference of the 
2nd order, is obtained from the equation (р – 3)/2=1 giving 
p=5: then the new difference of the first ord 


Ж er is obtained 
from @ +12)/2=5 giving g= — 2; and lastly the value of the 
function corresponding to the argument z —2 is obtained from 


(r +10)/2= -2 givingr— —14. In this way we construct 
the following table of divided differences, taking arguments 
suggested by the sequence of values of y already obtained : 
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т, y. 
9 -10 3 
-12 1 
0 -10 5 
= 1 

2 =14 75 

16-75 i 
2.5 — 5.625 10.2 

23-89 1 
27 – 0:847 10-9 

26-07 i 
27 -0.847 11 

26-07 1 
2-7 - 0:847 1143 

26-4039 1 
2.73 - 0.054883 11-16 

967387 ї 
2.73 — 0-054883 11-19 

26°7387 й 
273 — 0:054883 11192 

26161084 1 
2732 —0:0013608 11194 


near the root, since y is com- 


Having found that 27 18 
the interpolation and thus obtain, 


Paratively small, we repeat 
($ 16) 

у= — 0-847 + 26-07(z — 2.7) + 11-1(z - 2-7)? nearly, 
giving z — 2.7 = 0-03 approximately ; so we take 2-73 as our next 
Approximation. We continue this method until the approxima- 
tions are sufficien Пу accurate for our purpose. 

If we require the approximation correetly to four digits, we 
have 2 9.739 and the next digit is found to be 0, so the 
Téquired root is 2.732. 

Having obtained this root, we proceed to find approximate 
Values for the remaining roots of the equation. Thus we first 


(в – 2-732), 


transform y into a polynomial in 
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2-73 - 0-054883 11-192 
26-761084 1 

2.732 - 0-001361 11-194 
26.783472 1 

2.782 — 0-001561 11-196 
26.183472 


2.732 — 0-001361 
80 
y = 26-783 (a – 2.732) + 11-196(@ — 2-732)? + (x — 2-732)8 (nearly). 
We may now divide out the factor z — 2.732 and solve the 
quadratie so formed, 
26-783 + 11.196 (x — 2.732) + (x - 2-732)? = 0. 
The remaining roots are found to be 
( x= —5-000 
and == —0.732, 
which are correct to four significant figures. 
(The actual roots of the above equation are 2.7320508, 
- 07320508, апа — 5.) 
Ел. — Find correctly to four significant Jigures the voot of the 
equation 
а? — 92? + 282 — 14 = 0, 
which is between +4 and +5. 


52. The Method of Daniel Bernoulli —In 1728 Daniel 
Bernoulli * devised a method wholly different in principle from 
any which were then known. Though hardly now of first-rate 
importance, it is interesting and worthy of mention. 

Let it be required to solve the equation 


А" + аат... фа = 0. (1) 
Consider the difference equation 
ауу (t+ т) + ay @+-1)+. 
The solution of (2) is known to be 
Y(t) =w mt +w а +. 
where wi, ws, 
І, апа ti :; 


+ tany (0) — 0. (2) 


«айра... (3) 
5509 Wn are arbitrary functions of у of period 
> t, are the roots of equation (1) 


* Commentarii Acad. Sc. Petrop 
Inf. 1. cap. XVII. ; Lagrange, 


ої. ITT. (1732) ; Cf. Euler, 


П 
- Introductio in Ana. Ty. 
Résolution des équations nu 


mériques, Note 6. 
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If `лу| is greater than the modulus of any other root, the 
first term on the right in (3) becomes very large compared with 
the other terms when 2 is large; and therefore we have 


This leads at once to Bernoulli's rule, which is as follows: 
In order to find the absolutely greatest root of the equation (1), 
we take ату arbitrary values for y(0), (1), y(2), - - +» y(n-1); 
from. these by repeated application of equation (2) we calculate in 
succession the values of y(n), y(n +1), y(n2), . -. . The ratio 
of two successive members of this sequence tends in general * to 
a limit, which is the absolutely greatest root of the equation (1). 
Ex, 1.—Find the absolutely greatest root of 
а5 4 54-5 = 0. 
Consider the difference equation 
y(t-+ 5) + y(t + 4) — 5y(t)= 0, а) 
and write down arbitrarily the values y(0) = 0, y(1) —0, y(2) = 0, y(3) — 0, 
4(4)— 1. By means of equation (1), we have the following values of 
WO), (6), ete. : 


tjoe v үзү 9 | 10 11 19. 13 
wt) = 5|25| — 125625 | — 3,120 15,575 | — 77,750|388,125|— ЖООП 
Also y(14)= — 5y(13) + 5y(9), 

56 w14) — ,,5w9) —,, 156 


y03)- "^ *y03) — "^ 19378 

= — 4991948. 
The absolutely greatest root of the equation is therefore given by this 
method as approximately — 4:991948 ; this value is as a matter of fact 
correct to the last digit. If we had stopped earlier, we might have 
obtained, ey. : 

" 2) 388,195 

y(18) 985,75. —4:09196, 
y1) — 77750 


which is in error only in the sixth significant digit. 
Ет, 9.— Find the smallest root of 
13 622+ 92-1=0 
correctly to seven places by Bernoulli's method, 
1 
(Note, — Put 2— 7 and solve for ж.) 


* If the ratio does not tend to a limit, but oscillates, the root of greatest 
modulus is one of a pair of conjugate complex roots. 
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53. The Ruffini-Horner Method.*— As we have men- 
tioned in $ 41, the method of Vieta was the common method of 
solving algebraic equations until it was superseded by Newton's 
method of approximation. The reason why the Newtonian 
approximation was found to be less laborious than its pre- 
decessor was that the earlier method contained no provision for 
making the steps of one part of the process facilitate those 
which succeed. 

In 1819 W. G. Horner discovered a rule T for performing 
the computations necessary in Vieta's method, by which that 
method was made preferable to the Newtonian, and so restored 
to favour. 

Horner's contribution was essentially a convenient numerical 
process for eomputing the coefficients of the equation whose 
roots differ by a given constant from the roots of a given 
equation. We shall first consider this process. 

Let f(x) = 0 bea given equation where а) is a polynomial in 
т, and let it be required to find the equation whose roots are 
the roots of this equation, each diminished byr. This equation 
will be /(z 4-7) =0 or 


OSA) «alt ep) e rt py. (1) 
The ex pressions Je) P" 0), Ро) L” (7/3, . . . may now be 
found in the following way. Suppose for example that 


Ја) = Aa? + Bat + Саз + Da? + Еж+Е. 


Write down the coefficients A, D, C Da: 
row and form from them the following 


letter below a line stands for the sum 
above it, e.g. P = Ar + B. 


„ F in a horizontal 
Scheme in which a new 
of the two immediately 


* Ruffini, Sopra la determina 
di Mat. e di Fis. della Soc. 
Horner, Phil. Trans. 
p. 109. 
P tame ойн оза is concerned, it had been given previously by 
3 ngram in the hi iti Ü i i 
(Edinburgh, 1807). A method based on th e E ae бо 


e same principles had been discovered 
mathematicians, 


zione delle radici, Modena (1804 
Italiana delle Scienze, 
(1819), Part I. p. 308 ; an 


); and Memorie 
Verona (1813). 
d The Mathematician, 1 (1845), 
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A B с D E F 
Ar Pr Qr Rr Sr 
% у R 5 v 
Ar Tr Ur Vr 
T Uo Ww CX 
Ar Wr = Xr 
Wo Xx % 


Ar Yr 
pa 
Ar 

e 


" It is seen at once that the values of 0, ф, V, x, ©, thus 
obtained at the feet of the columns, have respectively the 
values 


0=5Ar+B= if" 
L pn 
$— 104/24 4Br + C= 39"), 


1, 
у= 10А7 + 682+ 3Cr - D =зү (2), 


х= 5 Art + 4Br*  SCr* + 207+ Е-/“), 
w= Ar + Bite 072+ Dr « Er Е-/() 
(1) whose roots are the roots of the 


and therefore the equation 
т, becomes 


equation /(a) = 0, each diminished by 
Q — Аа? + Oat + da? + уа? + E + ө. (2) 
ables us to find readily the 


T 
he above scheme therefore en 
f a given equation, each 


equation whose roots are the roots 0 
diminished by a given number. 

This process is first applied in order to diminish a root of 
the proposed equation by its first digit; then it is again applied 
in order to diminish the corresponding root of the resulting 
equation by its first digit, which is the second digit of the 
Tequired root of the original equation ; then again in diminishing 
is 5, of the equation last obtained by its first digit, which 

е third digit of the required root ; and so on. 


Note that r— is the same as =, and this is the 
Т Fo) 
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quantity which would be given by the Newton-Raphson 
method as an improved approximation to the root, after » had 
been found as a first approximation. This property is used at 
each stage of the process in order to obtain the next digit of 
the root; in fact, we use the two last terms ya + w of equation 
(2) to suggest the next digit. 

We shall apply this method to find the smallest positive root of the 
equation 

43 — 4424-520, 
By means of a graph of the curves y=o3, у= 452 — 5 it is readily seen 


that the required root lies between 1 and 9, so we shall first diminish 
the roots of the given equation by unity. 


1 EL 0 5(1 
1 =3 =$ 
zx zm) 3 
1 =$ 
-2 215 
1 
E 


"The equation whose roots are the roots of the original equation diminished 
by 1 is therefore 
a — 4*5: 220. (1) 
We now form the equation whose roots are ten times the roots of this 
equation ; it is 
“8 — 102 — 500s + 2000 = 0. 


We want the root of this equation which 
other roots bein 
3 and 


| lies between 1 and 10, the 
8 numerically greater than 10. It is found to be between 
4,® so we diminish the roots by 3, thus : 


2000(3 
—1563 
437 


во the transformed equation is 
a — a? — 5335-4 A37 — 0. (2) 
* By the principles explained above, vi i 
B ; ев ез » viz. that the two last terms of this 
equation have the chief influence in determining the root, the two first terms 
үз мшш small compared with the two last terms, when z lies between 
and 10. 
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Multiplying the roots of this equation by 10, it becomes 
43 — 1052 — 53300 + 437000 — 0. 
n This equation has a root between 8 and 9 (as is seen by the in- 
pection of the last two terms since 437000/53300=8-19 . . .), so 
we diminish the roots by 8. 
1 -10 - 53300 437000(8 
8 16 — 426528 
10472 


The transformed equation is therefore 

a3 4 1422 — 53268-10472. = 0, (3) 
and, multiplying the roots by 10, it becomes 
a3 + 14012 — 5326800z + 10472000 — 0, (4) 


г 60 | 
r which an approximate value of the root is 


10472000 |. 1.9659. 
5326800 


"ү 
T'hus, finally, we obtain for the required root of the original equation 


the value 
13819659, 
Which is in error only by one unit in the seventh place of decimals, 
We may note that approximate values of the other two roots may 


be obtained from the equation at this stage in а very simple fashion. 
го roots М and N, which are numerically 


Pos 1 н 
ES if a cubic equation has tw ra 
Y large in comparison with the third root e, the cubic is nearly 


a8 — (M+ Ny + MN - MNe= 0. 
The other two roots of the cubic (4) will therefore be approximately 


e roots of the quadratic 
1 43.4 140: — 5326800 = 0, 
Which are s 2239-05 
R^ к= — 9379-05, 


sad therefore the two corresponding roots of the original cubic are these 
E Чез divided by 1000 and increased by 1:38 (the part of the root 
eady found), viz. 
a= — 0:999 
a a= 3:619. 


T = 
hese are in ‘error by one unit in the third place of decimals. 
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We may note that Horners Process is really the formation of a table of 
divided differences. Thus taking the last example again, suppose it is 
required to find the equation whose roots are the roots of 


X=03 — 402 45=0, 


, 

each diminished by unity. We note that the coefficients 5, 0, — 4, 1 are 
the divided differences of X for the set of coincident arguments 0, 0, 0, 0, 
во we can write down the following table of divided differences : 


© x 
1 
0 5 -4 
0 1 
0 5 -8 
-3 1 
1 2 -2 
-5 T 
1 2 =1 
—5 
1 2 
whence, by Newton's formula for interpolation with repeated arguments 
($ 16) we have 


Xz2-5(r—1)-(c— 19 +(e- 1} 
Xz2-5y-y y? 
which is equation (1) above. 


"Therefore the equation whose roots are ten times the roots of the 
reduced equation is 


or 


X = 3000 — 500: — 1022+ 53 — 0. 


Now diminish the roots by 2. This is done by the difference table 


Ф> X 
1 

0 2000 -10 

- 500 1 
0 2000 2-4 

- 591 1 
3 437 жеді 

- 538 1 
2 437 =] 

— 533 
3 437 


so that X= 437 —533(— 3) —@—3)#+ (к— 3}, 
which gives us precisely equation (2) above ; 

Ez. 1.—Find to six significant digits the positive root of the equation 
234-332 — 194. 10-0 


by performing three Horners transformations and then appro. 


and so оп. 


cimating. 
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First, diminish the roots by 2, 


1 3$ -12 -10 
2 10 - 4 = 
E 6 =й 
2 14 
7 18 
2 
9 


Ther 
erefor 
refore the new equation is 


23 + 942 4 125 — 14 — 0. 


Multiply the roots by 10, 
43 4- 904 + 12002 — 14000 — 0. 


Diss 
minish the roots by 7, 


j db 1200 — 14000 
7 679 13153 
97 1879 - 847 
7 28 
104 2607 
zi 
111 


Therefore the new equation is 
234 111a2 + 26072 — 84720. 

Multiply the roots by 10, 

a3 4-111022 


Di Bar 
Minish the roots by 3, 


+-260700x — 847000 = 0. 


1 1110 260700 — 847000 
3 | 3339 792117 
1113 264039 — 54883 
3 3348 
1116 267387 
3 
1119 


Therefor 
re the new equation is 


434 1119224 2673877 — 54883 = 0. 


Mor 
Cover, 54883 _ 0.205 (nearly), 
267387 


80 t] 
Nat the required root is 2.73205. 
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To get a better approximation, we have from the last equation, 
approximately, 


— (0:0041849)(0-20 
— 0-000176 


во the required root is 2-732050,8. 
Еу, 2.—Find correctly to seven significant digits that root of the equation 
23 — 9,2-- 23; — 14 20 


which is between +4 and +5, by performing three Horners transforma- 
tions and then approximating. 


Ex, 3.—Find by Horners method a root of the equation * 
3—95-0 


54. The Root-squaring Method of Dandelin, Loba- 
chevsky, and Graeffe.—We shall next consider a method 
of solving equations which was suggested independently by 
Dandelin ў in 1826, Lobachevsky į in 1834, and Graeffe § in 
1837, and which is frequently of great use, especially in the 
case of equations possessing complex roots. It has the 
advantage (when performed completely) of finding all the 
roots at once and of not requiring any preliminary deter- 
mination of their approximate position. Its principle is to 
form a new equation whose roots are some high power of the 
roots of the given equation: suppose we say the 128th power, 
so that if the roots of the given equation are ay, vs, 25, 
then the roots of the new equation are 21198, 2,12, qi uus 
These numbers are widely separated; thus if ту were twice To, 
then 21128 would be more than 108 times 1575, and, as we shall 
see, an equation whose roots are very widely separated can be 
solved at once numerically. 


* A pupil of De Morgan by Horner’s method found the root of Wallis's well- 
known example 22 – 2r—5 to 51 places to be 


е) 


т--2094 551, 481 542, 326 591, 482 386, 540 579, 202 963, 857 306, 105 628 239. 
This wa БЕ i : Ei 
POMPA M extended to 101 decimal places; cf. The Mathematician, 
+ Mém. de Р Acad. Royale de Bruzelles, 3 (1826), p. 48, 
t Algebra or Calculus of Finites, Kazan (1834), $ 257. 
S Auflösung der hàheren numerischen Gleichungen, 7i i 
gen, Zürich (1837). "Тһе method 
was perfected by Brodetsky and Smeal, Proc, Camb. ey S ‘on €. 
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Suppose it is required to solve the equation 
2" aq" ам 72 + agp 73 +. stay D. (1) 


which will for the 


In this equation we shall denote the roots, 
-0, —e, 


present be assumed to be real and unequal, by – 9 
t of descending numerical magni- 
. The values а, b, в, 4,... 
ation reversed in sign, will be 
may now be written in 


—-d,. . ., the order being tha 
tude, so that «Jb >|el>|dq - - 
Which are the roots of the equ 
called the Zneke* roots. Equation (1) 
the form 

a" + Гађа" + [abe 2 [406] +. = 0, @) 
„ that is, the sum of the 
the sum of the 
ne, and so on. 


Where [а] denotes «4-6 c d+.. 
Encke roots, [ab] denotes ab+ac+be+. о 
Products of the Encke roots taken two at a tir 
Tf, moreover, we denote the sum a" + б" + с" + d"4... by [a"], 
then the ес juation whose roots are the mth powers of the roots 
of the given equation will evidently, if m is even, be 

ж" + [amo -1 + Гана + [abe Ja" -84,..=0. (8) 
to construct the equation (3) when 
d m is some prescribed number. 
ber in the equation (3) which is 
Ultimately formed, but we do not attempt to construct this 
equation at a single step of the process; instead of this we first 
take m= 2, that is to say, we form а new equation whose 
Encke roots are the squares of the Encke roots of the original 
equation; then, having done this, we repeat the process, 
Orming a new equation whose Eneke roots are the squares of 
the Encke roots of the equation just obtained—that is, the 4th 
Powers of the Encke roots of the original equation—and so on. 
3 Thus our immediate problem is to construct the equation 
(3) When equation (2) is given and m has the value 2. This 
We do in the followin g way. Rearrange the given equation 


a^ aga + age ыы . -+ oa=0, (1) 


m 4 
ü The problem before us is 
16 equation (2) is given, an 
N practice m is a large num 


en powers of т are on one 


8 
h- that the terms containing the ev we 
ide of the equation, and the terms containing the odd powers 
> 


* Encke, Journal für Math. 22 (1841), р. 193. 
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are on the other side. Squaring both sides of the resulting 
equation, we have at once 

(а-ы age"? + айт... )2 = (цан + aga" “3 +...) 


or, putting — 2? = y, 


у" + (ау? - 20)" тіз [C = Quyag + 2a"? Foc. SO (4) 
Since the roots of equation (1) are —a, -), -с,.. ., and 
— 22 = y, the roots of equation (4) are —a?, — 02, – е, . . .; that 


is to say (writing 2 in place of y), the equation whose Encke roots 
are the squares of the Encke roots of (1) is 


aay? ania үк tas? ү һар jenes ..-0. (5) 
- 2a3J = 2ааз f -2agul азау + 2ш | 
204 J tasj - Заза; 
- 2a, + 2a 


The law of formation of the coefficients in equation (5) may 
be stated thus: Zhe coefficient of any power of x is formed by 
adding to the square of the corresponding coefficient in the 
original equation the doubled product of every pair of coefficients 
which stand equally fur from it on either side, these products 
being taken with signs alternately negative and positive. 

Having thus formed the equation whose Encke roots are the 
squares of the Encke roots of (1), we repeat the process, thus 
obtaining an equation whose Encke roots are the squares of 
the Encke roots of (5), that is to say, the 4th powers of the 
Encke roots of (1). The next stage yields an equation whose 
Encke roots are the 8th powers of the Encke roots of (1), and 
80 on. 

Now consider the equation which is obtained when the 
process has been repeated several times, so that we have caleu- 
lated the equation (3) where m is (say) 64 or 128 or 256. 
Since @ is numerically larger than 5, therefore a" is enormously 


larger than 0” orc" or d" . . and thus the sum [а"] bears 
to its first term a" a ratio which is very near to unity. біші- 
larly (ағ) bears to its first term атут a ratio which is very 
near to unity, and so on. 

Tf, then, 


н the ratio of [ат] to ат is 1+ е, Where e is small, we 
ave 


log [a] =m log la] + log (1 +e) 
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or log |а] = 1 log [a”] – 1. log (1--е) 
te m >” m 79 ^ 

Since we have calculated (а), the right-hand side of this 


equation is known except for the small quantity Lig +e), 


which we may neglect; and thus |а| is determined. 
Next, since [ат] =a"b"(1+y), where y is small, we have 


1 x d 
log |ab| = = log [ab], neglecting Ж log (1 + y), 
and therefore 
1 пут] _ 1 т 
log = 1 log [ан] — È log [а"), 


which determines the modulus of the second root b, and so on. 

In solving an equation by this method, it is all-important 
to know when to stop. Obviously the time to stop is when 
another doubling of m would give a result not different (in the 
digits we wish to include) from the result which would be 
obtained by stopping at once; that is to say, when the 
coefficients [a?"], [a?"D?"], . . . of the new equation are 
practically nothing but the squares of the corresponding 
coefficients (а), [ab], . . . in the equation already obtained, 

Ex, 1.— To solve the equation 


23 +922 + 235-14 — 0. 


The equation whose Encke roots are the squares of the Encke roots 
of this equation is 


a3 4-354? + 2772+ 196 — 0, 
The equation whose Encke roots are the squares of these is 
a3 + 6714? + 63009" + 38416 = 0, 
and proceeding in this way we obtain the following equations : 
23 39499312 + 3-91858 x 109: + 1-475789 x 109 — 0. 
9? 4 0-72834 x 1010,2 + 1-535421 x 10x42. 177953 x 1015— Q, 
75 4- 9-433235 x 1021,2 + 2-357548 x 1038.4 (2-177953 x 10182 = 0. 


3 - 
+ 8898762 x 104.2 4 (2-357548 x 1039274 (2-177953 x 1018/1 = 0, 
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Stopping at this stage, we have 


log (494) = log (8-898762 x 1019) = 43-9493296, 


whence log |a| = 076867083, 
so the numerically greatest root is + 4860806. 
Also log 260001 = 2 log (2-357548 x 1038) 
= 76°7449212, 
so log |b| = (767449212 — 43:9493296) = 075124311 
= log 41015. 


The next root is therefore + 3:2 


541015. 
Lastly, 
log a93593591 — 4 log (2-177953 x 1018), 
80 


log |] 24,(73:3521936 — 767449212) = 1:9469886 
= log 08850924. 


The numerically smallest root is therefore + 0°8850924. 


A rough graph shows that all the roots are negative; they are 
therefore 


—4:860806, - 32541015, and — 08850994, 

We do not usually require to compute each of the roots of an 
equation to the same degree of accuracy, although we may require 
to know the approximate values of all the roots. We shall 
therefore give here a more rapid way of computing the roots to 
two or three significant figures, in which we use a 4-place table 
of squares, such as Barlow’s Tables, and 4-place tables of 
logarithms. We shall denote by p™ the equation whose roots are 
minus the mth powers of the roots of the origin 


we shall write, e.g., 1896? for the number 1:896 


Ex, 9. 


al equation, and 
x 10”. 
— -To solve by this method. the equation of Ex. 1: 


12 +922 937414 — 0, 
We first arrange the coefficients of the equation in order : 
25. zi 


1 9000 


ж. 29.. 
23001 14001 

Squaring these coefficients and addin 
eqnation (5), we compute р, then p», 


g the doubled products as in 
of the successive equations in tabular 


p$, and so on, arranging the values 
form, thus : 
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1 19602 
өз 1 27708 19602 
1 76731 38424 
- 1372 
pol 63011 38421 
1 5025 3970? 1476? 
— 1260 — 0052 
p? 100 3219 39189 14769 
1 10511 15351? 917918 
— 0078 
pe 1 097311 153519 217918 
1 9467?! 474896 
—0031 
p? 1 9436?! 23068 474836 
p“ 1 890443 555176 995413 


Examining the coefficients of рб, we see that if the coefficients of 
118 were formed they would be (to four significant digits) the squares of 
the coefficients of p, so we stop the process here and. compute the roots 
of the equation as in Ex. 1, using, however, 4-place tables. We have 


log a9! = 43-9496, 
whence a= + 4:861. 


In order to determine the sign of the root а, we note that F- 48) 
= +0°368 and f( — 4:9) = — 0:259, where f(r) 253--942--93»4-14. The 
equation has therefore a root between — 4:8 and — 4-9, and we have 


а= — 4'861. 


Also log «9461 — 76:7444 ; subtracting log «64, we find log |^|— log 3:254 
Whence а ; 


К Again, log 2910261. 73-3530 ; subtracting the value of log a94194. we 
nd log |c| -1og 08851, whence 

= — 0:8851. 
The required roots correctly to four significant figures are 


— 4:861, -— 3254, — 08851. 
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Ex. 3.— Apply the rool-squaring method. to approximate to the roots of 
the equation 


93 +1002 + 312 430 — 0 
to three significant digits. 
Ex, 4,—Find correctly to seven digits the roots of the equation 


41202 + 442+ 48 = 0. 


55. Сошрагіѕоп of the Root-squaring Method with Bernoulli's 
Method.—The root-squaring method may be regarded as belonging to 
the same general ty pe as that of Bernoulli, with which it may be connected 
in the following way. 

Let the equation whose roots are to be determined be 


iP up aqu 73e agr 2. 4 -ға,-0. (1) 


Bernoulli's principle (6 52) is that, if we select arbitrarily any values for 
yO) %1).- 90 1) and then determine y(n), y( + 1), ete., in succes- 
sion by the equation 


yt d) + «+ —1)+. 6 000 = 0» (2) 


then the ratio of two successive members of the sequence of y’s tends in 
general to a limit, which is the absolutely greatest root of the equation. 

Now let s, denote the sum of the pth powers of the roots of equation 
(1), and take y(0)=%) Y)=Sp >» y(n —1)=8,_y Since each root 
of equation (1) satisfies the equation 


ап аі КРИС = anat =0, (3) 


it is evident that if we form n equations by substituting in this equation 
the different roots in succession, and then add these n equations, we have 
at once 


Styn бү ып ү t- + -F anst =0, 


so that sj considered as a function of t, satisfies the difference equation 
(2). We see therefore that with the values we have chosen for the first 
n of the y's, y(t -+n) will be equal to st, and Bernoulli's formula yields 
the result that the absolutely greatest root of the equation (1) is 


т ua " 
=> Sk 


This is obviously closely related to the result of the root-squaring method, 
by which the root in question is given in the form Lt As 
->ж 
* Тһе value of the numerically greatest root of an equation in the form 
а?" + В" +72". . . 7^, where a, B, y, . . . are the roots, and а> > had 


been given as early as 1776 by Waring in his Meditati i E 
к у g Ми t , 911. 
Euler used the method to find the roots of En in Y. SMS qe. 
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56. Application of the Root-squaring Method to deter- 
mine the Complex Roots of an Equation.—If the roots of an 
equation are not real the method of § 54 is equally applicable. 
Suppose, for example, that the equation is of the 5th degree, 
the roots in Encke's sense being а, re, тет, б, с, where а, b, c 
are real and |a] >) > 026], so that the equation is 


(w+ a) (x + rel) (a + те- 9) (o + ф)(ж + с) = 0. 
The equation whose Encke roots are the mth powers of these is 


(x + a") (x + отет) (gs + pe mie) (as + D) (a + e") =0, 


and if m is a large number, and we retain only the dominant 
part of the coeflicient of each power of т, this reduces to 


T + amg + Әдәп сов m фаз + aya + A/D: 
4 arbem = 0. (1) 


The root а may be computed at once by the method already 
given in $54. We now proceed to find the other roots. 

It is evident from equation (1) that, corresponding to a 
pair of complex roots, there will be one coefficient, namely, 
Za" yn соң тф, which fluctuates in sign when m takes in. succes- 
Slon a set of increasing values (owing to the presence of the 
Cosine factor). We also see that the value of 22 corresponding 
to the pair of complex roots may be computed from the 
coefficients in the terms immediately preceding and immedi- 
ately following the fluctuating term: in the above equation 
Ti. ( /азу!т, Having found the value of 72, we now find 
the values of the Encke roots 6, c from the two last coefficients 
in equation (1. Let a’, b', c" be the actual roots (i.e. roots with 
their proper sign) corresponding to the Encke roots а, b, с, 

In order to compute the complex roots re, те, чуе write 
them in the form u «iv and u — Zr, where v = 7 cos 4’, т = у sin p, 
80 that тей | ро-и — 2u. Ifthe original equation is written 


TË 4 aya + age? + aga? + aye + а, = 0, 
We seo at once that the sum of the roots satisfies the relation 
-а-а + и +Ь + г, 


f ; i 
“om which u may be found. Since v,;? are known, v may 
D311) 
5 


- 
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now be found from the relation 7?=u? +7, Тһе two complex 
roots are thus determined. 

Ex.—1. Solve the equation 


4^ — 293 — 622 + 25x — 28 = 0. 


ай, gi. a x 2, 
1 -2000 - 6000 2500! — 2800! 
1 4000 3600! 6250? 7840? 
12000 10000 — 3360 
- 5600 
p 1 1600! 8000! 2890? 78402 
1 2560? 64008 83524 61475 
—1600 -9948 — 12544 
1568 
p | 0960?  —1280? - 41994 61475 
1 92163 16386 17579 37791 
2560 8049 1574 
1229 
ша 11784 10927 3331? 37791 
1 13888 119214 111019 149823 
= 0918 -0785 — 0825 
0008 
pe 1 11708 041514 028519 14283 
1 136916 172227 812338 203946 
— 0008 — 0667 —11852 
p К! 136116 105527 - 379936 203946 
1 185932 111354 139173 415892 
0102 — 4302 
DT 185232 191554 — 291173 415892 
1 343094 1476108 8474146 1729185 
0011 — 10104 


1198 1 234304 1487108 [- 2630146] 1799185 


It is evident that further equations are obtai i i 
n ; ained by simply squaring 
the corresponding coefficients of the previous equation SUR ne алардан 
of the coefficient of 2 (which fluctuates іп sign, thus indicating the 


presence of a pair of complex roots). Th < 
equations may therefore be stopped чя e process of forming new 


— — 
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Taking logs, we obtain the results 


53, whence log |a|— 05042 and a=3-193(—). 
24, whence log | 0-3409 and 2-193( +). 
77, whence log 7?=0-6021 and ??— 4-000. 


log а128-- 64-5: 
log 41285128 — 108-1 
log 0128/128,236 — 1 85.9 


It may be remarked here that the most important numbers in 
determining the values of the quantities а, b, 72 are the indices 
representing the powers of ten in the factor of the coefficients in the 
final equation, For example, in the equation denoted by 5! we obtain 
practically the same value of the roots а, b, if we neglect the last two 
digits of the numbers 3430 and 1487; but an error in the indices 
64, 128 would give quite a different result. Since the above numbers 
cannot be relied upon as regards the accuracy of the fourth digit, we 
Shall consider the final values of the roots to be correct only to three 
significant figures, 

In order to compute the values of the complex roots u + iv, we see at 
Once, from the coefficient of 23 in the original equation, that 

2u — 3-193 + 2-193 = 2, 
whence ш= 1:500, v= + /(r?-u*)= + 1:3228, 
and the complex roots are 1:500 + 1°323%. 


Thus the required roots of the equation correctly to three signifi- 
fant digits are — 3-19, 9.19, 1-50+1-32% (As a matter of fact the 
above values of the roots are correct to four significant digits, the roots 
Correctly to six places being — 3-192582, 2-192589, 1-5 + 1:3228761) 


Ex, 2.— Find the roots of the equation 


«4 — 633 + 1142 + 2a — 28 = 0. 


57. Equations with more than one pair of Complex 

Oots.—The case where the given equation possesses two 
Pairs of complex roots presents little additional difficulty. 
Suppose the process is applied to the equation 


9? + аја 71 аз" +... + an- H an=, (1) 


ànd that the coefficients of two of the powers of > are found to 
fluctuate in sign, thus indicating the presence of two pairs of 
Complex roots. Denote these complex roots by rei, те-1), 2749, 
h.t We shall assume that the values 72, у together with 
he actual real roots a’, b’, €^, have been computed as in the 
ast Section. 


Writing М-? cos 0, v—r sin 0, u'—:' сов ф, v' =7" sin ф, the 
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complex roots are denoted by «iv, and w’ iv’, and their sum 

is 2(u +w’). Writing equation (1) in the form 
«-а)(--0)>-е).. . (a — Que + 2) -2u'g + 72?) = 0, (2) 


we see that the coeflicient of z in this equation is a linear 
function of ш, v^ which we shall call plu, u^). 


Then plu, u^) = a, -1. (3) 


By comparing the coefficients of z"-! in equations (1) and (2), 
we find 


-a= tb eo lou 2w. (4) 


The two last equations express the unknowns u, w’ in 
terms of the known quantities a’, b’, с", . . ., 12, i"? and may now 
be solved for u, w'; the values of v, v' being then determined 
from the equations v? = 72— «2, 02-7202, The two pairs of 
complex roots are thus known. It is evident that a similar 
method to that given here may be applied to solve equations 
with more than two pairs of complex roots. 


Ез. — To solve the equation 
а7 + 149 + 2129 + 6804 4 147,2 + 1895? + 1197 — 451 — 0. 


As in Ex, 1, $ 56, we first form the equations for рё, p4, p8, . . , as 
follows : 


EN a 25, gs. 2°, ЗА, % 

p? 1 7000 -1170% 02033 09114  -5610* 18465 20345 
p* 1 3430? 36994 48657 013389 569019 413710 
p? 1 04365 03919 г 6960415 - 538918 om 32519 
pe 1 1119 98507 —4086% 36144» 16917 105813 9998: 
p? 1 068218 90444. -04119 12016 50894 11199 80798 
pe 1 28125 81759 — —90049  j459Es 010449 1959172 7850199 
ph 1 64490 668099 166510 ооб 359028 ggg 510219 
ре 1 


101075 446229 [000992] 49775 [06405] 940048 5915879 


Ші amalin Р "e A 
The coefficients of «2 and « fluctuate in sign, whence we infer the 
presence of two pairs of complex roots, Taking logs, we have 


256 log a= 141-6037, whence log |a|=0-5531 and a’ = — 3:574. 

256 log ab= 279-6495, log |) Ы 2 0 = 3-461. 

256 log abr? 4-6311, log r2=0-8788 7:565. 
256 log abr?r'? = 688-3908, log r’2=0-7178 5:999. 


256 log abc?r*r? = 679.4651, log |c|— 1-9652 ce 0923. 
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In. order to compute the values of и, w’, we write down the value of 
the coeficient of 29 in the original equation, 
— = —3-574 -— 3-461 + 0:923 + 2u + 2v, (1) 
and then the value of the coefficient of 2, 
119 = ry a v a ea^) Зас (ur? + шта). (9) 


Substituting in these equations the known values of а, b; с, c?, 

ғ? we have 

и= 0:681, w= – 1:125, 
whence v= 2:665, v'— 1:989. 
The required roots of the given equation are 

725274, — 3-461, 0-681 42-6657, — 1-125 + 1.9801, 0:923, 
in which values the ast digit is uncertain. 

ipe pn pde significant digits are — 3-578, — 3-458, 
0-684 + 2-664i, - 1-128 + 1-9871, 0-923.] 

55. The Solution of Equations with Coincident Roots 
by the Root-squaring Method.—When the Toot-squaring 
Process is applied to an equation possessing coincident roots, it 
does not lead ultimately to an equation in which every co- 
efficient is the square of the corresponding Coeflicient in the 
Preceding equation. We shall now consider in what way the 
process may be applied to solve such an equation. . 

Suppose that the Encke roots of the given equation J (zx) 20 
are a, 5, V, e, d, .. . where b, b are coincident roots, and 
Where la| > > |>... The equation, whose Encke Toots 
are the mth powers of those of the given equation, will be 
denoted by 

w+ [an an- + [amp ana + [amm man- +. = 0, (1) 


and, retaining only the dominant term in each coefficient, for 
large values of m this equation reduces to 
Qn a. атат 1 + QamBmgn-2 + 272-3 4. (т)2тотул-4 +... (2) 


We see that the coefficient of х"-? does not follow the usual 
Tule, viz, that when m is doubled the coefficient is approximately 
Squared, Here, on the other hand, when m is doubled, the new 
coefficient is approximately half the square of the old one. 

his observation enables us to detect the presence of a repeated 
Toot. Tt is evident that the value of b may be computed in 
Much the same way as 7? in the case of complex roots, namely, 


118 THE CALCULUS OF OBSERVATIONS 


by forming the quotient of the coefficients immediately follow- 
ing and immediately preceding the irregular coefficient. Thus 
from equation (2) we have 


— m f am рот [qm 
b — Уат" am}, 


the remaining roots, а, с, d, . . . being computed as before by 
the method of 5 54. 


Ex. 1.—Solve by the root-squaring method the equation 
23 + 702 + 162 4-12 — 0. 
The successive equations are 


12 oF +172? +8804 144 - 0. 

pt 98 +1132" + 28482 + 20736 =0. 

18 #3 + 70731243: x 10% + 4-300 x 108 = 0. 

ps 294-4318 x 10722 + 5-648 x 10127 4- 1-849 x 1077 = 0. 
qp? a+ 1:853 x 10152? + 1-593 x 10257 + 3:419 x 10?! — 0. 


Tt is evident that the coeflicients of the equation p9* would be the squares 
of the corresponding coeflicients of р32 except in the case of the coeflicient 
of a. We therefore denote the Encke roots of the equation by a, b, и, 
where b, b’ are approximately equal, and where |а| > |b|. Taking logs, 
we have 
log a3? = 15-2679, whence log |a|=0-4771 and |a|= 3-000, 
log «92195 = 34-5339, whence log |b|=0-3010 and |b|= 2-000 
=|0'|, 

Тһе actual roots of the given equation are — 3, — 2, — 9. 


Ex, 2.— Calculate by the root-squaring method the greatest root of the 
equation ‘ ў 


2^ TB 4 149 — ye 7 — 0. 


Use the result to prove that the othe: i i É 
er three 8 tubus 
but that only one of them is real. oa AREIS OR 


59. Extension of the Root-squaring Method to the Roots 
of Functions given as Infinite Series. The root-squaring 
process depends essentially on the fact that the coefficients of а 
polynomial (in which the coefficient of the highest power of 2 i$ 
unity) are the elementary symmetric functions of the roots; 01» 
if the polynomial is divided throughout by the term independent 
of 2, во that the term independent of 2 becomes unity, the 
coefficients are the elementary symmetric functions of the 
reciprocals of the roots. This, however, is true not merely for 
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polynomials, but for all entire transcendental functions of genre 
zero,* and hence we can readily see that the root-squaring 
process is applicable to any entire transcendental function of 
genre zero; and, indeed, as has been shown by Polya,} the 
method may be used in connection with functions of any finite 
genre. 

Ex, 1.—To find by the root-squaring method the lowest roots of the Fourier- 


Bessel function. 
The Fourier-Bessel function may be defined by the power-series $ 


E аЗ at а5 a8 aT a 
e+ 74% Ыт eu 
ey Gy аж Gy CY Gy Gp 


14 


"bw s 


where s= — l& Evaluating the terms on the right side of this equa- 
tion, and retaining eleven places of decimals, we have 
Шу) = 1 ++ 0:25: 0-027777,777 789 
+0-001736,111 114 
+ 0:000069, 4444405 
+ 0-000001,929012° 
-+ 0:000000,039372:7 
+ 0-000000,00062z8. 


The equation whose roots (in Encke’s sense) are the squares of the 
Toots of this equation is 


9=1 + 0-5 + 0-010416,666662? + 0:000038,58024;? 
+ 0-000000,04306a4+. ., 

Therefore the equation whose roots are the 4th powers of the roots 
9 the original equation is 
0— 1 + 0-229166,66667« + 0:000070,01283z + 0-000000,00060: +... 
and the equation whose roots are the 8th powers of those roots is 

0 = 1 + 0-052377,33517x + 0-000000,0046252?. 
Evidently we can take 


1 
8— ----- 19:0923 
"= 9.052377 ; 
Whence r= _ 144458 and 2=2 V —@ = 42-4048. 


* 
(b. Оп the subject of genre cf. Borel, Leçons sur les fonctions entières 
aris, 1900), 


t Сейееілеуі für Math. 63 (1915), p. 275. 
Whittaker and Watson, Modern Analysis, § 17.1. 
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Therefore the lowest root of 70/2) is z= 2-4048. 


Ex, 2.—Caleulate т from the property that 7/2 is the lowest root of the 
series for cos т, ie. 


60. A Series Formula for the Root.—A method published 
in 1918* is somewhat different in character from those which 
have been described hitherto, since it furnishes a literal formula 
by mere substitution in which the root is obtained. ‘The 
result may be stated thus: 

The root of the equation 


O = ag + am + Com? + аза? + аай +... (1) 
which is the smallest in absolute value, is given by the series 


аҙ 43 44 


И POLES ай ay аҙ аҙ 
2% а _ 9 la а m [ES К Q) 
D (аі dg «уа» |а lg аҙ ау 09 3| |а Ay аза, | d 
(4041. 14041 |40414) |404) | |404) a аҙ 
0 ag d, 0 4041 |0 aga ag 


00 ва, 
Аз a numerical example, consider the equation 


23 — 442 — 321-4 202 0, 


Here ay= 20, a= — 321, a= - 4, а= 1. 
41 4ҙ |= 108121, | ay аз аз |= – 33127121, |а ug |= 337. 
to ау to 41 а ауа» 
0 аа, 
Тһе smallest root of the equation is therefore 
20 — 20?x4 E 203 x 337 + 
321 321 х 103191 103121 х 33127121 `` 
ог 0:062305,30 — 0-000048,36 + 0:000000,79, 


ог 0-062257,73 correctly to seven decimal places. 


The series converges rapidly when the ratio of the smallest 
root to every one of the other roots is small In calculating 


* Whittaker, Proc. Edin. Math. Soc. 36 (1918), p. 103. Cf. De Morgar, 
Journ. Inst. Act. 14 (1868), p. 353. 
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апу root of a given equation by the formula, it is therefore 
advisable in many cases firs& to transform the given equation 
by two or three root-squaring operations each of which re- 
places the equation operated on by an equation whose roots 
are the squares of its roots; or else, if an approximate value of 
the root is known, by Horner’s process to reduce the roots of 
the given equation by а, where а is an approximate value of 
the required root, so that the required root of the new 
equation is small compared with any of the other roots. 

Proof of the Formula.—Let the roots of equation (1), supposed 
for the present to be of degree n, be 2, 25, . . En Then if 2 
be any number whose modulus is smaller than each of the 
moduli of the roots, we have 


— ао өт ‚ 
Яо + e+ ag? +... а" (l-s[m)(l- ‚+. (Lo а/а) 
= (1 + аја +z +. ..)(@+а{ж+ /ж%+...)... 

(Leo, ааа...) 


= 14+ Piz + ру? + Po? +... 


Where P, denotes the sum of the homogeneous powers and 
Products of the reciprocals of the roots taken 7 at a time. 
Therefore 


ace Piatt Past 
My = (dy + az dat. s) (L+ Pret Pye? + Pot...) 


Equating coefficients of powers of 2, we have 


0-а + GP, 
0 = az + аР + APs, 
0 = as + а, a Pa + Ра, 


Whence * 


1 а A 0 | 
ч ; 
Pent T A, P= -0% аз ау do |, ete. (3) 
ау аз а | o | az az а 
Now since |% - | Las? аза, we see that the first two terms 
о & | 


* The formulae of equation (3) were known to Wronski, Introd. à la philos, 


d, 
75 math. (1811), Paris, 
(зіу 5% 
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of the series (2) are equivalent to the single term 


аа Р. 

=, ior ы (4) 
ау аэ Ра 
аа, 


Moreover, by Jacobi's theorem on the minors of the ad- 
jugate we have 


айа; а 
al% а a |=|% B NT аз d; | 
10 aga, | 1Ф%5а 9 [d а | 


and this shows that the term (4), together with the third term 
of the series (2), is equal to 


| 4,4%! 
а È 
EE (8) 
а) Az аҙ Р» 
ау ау а» | 
| 0 а | 


Again, by Jacobi's theorem we have 


Ее dede: nl da aiaa; Md аз аз 4 

ава | | 40 а a2 Az | | 4% ал аз 41 Q5 аҙ 
| рн 10 ap a | | do Q4 Ae 
0 0 аа 


and this shows that the term (5), together with the fourth 
term of the series (2), is equal to 


[а а а 

40 41 Az 
=®% 10 ао а, | 
( (г аз а, 
40 Ay (15 аҙ 
0 аа, аз 
00 ay ay) 


Ps 
"pe 


which is therefore equal to the sum of the first four terms of 
the series (2). Proceeding in this way, we see that the sum 
of the first s terms of the series is equal to P,_,/P,. 

If now for simplicity we consider the ease rhe n=2, 80 
that there are only two roots, тү and 2», of which we shall 
suppose әл to have the smaller modulus, we have 


ALGEBRAIC & TRANSCENDENTAL EQUATIONS 123 


IM. 1 


ау 3222 


and since (5,51, this gives at once 
al 


2 


Similar reasoning leads to the same result when »>2. 

Thus the sum of the first s terms of the series is equal to 
Р.Р, Ass increases indefinitely this tends to the limit 2, 
Where шу is that root of equation (1), which has the smallest 
modulus, Thus the theorem is established. 


Ee, 1.—Find the root, which is smallest in absolute value, of the equation 
a3 + 14a? – 53268: + 10472 = 0. 
Ex. 2.— Wind the n umerically smallest root of the equation 
а5 — 2504 + 20023 — 600.7 + 12004 — 500 = 0. 


61. General Remarks on the Different Methods.—The 
Process of calculating a root of an equation а) -0 may be 
regarded as consisting in general of three stages : 

P Locating roughly the position of the root. — This is, in 
Seneral, best done by plotting a rough graph; in the case when 
Ха) isa polynomial, it may also be done by divided differences, 
or by the rules of Descartes, Fourier, and Sturm, which are 
explained in works on the algebraical theory of equations. 

II. Transforming the equation so as to isolate this root from 
the othep roots of the equations.—Let a, be the required root of 

8 equation Да) =0, and let a, аз.... be the other roots. 

en, performing a transformation «= $(y) where ф is some 
Blven function, we obtain an equation F(y) —0, which we shall 
Suppose to have roots 74, уз, Ys- - - corresponding respectively 
9 the roots 21, Le, 2з,... This transformation is to be chosen 
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so that the root уу bears to the other roots yo, js. . . ratios 
which are small in absolute value. The root уу is then said to 
be isolated. For this purpose we may use, for example, Horner's 
process, or the root-squaring process or inverse interpolation. 

ПІ. Calculating the root of the transformed equation. — 
This may be done rapidly by one of the iterative methods, e.g. 
Newton's ($44), or Bernoulli’s (§ 52), or by Whittaker's series 
(5 60). Having found yı, the required root of the original 
equation is given by the formula жу = $(y). 

62. The Numerical Solution of the Cubic.— For the 
solution of eubie and quartie equations some special methods 
are available whieh cannot be applied to equations of higher 
degree. То one of these, known as the ¢risection method of 
solving the cubic, we shall briefly now refer. The term in a? 
may be supposed to have been removed in the usual way, so that 
the cubic may be written in the form 


-42-т-0. 


There are two principal cases to consider : 


(1) If 2772-495, the cubic has one real root and two complex 
roots, which may be found by Cardan’s formula 


w= thr + (0%- 1+ ar- (ф-нун, (0) 


or else (if g and 7 are both positive) by finding 4 such that 


3? r 
cosh ф- ^L 


when the real root is given by formula (1) 
c= 3 eosh 14, (2) 
or (if 4 is negative and r positive) by finding 4 such that 
sinh ф= 8, жалны 
2 (-gy 
when the real root is given by the formula 


a= a 


= 4) sinh 34. (3) 
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We can always suppose that 7 is positive, since changing ше 
sign of у merely changes the signs of the roots. 
(i) If 2772-49?, the cubic has all its roots real In this 
case we find the smallest positive angle ф such that 
SÉ ж 
сов ф LO g 


when the real roots are given by 


= 


(4) 


Ex. 1— Consider the equation 
a3 + 942 + 232+ 14 = 0. 
у З to remove the second term, the equation becomes 
-4y-120 а) 
There are three real roots since 4.4°> 27.12. 
We have at once 
Cos h= Др. 3? and log cos ф= 5 log 3 — log 16 —log cos 71? 2' 56"^4, 


Writing 2 


80 that 1ф= 23° 40' 58^8. 


One value of y is now obtained by writing 


‚ log 3+ log cos 23? 40” 58" 8 


log y, = 105 4- 


—0:3252913 
=1од 2: 114907, 
RU yy = 2:114907. 2) 


For the second root we have 
log (— yy) — log 4 — } log 3+log cos (60° -- 23° 40' 5878) 
—0:2697010 
= 105 1:860806, 
50 ya= - 1860806. (3) 
Lastly, 
log (—yg)=log 4 — } log 3 + log cos (60° + 23° 40° 58^8) 
=9-4050073 
= log 0-2541015, 


B 5 5 
° %- — 02541015. (4) 
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The required roots are therefore — 0-885093, — 4-860806, — 3:2541015. 
Ех. 2.—Solve the equation 
w+ 3224 5g 27-0 


ty the trisection method. 


63. Graphical Method of solving Equations.—We shall 
now consider the solution of an equation Ла) =0 by а graphical 
procedure. We first write the equation in the form 

Ale) = f) 
(as may usually be done in several ways), and draw graphs of 
the equations y=/(z), y= Jo(z). For example, to solve the 
equation 22 — 4w + 6 = 0, the curves might be taken to be y; —a?, 
Уг= 45-6. The abscissae of the points of intersection of these 
curves evidently satisfy the equation /(@) = 0, and are thus the 
roots of the given equation. 

Let one of these abscissae, as measured on the graph, be 
denoted by а; we must, of course, recognise that а is only 
ап approximation to the root, since the accuracy of the reading 
is limited by the usual defects of graphical representation. 
To overcome this difficulty we now repeat the drawing of the 
portion of the graph near the abscissa 2 = ау on a larger scale. 
From the new diagram we find a new value z = as such that аҙ 
is a closer approximation to the root than а. Proceeding in 
this way, we form a Sequence of values a, аз, аз, . . „ which 
approach continually closer to the correct value of the root of 
the equation. 

Ex,—Find the real root of the equation 


соз “n= 2 


correctly to seven places of decimals, having given 


cos 42° 20” 40” = 0-739108,89, 
cos 42° 20' 50” — 0:739076,16, 
соз 49° 91' 0” — 0'739043,50, 
and т)648000- 0:000004,848137, 


” А 2 
Suppose z — y", then the given equation becomes 


9-000004,848137y 


= соз y, (1) 
We first plot the curves 


fo 9-000004,848137y 
Aly) = сов y | » 2 
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using the following data : у 
! 42° 20' 40" = 152440", 0:000004,848137 x 152440 = 0:739050,0, 
42° 30' 50" — 152450", 0-000004,848137 x 152450 = 0:739098,5. 


Fig. 12 suggests as a solution the value у= 42? 20' 4793, so the first 
approximation for y is 


ay = 0:739084,98. 


Now cos 42° 20! 47-2 = 0°739088,30, 
cos 42° 907 47-3 = 0°739084,98, 
and 0:000004,848137 x 152447-2 = 0°739084,91, 
0:000004,848137 x 152447-3 = 0°739085, 40. 


VAS) 


ЕЕС 


500 


72 725 73 » 
Fic. 13. 


Fig. 13 gives as a solution у= 42? 20' 47'^248, and the value of the 


[ome is then 0-739085,14. The second approximation to the root is 
herefore 


" a, = 07739085,14, 
Which ; сі 
Which is the required value. 


% 
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64. Nomography.—Nomography is a special kind of graph- 
ical calculation which differs from other graphical methods 
in this respect: that with graphical methods generally it is 
necessary to draw a fresh diagram for every problem that is 
to be solved, whereas in nomography it is possible to use the 
same diagram over and over again for the solution of different 
problems, so long as these problems belong to the same type, 
and differ only in regard to the numerical data occurring in 
them. For example, there are many well-known graphical 
solutions of the quadratie equation in which the roots are 
obtained as the intersections of a circle with a straight line. 
The practical objection to these solutions is that a fresh diagram 
has to be drawn for each particular quadratic equation that 
has to be solved; and the time occupied in constructing the 
diagram is greater than the time required to solve the equation 
by the ordinary arithmetical method. This objection no longer 
applies if the diagram is of such a nature that when once con- 
structed it can be used for any quadratic, whatever be the 
values of the coefficients, Such a diagram, in which the 
construction is made once for all and is applicable to any 
number of special cases, is called a nomogram. 

The detailed treatment of the subject, which is an extensive 
one, is somewhat beyond the scope of the present book; the 
reader may be referred to the works of M. @Ocagne* and 
S. Brodetsky +; we shall confine ourselves to illustrating the 
fundamental idea of nomography by describing a simple 
nomogram,} by means of which quadratic equations may be 
solved at sight. 

The accompanying diagram consists of two rectangular 
axes and a circle touching one of them (which we may regard 
at tee The circle may be of any arbitrary 

К 5 A AXIS 18 graduated во that; the gradua- 
s ^ rin a 2R/p from the origin, and the 
desta mA ее арй hat the graduation p on it is at a 

! 16 origin. The graduation at any 


HW WINE graphy (1990). 
i E. T. Whittaker, Bain. Math. Soc, Notes, No. 19 (Dec, 1915), p. 215. 
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point of the cirele is the same (with sign reversed) as the 
graduation at that point of the horizontal axis which is derived 
from it by projection from the highest point of the circle. 


Circle of roots 


Fic. 14.—Nomogram for the Solution of 2*-- ax 5— 0. 


The method of using the nomogram is as follows: Let the 
equation to be solved be 
Find the point on the horizontal avis «t which the reading is a, 
“nd the point on the vertical axis at which the reading is b. 


32 ac +0 = 0. 
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Imagine these two points joined by a straight line (eg. by 
stretching a thread between them, or by laying a. straight-edge 
across) Where the line meets the circle, read off the graduations 
on thecircle: these are the required roots of the quadratic. 

The proof may be left to the reader. 

If the line is not conveniently situated on the diagram, we 
may replace the given equation, ey. by the equation whose 
roots are the roots of the given equation with signs reversed, 
or the equation whose roots are the roots of the given equation 
multiplied or divided by 10 or some power of 10. 


MISCELLANEOUS EXAMPLES ON CHAPTER VI 
1. Find the positive root of the equation 


афа фай фо 5. 


2. Find the positive root of each of the following equations 


(а) log,z—18, (B) log, (a+ I)e 1) = 22. 


2. Find correctly to four significant digits the positive root of the 
equation 
2%--5ш- 1000, 


` using either the Newton-Ra 


phson method or the method of iteration. 
4. Compute to seven pla 


ces the positive root of 
27 + 9811 480. 

5. Locate roughly the real roots of the equation 

wh За? + 75g — 10000 — 0, 


x poe one of them by the Newton-Raphson method to four places 


6. Show by the Newton-Raphson method that a root of the equation 


V) b (o а)у — 03 — 43220 
is у=а-2 y 213103 50924 


47644 отав + Тапа +... 


T. Solve the equation (Wallis, Algebra, (1685).) 


a8 4 993 _ „ә 


—— 631064798 = 0 
by Horner’s method, 


(De Morgan.) 
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8. Apply the root-s i 
21) -squaring method to approximate to the 
the following equations to three significant figures : И LE 


(а) 2:3 — a3 — T 8 = 0, (B) P+- 57+2= 0. 


9. Fi а ; 
Find by the root-squaring method the numerically greatest root of 


the equation 
454 + 12803 — 9512 + 247 — 2— 0, 


an otermi 474 

кш mine the nature of the remaining roots. 

ie ask Show that the root-squaring method may 
coincident roots of the equation 


be applied to determine 


„А— 1073 + 3522 — 502+ 25 =0. 


11. Determine 2 from the equation 


ge sin (n3 


where e is the eccentricity of a planet’s orbit, 
bags К n is the mean anomaly, 
aving given the values e = 0:208, » = 30° = 0:5235988. 
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CHAPTER VII 
NUMERICAL INTEGRATION AND SUMMATION 


65. Introduction.—In the present chapter we shall show 
how to caleulate the numerical value of a definite integral 


[| “Дауа 


when /(v) is а function whose numerical value is known for 
values of > between а and 0, 

In works on the Integral Calculus it is shown that the 
above definite integral can be found, provided we can first 
find the indefinite integral of f(z), say F(x): for the value 
of the definite integral is then F(b) – F(a). This method is, 
however, of very limited application: for even when /(>) is 
given as a compound of the well-known elementary functions 
V^, 4% logs, its indefinite integral cannot in general be 
expressed as a compound of a finite number of these functions: 
and when /(z) is not given in terms of the known elementary 
funetions, but is merely specified by a table of numerical 
values, the indefinite-integral method is altogether inapplicable. 
The methods described in the present chapter, which are of 
general application, are therefore of great practical importance. 

The problem of calculating the sum of a se uence 


Urt Ug tugt ugt... +Un 


is closely connected with the problem of numerical integration, 
and is therefore included in the discussion. 


66. The Approximate Valu i ail 
A definite integral care 


u+rw 


/(®)4ж 


182 
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may be regarded as the measure of the area included between the 
curve у= f(x), the ordinates c=a and z — a 4 7w, and the axis of a. 

Let P and Q be the two points on the curve whose abscissae 
ате а and а--тш respectively, so that the area in question is 
PLMQ in the diagram. 

Let the base LM be divided into 7 parts each of length w, 
at the points U, V, W, . . ., and let the corresponding points 
оп the curve be Н, J, К,... Then we have 

area of quadrilateral PLUH = 10 Да) +/(a + w)}, 
HUVJ = 1001 fla+w) +/(a+2v)}, 


” » 


eto., 


Fic. 15. 


and the sum of the areas of the quadrilaterals PLUH, 
нууу, 
"(i (a) ази) «/fa- 20) + 

This sum may be regarded as a rough approximation to the 
area PLMQ, so that we have 
1 аг 
wj, Ла) 1 la) +/(a+w) +/(a+ 2w) +- 

(ar - 1.w) 3 (a 7o) +T, 


(aT - 1.0) +} /(a-- mw). 


Vhere T denotes certain correction-terms. 
We shall now show how these correction-terms may 
be found, 
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67. The Euler-Maclaurin Formula.—Let us consider the 
case in which the function /(z) is с" where v is independent 
ofz. Then the above formula becomes 


1 pP” 
a ot dae = hore p аға). оба) | y стае) 
Wla г 


+ Leverton y. qu (1) 


where T denotes the correction-terms; or (performing the 
integration) 


gra (gore ыа 1) 


e = gra п qeu gne +e De) 4 pera (eer — 1)+ T 
LIT 
=- e жи (06 1)4-T, 
1 1 Jh ә 
80 әш ew] ж сото] ) 2) 
Now we have 
"m Ч табъ l 
END BEC ESSI des dene yi 
» TUM ER КЕ. 


= 5 - 20 + ре + terms in øt, ete.) 


Tt is customary to write this expansion 


i EL Y BL. B B 
BULLE A c 
where the numbers B, which are called the Bernoullian 
numbers, have the numerical values 


1 1 5 А 
ВВ Би Pal 5 691 
TB Cap ay Вч, Bee 
Comparing equations (2) and (3) we have 


T = ena(emro _ 1( 


Now if f(x) =e 


, ме have SA NPL ба . and 
merde rr ds fe) гез, Р" (а) = ео, 2. a 


В 
-q - Prius +.. Ü 
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т. Вир, „ Bau? 
Dee pU (а + rw) -f (a)} + it 1" (a + rw) — 7" (a)) 
Baw’, , 
== (а + rw) -/(a)) +. - 4 


in the case where /(z) — e", we have the formula 
ul J(o)da — 1 Да) + аъш) + /(a * 20) +... 


+/(a+7r—1.w) +b fa+rw) 


-BW (sis) - (a) EE a n) -o 
В. 5 
-BA уча+ги)-/Ч@ў}+... (4) 


or, ; Р 
» 48 we may more briefly write it, 


1 rw 
zi Дай = (15, Ааа... tft gh) 


-Uia gy, MS рат, anti i v 
П -A + age” -A -g A @ 


А Now let Ха) be an arbitrary function of а. We shall 
БЕ that it is possible to represent /(z) between the finite 
ps =a and z—a-7w to a sufficient degree of approxima- 
"wi by means of a sum of terms of the form Ae™, where A 
nd v are independent of v: say let 
Да) = Are Ауе Age ss 
Where Аз, Aly, Де exo бу 2 75.2, BIO suitably chosen 
Constants, 
th Applying formula (4) to each term of this sum, and adding 
ыр results, we see that the formula (4) or (5) may be applied 
th Such an arbitrary function /(z) in general It is known as 
sa Luler-Maclaurin formula, having been discovered inde- 
ndently by Euler and by Maclaurin in the years 1730-1740." 


105 
Ex.—To compute 1 


de correctly to eight places of decimals. 
100 v 


In the Euler-Maclaurin formula put а= 100, w=1, r=5, f(z)— i, 
x 


* 

dis both cases the publication was several years subsequent to the 

Маца 5" Cf. Euler, Comm. Acad. Sci. Imp. Petrop. 6 (1738), p. 68, and 
Urin, Treatise of Fluzions (1742), р. 072. 
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Thus 


Ws CI il 1 d do d d 
wo z 38 100^ 101* 102 * 103 * 101 * 8 105 
1 
E 


1 1 1 1 
Е ci 105® + 1002) * 1 (- 105i * io) RE 


— 0-005000 000 1/ 0-000100 000 
0-009900 990 ~ 12\ — 0:000090 10) 
0-009803 922 
0-009708 738 
0:009615 385 
0-004761 905 


= 0:048790 940 — 0:000000 775 
= 0:048790 165 


The caleulated value of the integral is therefore 0-048790,165. 


This result may be verified by computing log, (105/100) from the 
logarithmic series, as follows : 


og 105 _ 5 2.0707 L3 18 1:9. 
51007100 8 100#* 3 1009-4 100475 10057 a 1098" 
= 0-050000 000 — 0-001250 000 
+ 0-000041 667 — 0-000001 562 
+ 0-000000 062 — 0-000000 003 
= 0050041 729 — 0-001251 565 


=  0:048790,164 
which agrees with the 


i previous result to one unit in the ninth place of 
decimals, 


68. Application to the Summation of Series.—The Euler- 
Maclaurin formula is often used in the computation of sums, 
when the integral whi 


ch occurs in it can be calculated by 


other methods; the method will be obvious from the following 
examples: 


Ex. 1.—If it is 


required fo obtain correctly to nine places of decimals 
the value of : 

a X 

3012 * 5032 + + ggg? 
we have from the Euler-Maclaurin formula with a= 201, w=2,7= ш, 
f(a) = 1/22, 

1 1 t | 
2 2012 * 032+. - `+ өз 5 арз 
1 2 2 


"sont зав 
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1 
В i 107 1 i£ 1 1 
Sr NEN CE PL жены ажы: 
201 2992 s soi zi) 201? sit) 
1 


if 1 
saon aa 53 
= 0-000826 4 
0:000006 8 
0:000000 0288 


— 0:000833 319, which is the required value. 
Ел, 2.— To compute the sum of the infinite series 
1 І + : els J гі? 
10127 1032 * 1052 ^ 107° 


If in the Euler-Maclaurin formula we put f(»)— 1/28, w—2, r— c, 
We have 


Ld 1 Load а к 
За 2a? (а + E т (a Ж 4p (a+ grt ~ 303" 1505 
so that 
1 1 1 1 1 1 4 


“е Ен. == б жЕ. ЫЕ. ч 
а% (а F Er" d 59-80 Заз 15a? 
Putti na 
ing а= 101, this gives 
1 а. 1 ч l 4 ч 
“=тбї 23012 3.1018: 15.1015 
=0:004950,49505 - 0-000000,00003 
-+ 0-000049,01480 
+ 0:000000,32353 


= 0-004999,83335, which is the required sum, 


3.—Caleulate correctly to ten places the sum of the infinite series 


1 1 1 1 


istis im iut vc 
69. The Sums of Powers of the Whole Numbers.— The 
Sums of the first, second, and third powers of the first n whole 
Numbers аге, аз is well known, 
139 +3 +...+в = + 
124924924,..4 224m + Ln? + dn, 
1394934384... m3 — 114 + in? + pu? 
We shall now show that the Euler-Maclaurin formula 
?nables us to find readily the sum of the pth powers of the 
rst ^ whole numbers, where p is any positive whole number. 
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For taking а-0, w=1, f/(z) =x? in the formula 


220 L қ 1 Wp pepe 
if %®4в= (55 +++ seek 25) - ia Jo) 


UW 2.5 m из — 
+ gag» -/ ) - 30249" fe) 4 


i 1 1 
= 19+ 22+ 3р... + (6 1) + a = gp"? 
1 2y»-3 
* zag? - 1)(» - 2» 


1 е 
= 30940200 - D(» - 2)(p - 3)(p - 4). . , 
and therefore 


ETE н »ly- ey ы 
124224394. фар 7? D ша PP Do ) р-з 


25172712 720 
NI -1)(p - 3)(» -3)(p - £) i-i = 
30240 


the last term being that in 7 or 7%. 


This is the general formula for a sum of positive powers: it 
was first published in James Bernoulli’s posthumous work, Ars 
Conjectandi, in 1713.* 


Ex.—Show that the sum of the Tth and 5th powers of the first n whole 
numbers is double the square of the sum of their cubes. 
We have at once 
174274374. 4 n7= ав + dn? + qns — Vnd + рут. 
Similarly 
154254354... 4 n5= 116 + bn + 4514 — hn? 
We have therefore only to prove that 
(jn? + 3n? + тб — wa’ + gan?) + (116 + dnd 4 una — 4n?) 


= jpnf(n + 1) 
which is evidently true, i 


70. Stirling's Approximation to the Factorial—In the 
Euler-Maclaurin expansion 
1 mrw 


"MELLE E CI 


* agus. Л) 
* Ars Conj. y. 97. 
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write w=1, /(z)=logx. The formula then gives 
+r 


loga dz = 1 loga + log (2+1) +. . log (a7 — 1) 
а > 


+ Slog (a+) - 1x77 2) 360l(e*79 di СС” 
or 
(a+r+1)iog (а) - (n1) loga-r 
"wee 4 
-log {(6+1)(a+2) ++ - (9-9 a 


Writing n for (a 4-7), this becomes 


1 
(а Dg n= (a+5) loga- n +a=log (т!) - log (а!) 


- i -2 eam n2) 
We have therefore 


1 1 1 
log (n) =C + (0+5) legn "195 736008 77 ^ (1) 


Where С is independent of т. И 
In order to determine C, we refer to Wallis’ formula 


RT 2944606 Qn 2 2n 

Э (1537376 DT ' 2m=l тт) 
т 94%(% )* 

ез , 

? 2 Ita) 2(2n + 1) 

and therefore 


орт Lt [4n log 2+ 4log n1 2 log (2n!) - log (2m + 1)} 
а һә 


Substituting for the logs of the factorials from (1), we have 
: 1 
%2- Lt [4 log24 Af (n +5) log n-n+C} 
TEW 
= 2n +1 
E 2{(2n+5) log (2n) - 2n + cj log (2n 4 | 


= - 21052 + 2C, 
Ё C=} log (27), 
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and finally 


1 1 1 
log (7!) - (n5) logn - т + 2194 27+ i22 ^ 360m ^ 
5 ili 
or ені М (Le us ‘ J 


This formula is due to Stirling:* it is of great value for 
computing the factorials of large numbers. 


Exs. 1.—To compute log 79 !). 


In Stirling’s formula, replacing log (и!) hy {log (п —1)!+logn} we 
obtain 


қ J^ 1 
Jog y9(n — 1)! = (а - 3) log ул + 5 log 49(277) 


5 
ai 1 l ай е | 
М 7" 13,7 36955 + т96015 ~ 168007 ^ " 

where М = 105 уе= — 0-134294,481903,251828. 

Taking л = 80, log 1980 = 1:903089,986991,943586 

And 79-5 log 980 = 151-295653,965859,515 

then 

log 49(79!) = 79:5 log 80 ++ log (37) + М(- 1. diem ANN 

DIT AEE а 98197) + Mir so + 1960805) 


1 1 ) 
i ( 360.808 1680.80 
—151:295653,965859,515 


— 34-743558,552260,146 
0-39908 


9,934179,058 — 0-000000,002356,198 


,390085,316 — 0-000000,000000,000 
0-000000,000000, 105; 


- 151-695196,2901 23,994 


— 34:743558,554616,345 


= 116-951637,735507,649, 
This is the required value correctly to fifteen places. 


Ev. 2.—Show that 
1 


acre 
e|. fete ehe gs si Lo 


Tu ou ouo Sub "e 
51600” fo") + ggg D — « 


7l. The Remainder Term in the Euler - Maclaurin 


Expansion.—We shall now investigate the error committed 

by truncating the Euler-Maclaurin expansion at any term. 
"i Methodus differentialis (1730), p. 137. 

TJacobi, Journ. für Math. 12 (1834), p. 263. 
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Let a set of polynomials ¢y(/), ¢2(/), s(t), . . . be defined 
by the statement that $,(/) is the coefficient of s"/n! in the 


expansion of s. | in ascending powers of ѕ We readily 


find 
di()-4 Ф-(/-1) da() 9-30 Mi... 
The polynomials 4,(/ are called the polynomials of- 
Bernoull 4% 
From the defining equation 
ө-1 og e 1 
el aa M (0 
We see on putting 2-0, and (= 1 successively, ¿hat all the 
Bernoullian polynomials vanish when t=0, and all of them 
after the first vanish when t=1. : 
Moreover, by differentiating equation (1) with respect to /, 
We see that 


танде X Wr. s 
azo (2+1)! а= *": g=] 


Remembering that 


and equating coefficients of powers of s, we have 


9 (t) = Ф100) -$ (2) 
1440) = dat) + В, (3) 
Vero) = 0), (4) 
14s (/) = dal) — Ba, (5) 


and so on, | 
Now denoting by Да) an arbitrary function, we have 
g bY. 


ч 1 
шш КҮ TAE (а +wt)dt 
І Да) vf Дазш) 


1 Е 
—'9 Дача) (21 – 1). 
2% Ы 
* p name was given by Raabe in honour of James Bernoulli, the author of 
ы о ei 


EC Conjectandi. 
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and, by repeated integration by parts, 
[ле ada = у, (а +w) +/(a)} — of (2t — 1)/"(a + wt)dt 
=p Ufa +w) +/(а)} - © ae ОТО) 


22 
СУ 
+ 
& 
+ 
b 


Jm a Sf dal delt) "(а + ш). 


But by (3) we have 
w? f % 
al hlif (a + wt)dt 
Dy? 


CET ЕХ (a +wt)dt + ЕС (Of (a + wt)dt 
- - Вий, (a +w) — (a); – 3i x^ S” (a  wt)da(t)dt 
- -Bei Fou) -ra y -PS rae (а 


= сау “а-ш)-,/(а)) + [ palt (a + wt)dt. 


En substituting from (7) in E we have 


"fiia =” 3 (a +) +/(а)} – E amd (а--ш)-/ (а); 
But by (5) we have 
T буа wr 
= = К +ш)а + = [ : Фу (t) A" (a + wt)dt 
B 1 
pa -/"@-%® "h ача) 


Вл, yn (a+) — f" (ay + ar ry, f" (a + wt)dt. 
Substituting from (9) in (8) т he 


[ове +) +даў Bae Fr Vau) -la 


+0 f dalt) (а + ий). 


(7) 


(8) 


(9) 


Вал, 
ана) еа) + / nona end 
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This is the Euler- Maclaurin formula with а remainder-term 
expressing the error committed when the series is truncated at the 
terms involving the third derivatives. By proceeding in the 
Same way we can find the error committed in truncating the 
Euler-Maclaurin expansion at any assigned term. 

Tf f(») is a polynomial, the Euler-Maclaurin series terminates 
and is exact. 

72. Gregory’s Formula of Numerical Integration.— 
The earliest formula of numerical integration to be discovered 
Was one in which the correction terms were expressed in terms 
of differences instead of derivatives. This formula, which is of 
Sreat use in practice, шау be derived from the Euler-Maclaurin 
formula in the following way : 

In the Euler-Maclaurin formula 


OT E "€ 
БІ Jede = (5% Ы 3^) = i -)) 


a 5 ae 
dog" - A) - до 70) ++ + 


let us Substitute for the derivatives from the equations 
Wh’ Afy — Азу + Afo - 141+ 1А... 
fr = M c AS 2+ YAY + Afra «АУЫ... 
7 ^nm s 4 s ed 
sm Mf - AS, + 1A fo -- 
Ji” = Ау, a + BAM, a REM 
Ufo mA T... 
MUN ABE өсі... 
ete, 
_ It may be remarked that the formulae for the derivatives of fo are 
Elven in $ 35, and that the formulae for the derivatives of f, may be 
¢btainea by forming a difference-table in which the ae um reversed 
n order, 2. and applying the equations 
ae iue led Foy ЗЕН” fy fo, and applying the equations 


: Thus we obtain 
es [ш SUI А 
3 J(z)da = (5% RATS +27) = 12M — Afo) 


1 19 ras: m. 
7 ЖАУ. + А%%) — ggg (7-5 7 А%) – Tgp (A4 + АУ) 


86 | 275 
- 5205 (ду, ns А5) а 24192 


ASf, + Де) —- - - 
60480 ter de 
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This formula was discovered by James ( rregory:* like his 
formula of interpolation ($ 8), it does not require ordinates 
beyond the limits /; and f, in order to form the differences. 


On taking f(z) = e, w— 1, а = 0, the formula becomes 
en — 


1 1 
= NETET EN . obi ae G 1)- 19! —e7 Mere 


lg 1 -ozro Ll e рур 
*ig*-02-gj-e Pe - ay -1P4+..4 
which evidently breaks up into the expansions 
1 1 1 1 1 19 


saita 18 - Dg - 1 csge-ip-... 


T. i "-— КЕЗЕДІ 16 E 
971-09 8 1801-29-401-0 5001-6790. 


Which are the expansions of 


1 1 
log {1+(e"=1)} ea FI -(1-«””) 


respectively. The numerical coefficients in Gregory's formula are therefore 
the same as those which occur in the expansion of — flog (1 -әургі in 
ascending powers of т, 
That this must be so ma 
for if D denotes the operati 
integration, we have (§ 35) 


y be seen at once by symbolic reasoning 5 
on of differentiation, во that D-1 denotes 


ет-Е-і-А, 
and therefore 


2 eas 1 - -1 
е ош (1-2) logü -AE 


whence Gregory’s formula may bed 


n e erived symbolically. 
Expressions for the remainder after n terms of several formulae of 
numerical integration of this type have been found by H. P. Nielsen, 


Arkiv for Math. Astron. och Fysik, 4 (1908), Nr. 21, 


Ёл. 1.—Show that the coeficient of — [AP f. „+ Ал) in Gregory's 
formula is MON ed 6 


(= T фо О. 
2% 1 0 oO... 
245» Lg... 
Жа 8 1... 


[n+ 1) rows] 
and that it may also be Written 


(-1) [ “0-1 26-2) -t 25 G&-n41) dx. 


(Glaisher.) 


= Letter of Gregory to Collins of date 23rd November 1670, printed in 
Rigaud's Correspondence, 2, p. 209. : 
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Í "da; 
100 E 
correctly to seven places of decimals, 
By Gregory’s formula, the integral is equal to 


Еу, 2.—To calculate 


* Ti 
È roo taiba trat ibat bet Ens АЛ – АЛоў 
= Ао + АУ) АА - MA) 7... 0) 


қ J. А. AS д, 

100 7 0-010000 00 

— 9901 
1$, = 0-009900 99 194 

— 9707 =й 
you = 0-009803 92 189 

— 9518 -6 
туз = 0-009708 74 183 

- 9335 -6 
гт — 0-009615 38 177 

—9158 


1; = 0-009523 81 
Substituting in (1) the required differences, we have 


105 dos 
Ji, E- o.o0500000 -3'x(-9158+ 9901) - (177 +194) 
+0-009900 99 
+0-009803 92 
+0-009708 74 
+0-009615 38 
+0-004761 90 


0.048790 93 -62 
т 0-048790 16 
hie Tequired value is therefore 0-04879 


Ш 


Ш 


02 correctly to seven places, 


Ex. 3.— Given the table 


1 287626,699801 
2 287757,439208 
3 287888,218227 
4 288019,036864 
5 288149,895125 
6 288280,793016 
yi 288411,730543 


бөл | 
muf Kede by the Gregory formula. 
1 


(5311) 
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T dz. 


73. А Central-Difference Formula for М umerical 
tion.—The formula of Gregory 
1 п-т ы 


а fM ens sona D 


Ex. 4.—Caleulate 


Integra- 


1 5 1 n 19 а aë 
- iz - Af) - эд\АУ,- + Ау) – кор ss -А%)-... 
utilises differences which lie in lines sloping towards the centre 
of the difference table. Evidently there must exist a corre- 
sponding formula in which central-differences are used, and 
which will therefore be of the form 


rw 
i ү Да)аз- (5% қаза... tfi iA) 


a АГА NF А» t Nf i 
` 37 EE ) 
*B(AS, 1-Ау ү) 


MAN Af, Дау PA 
+0{= л, r-2 _ 2) 


*D(A, 2- Му a} 
Г эзе 

where А, B, С, D are со! 
determine these coefficients, 


in the Euler-Maclaurin fo: 
write f(z) = 0, w= 


(1) : 


efficients as yet unknown. То 
We may transform the derivatives 
rmula, or more directly, we may 
1 when formula (1) becomes 

базе ра» баз” _ „аъ 


v Wi +910999 em) 3 A sinh {600 — eav} 
+. 
1 1 1 ^ 
gi ov 5$-1*5*Asinhv.,. 
or 
і 81% 
ы Жы ы ы )+а ++» Ja Bore.) 
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Equating coefficients of powers of v we obtain 


А 1 е Wu 
A-- iz B=0, C 220777 
and thus we have the formula 


lv. e , . . Tox 
af дат - (5 Af. fats) 


OL fAf Afia Aot Af i} 


19 3 2 
11 [Afra t Afr- Aft Ay, 
+720 2 2 jS E 


This formula, which is extensively used by astronomers in 
the calculation of perturbations, is in general more rapidly 
convergent than Gregory's; but it involves values of / outside 
the range of integration. 

Ex. l.— Show that the above formula may be obtained by integrating 
with respect to n, between the limits 0 and 1, the interpolation-formula 

—1 AS АЗ 

Ka tnw fot +(n—WAfo+ +e ЕЕ 28. fo 


уб n(n? — 1) (n 2) AM gd е 
m а Day + it 41 E + 


Ес, 2.—To calculate т from the formula 
T ! de 
4 - | 14a? 
Taking w= Po r=10 we have 
1 
ШІ di po 1 E HL. ll eal NUS 
lpr? 2 5:00 * 1-81 л ici" T 497 1- 361 25 1 16 * 1-09 
1 1 1 1 (2+8 _ Afo+ Af. 1t 
ro4*i01*£00 i29| 2 zo 
11 айса Afs AY. 1+2) ү 
720 2 ` 


+ 


[TABLE 
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ҒА А. 
f= тд = 079615385 
285605 
f-a= 57 = 09900990 
99010 
1 
= _—_ —1-0000000 
^ <1% 
— 99010 
1 
=——_=0-9900990 
^ Тото 990 
— 385605 
= 1 ez 5 5 
fo Er ші; 9615385 
А = =0-6097561 
s T8 
- 572699 
1 
=| 045594889 
fo —lgp-0552186 
- 524862 
1 
———-—0:5 
Ў zog = 02000000 
-475113 
Ju тап =0:4594887 
— 426526 


1 
Sy = эз” 04098361 


We have therefore; neglecting differences 


= 0:2500000 
0:5524862 
06097561 
0-6711409 
0°7352941 
0-8000000 
0-8620690 
0:9174319 
0:9615385 
0:9900990 
0-5000000 

= 7:8498150 

= 7-8539822. 


of order higher than the third, 


1 11 
-18(- 499988 — 0) + #9 9(875 — 0) 


5%, A. 

— 186595 
—11425 

— 198020 
11425 

— 186595 

47837 
1912 

49749 
= 1162 

48587 


+4166646 
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Therefore 
3-141592,88 
whereas the correct value of тіз BGO aus 

74. Lubbock's Formula of Summation.—In the Euler- 
Maelaurin formula 


1 Гете А T "M T 
sl ы Ла) = (лв -+/)—5(% +7) - 507: - fo’) 


а 


иЗ "н "nn 

+ ego 7 — fo )-. x 

suppose that each interval is subdivided into m parts: the 
Euler-Maclaurin formula corresponding to the division is 


REN ftatu e (fofi fif А+) 


w 
а 


3 
ut — үп Ш ^n ^n 
^ =f) tesna - 4%% 
тд Jo) кобше?” Jo ) 
Eliminating the integral between these two equations we have 


fotfitfetfat. 2 тА +f) 


т т n 


"a ТӨСТЕН T ro geo MSL, Hsu ій 
-5 dey, +o) – s dol fy =) +- m? #9007 =”). 


This formula enables us to deduce the sum of а large number 
of values of the function taken at any interval from a smaller 
number of values of the function, taken at intervals m times 
greater. 

If the derivatives in this formula are replaced by their 
values in terms of differences, as in $ 72, we have what is known 
as Lubbock’s formula,* "" 


1 " 
Ља ар. тъл +f) -g (+) 


mi-1 „n (т%-1) s 
- "Em Alea Ao) -gm Or- tA) 
2. т%-1 ; 
"(mt D (фай D A АУ) 
(m3-1)(9m?-l) ap ларус. 
a Bm Ofrat A) 


a J. W. Lubbock, Camb. Phil. Trans. 3 (1829), p. 323. The formula as 
Біуеп originally by Lubbock invol ved advancing differences of f»; the formula 
here given, which does not require а knowledge of f, for values of « greater 
than 7, is due to A. de Morgan, Diff. Int. Cale., pp. 317-318, 8191. It may be 
obtained readily by the use of symbolic operators ; cf. T. В. Sprague, J.I. А. 18 


(1874), р, 309. 
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Ет, 1.— To calculate the sum 


КЛ ИК 1 
1002 + 10i? * 1922 ^^ * - * 150° 


1 
Let m=10, w=10, and form the difference table of Хт) = m 


beginning with the value у= тт» 
Jy = 000010000 
- 1736 
Л = 0:00008264 416 
- 1320 -193 
f= 0-00006944 293 49 
- 1027 -81 
f, 0:00005917 212 26 
—815 -55 
f, 000005102 157 
— 658 


J, 000004444 


By Lubbock's formula we have 


150/1 9 99 
s) m 10h .+у)-%у„+у)— XAR A 
99, s. 99 х 1899 
7 g49( A t АУ) – 000 (АЗ АЗ) 
99 x 899 


5500099 одн А 
180000 AA + Ao) 

= 406710 – 64998 — 889.35 — 236.36 — 17-76 — 12.61 

— 340556. 


The required value is therefore 0-0034056. 


Ex, 2.— Evaluate to seven places 


Ex, 3.—Show that Gregory's formula may 
crease indefinitely in Lubbocl?s formula. 


75. Formulae which involve only selected Values of the 
Function.—If the function which is to be integrated is such 
that its differences beyond a certain order n may be neglected, 


the formula of Gregory (579) 


| be obtained by making m in- 


+rw Й 
enables us to express f /(®)4ж in 
terms of the values of f and it : 
at selected values of 2. 
expressed in terms of sel 


s differences as far as order т, 
But these differences can in turn be 
ected values of f by reductions such as 


Afo=hi~fo, Азу ЭЛ ^ fo, 


etc., 
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rw 
and therefore it is possible to хрена" Ха)дт entirely in 
a 
terms of values of f аб selected values of z. Among formulae 


of this class may be mentioned specially the following,* which 
are accurate for functions whose fifth differences are constant: 


a6 
J Jeda fs + fati t Fuerat Sats fat nets +/+): 
а 
(Weddle.) 
а--6 
ГГ ума = 028 Sn + Sate) + V0 Sata +) + 7% 
(G. F. Hardy.) 
+10. В к E . | | 
[ Fal = {8(Sa + Sat) + 35 (Sata tars Лы tiaro) 
a 
+15( Sate Sats t late thats) + 36/ats)} 
(Shovelton.) 

These formulae may be proved directly, without reference 
to Gregory’s formula, in the following way : 

Let it be required, for example, to prove the second of them 
(G. F. Hardy's formula) Since fx is a function whose fifth 
differences are constant, we can represent f, by a polynomial 
of degree 5 in т, and therefore by а polynomial of degree 5 in 
the variable z, where z= -a - 3, say 

Лаан Bey tt, (1) 
where а, f, у, 8, е are independent of z. 
Therefore 
1--6 2 
І ШУ” -| (fats + 0% + BP + уг? + д24 + е5) 


= 6/„+з + 188 + = (2) 
Now let us see if this can be represented by an expression 
of the type | 
А(Л, +в) + BU ++) + сы» (3) 
where A, B, С are absolute constants. By (1), (9) шау be 
written 
A (2f, +188 + 1628) + B(2/44: 88 +328) Of... (4) 
Since the expressions (2) and (4) are to be identical, we may 


* A valuable discussion of formulae of this type is given by W. F. Sheppard, 
Proc, Lond. Math. Soc. 32 (1900), p. 258; and a detailed elementary treatment 


by A. E. King, Trans. Fac. Act. 9 (1923), p. 218. 
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equate the coefficients of /,., 8, and ё in them, and thus 
obtain the equations 


2А +2B+C=6 
18A +8B=18 
162A + 32B = 486/5. 
These equations give 


1 81 
e менен) im —]1:69 = 00 
95 0 28, Bas 1 62, C=2 2, 


80 (3) becomes 


098(/, + Sate) + 162( fata + Sus) +2 Yar 
and thus Hardy’s formula is established. 
Weddle’s formula may be deduced at once by adding the 


zero quantity БАУ, to the right-hand side in Hardy's formula. 


Eu. 1.—Evaluate 
1 


[= 


Weddle’s formula may be written 


a wr 3w " 
fads = 10/4 fao t fa +20 + Gf, зо + fu жаю + Sfa рю + fa. gw) 


a 
Let a — 0, w=}, and f, = 1/ Ja -аз, 
1 dx 1 
A =a) 7 49(1:000000 + 5-017452 + 1.014185 + 6-196773 
0 
1-060660 + 5-500191 + 1-154700) 
= 0:5235990. 


The true value of this 
places, 


Using Hardy's formula we have 


integral is $7 Or 0-5235987 correctly to seven 


| 


1 dx 1 
І AK 7387 18108 x 2:1547005) 4. (1-62 x 9-1035285) 
+2.2 x 1-0327955)} = 0. 5235985. 


1 ds 
Í 1+? 


76. The Newton-Cotes Formulae of Integration.—Among 
formulae of the type discussed in the last section, the oldest 


кю 


Ет, 9.— Evaluate 


using seven ordinates, 
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and best known are the .JVer/on-Cotes /отітшас, which we 
shall now derive from first principles. 
Let it be required to calculate the integral of a given 
function between limits ж=@ ands=b. By the transformation 
a+b b-a, 
М жы A 
we can reduce the integral to one in which the limits are -1 
and +1. Let ho, /4, . . ., An be numbers intermediate between 
-land +1: we shall try to find a sum of the type 
но) + Hi f(a) +. - -+ Hn An), (1) 
where Hy, НІ... Н, are constants which will closely 
represent 


| | ШЕ (2) 


We are thus trying to represent the value of the integral by 
à kind of weighted average, in which weights Ho, Hi, . . ., Н, 
are attributed to the values of the ordinate /(z), corresponding 
to the abseissae Ло, Л... In order to secure that the 
sum (1) shall represent closely the integral (2) we shall lay 
down the condition that the sum (1) is to be equal to the 
integral (2) exactly во long as а) is any polynomial of degree 
less than (n + 1). 

Denoting the product (2 — ho) (2-71)... (е-0,) by F(a), 
We see that the sum (1) exactly represents the integral (2) 
When ға) 

қ "(а 
JG) а 579 
Since this function is a polynomial of degree т. The sum (1) 
then reduces to 
Hs, - ho) (hs — з) wae (=), 
Where the factor (hp — h,) is omitted; and this may be written 
H. Lt Fe) or H,F'(A,). 
рист ES hy 


This gives at once i а Fee) 
т 
ен нн ай 
= wu. 2-5. (3) 


а formula which determines the H's when the’/’s are known. 
(D311) 6* 


154 THE CALCULUS OF OBSERVATIONS 


This formula might have been derived by remarking that 
when /(z) is a polynomial of degree less than (n + 1), it may be 
represented accurately by Lagrange’s formula of interpolation 
(§ 17), which may be written 

"aw a 
Лә- RT - БӘЕТ” 
The required formula is obtained from this at once by 
integration. 


Let us suppose that the A's are chosen at equal intervals 
apart во that 


2 4 
h= –1, h= sl. he -4ж-, салу, gem А 
Then 
F(a 
29. -@-һ) ... (6-4, 1)(2-іы)... (@ = hn) 
Ss. 2 
762. [o«1-287D] (2,1. 2*1), 1) 
avn 
= Ш-1)... ((-7«1)(t-7-1) .. . (t-m)), 


where / = 3n(z +1) and 
F(M-(W-A)... (hr = hi (Tha)... (hip = In) 
PN 
= ( - 1у-(2) r! (n -r) ! 


We have at once 


1 
| Dm -1) +нуу( -1+ 2) +... HF), 
where 
( ES 1)5-79 T 
po 100-1)... (t- 0-1) ((- 7-1)... (t - md. 
This is known as the Newton-Co 
More generally, writing h, 


r 


tes formula of integration.* 
= 0 + т10, we have 


‘a-+nw 
|! Ла)й = Ho fla) + Hy fla +w) 


+90 +20) +... + Hp, (a. тиб), 
* Newton, Letter to Leibnitz of date 24th October 1676; Principia, 8 (1687), 
Prop. xl. Lemma 5; Cotes, ы 


L 5 Harmonia mensurarum (1722); James Gregory 
(for т = 2) іп Езегей. geom. (1668). Cf. Bickley, Math. Gazette, 98 (1939) 352. 
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where 
( - 1yn-n f 
Чие ж. 
P = ! 
rl(n —7)U, | 
The values of the coefficients H, in a number of cases are given here 
for reference : 


4%-1)...(-т-1)(%-т-1)... (%- т). 


For n= 1, w=1 
H=H =} 
For n=2, w=} . 
Но-Н-), Ні-5 
For 423 " 
Hy-Hg2d, = 1=2 
For n= 4, w=} : $ 
ч н,=Н= у Hi-ll-i$ Н= ту 
For n25, w=1 . * 
“д Ho Ну= dis Н = Hao i8 Ho Hao үр 
For n=6, w= i 


Ну= Hoo uds Hio Hsc ys Hi Hoi 


eB Ha2 un 
Note that we must always have Hp + H+ Hg+. tEn | 
i 5 'dinates at the middle of the intervals 
A formula making use of the or nu Sree сауын 
{instead of the ends of the intervals) was given by Мас , › 


2 (1742), p. 822. in the Newton-Cotes 
"essi for > remainder after n terms in the } ton-Oott 
Тар miae i E Steffensen, Skandinavisk Aktuarivetidskrift 


(1921), p. 201. 
1 аг 
| 


FE. — Calculate 
by the Newton-Cotes formula with eight ordinates. 
rite 
Let w=1 so that n = 8, and wri 
i Ф0= е1)... ¢-8). 

The сое сіе; H, may be written 

he coefficients Н, y (сту 1 godt, 

H.—71—7)18 о Жет 


and we have the values 


2911: Ho Hg — $04, : 
H =Ho= 4289, : Hy = Hy = Tris tas 1 

=H, =z : Hy 

0 87 98350 m 


34/8 EI ЕВА. 
Hy =H, = Sais ‘a= - 3853 


i = re have 
Since Хо) IF? we | А . 
ROT ЕРЕ. 1-57; 
dul | ; $E Pid 464 2944 494 5 
141757 494.5 oid —464 5248 — 2270 5248 - 
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Then 
da; 8 4 8 9 8 4 
Tep Но! TH g+ Heg Hat qq Har Hs rateg 


8 1 
+ Hy aE + Hg: 5 
= 1 494-5 +! 192, 48 1 ) 192 5 2 297 
“таты Ox Lo + 135 2944 —35 464 4 143° 5248 – 3 2270} 
=0:69314721, 


whereas Ше true value is 0:69314718. 


77. The Trapezoidal and Parabolic Rules.—The simplest 


cases of the Newton-Cotes formula are the following : 
1. «4-1 


[лда = 10у (а) + tufa +w). 


This is known as the trupezoidal rule. It is exact when 
в) is a function whose first differences are constant. When 
Ха) is a function whose first differences are not constant, the 
difference between the two sides of the above equation may 
be written 

Truf” (a + Өш), 
where 0 — 6 —1. 
2% ma, 
‚+ 
Jde = 3wf(a) + 4ufla + w) + 10а + 2w). 

This formula was first given (in a geometrical form) by 
Cavalieri? and later by James Gregory + and by Thomas 
Simpson; it is generally known as Stmpson’s or the parabolic 
rule. It is exact when /(z) is a function whose third differences 
are constant; when Да) is a function whose third differences 
are not constant, the error involved in the use of Simpson’s 
formula, i.e. the difference between the first and second members, 
may be expressed in the form $ 

= 50/7а + 20w), 
where 0<6<1. 


* Centuria di varii problemi, Bologna (1639), 
Т Елетей, geom., London (1668). 
+ Math. Dissertations, London (1743), p. 109. 


p. 446. 


8 Peano, Applicazioni geom. det calcolo infin., Turi р. 208. 
fin., Turin (1887), p. 2 


———_ M ——————— 
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8% 2-9, 


газі 
] J(a)da = Sut а) + ЗДа + ir) + 3f + 2w) + f(a + 3w)}. 


This is generally called the ¢hree-eighths rule. 

In practice, when it is required to compute an integral, we 
first divide the range of integration into a number of intervals 
and then apply one of the above rules to each of the intervals 
and add the results so obtained. Thus when we use Simpson’s 
rule after dividing the range (say from a to a + ри) into р 
intervals, we have for the value of the integral 

1иу(а) + аа) + Да + 2w) 
+4wf(a + 2w) + swf(a + Зи) + (а + 4w) 
+ ма + 4w) + gwf(a + Bw) +3, w/(a + би) 
Ба. 


or 
dol Ma) + 26 a+ 2w) Де 4m) +. 9 

AL +) ear) es +706 2p) 
whence the form in which Simpson’s rule is generally stated : 
Form the sum of the evtreme ordinates, twice the sum of the 
even ordinates, and four times the sum of the odd ordinates ; 
and multiply the result by one-third of the interval of the abscissa. 

Ex, 1.— Calculate 
| de 


" 1-7 


by the Simpson formula, using nine ordinates. 


Let f(e) = = a=0, and was . We have the values 


2 o і 8 га + 1 
Ke) 1 y $ ir Үз : is i 
Then 
! de 1 1 4 8 У E 8, 8. 891 
= = 9[ – - - Al- — + — 
[538-9 Gs uso 1316) 


1 Б м 
= 5111545076190 5+ 11:059218 3} 


= 0:693154 5. 
The value obtained is 0:693155, whereas 
9g 2 = 0-693147, correctly to six places. 


the correct value is 
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Ex, 2.—Show that if im evaluating the area between the ordinates 
т-1 and z—2 of the rectangular hyperbola xy=1 the formula of 
Simpson with 11 ordinates is employed, the error is 0-000003. 

78.—Woolhouse’s Formulae.—A number of integration formulae 
akin to those which have been considered in the last three articles were 
given by Woolhouse in Journ. Inst. Act. 27 (1888), p.122. He recom- 
mended the two following specially for their “high and persistent 
approximation.” 


|р Ө" 223 5875 4 
| ud оо + үкү + My) + т 


= [9-4485938](u, + 249) - [0-2092449](u, + н) 
+ [0:3394219](us + w;) + [0-2625358]u; 


(where the numbers in square brackets are the logs of the coefficients), 
and 


(% 7 16807 138 4.71 1 
| udt = Ma туш +) + 66690(% + Ugg) + 385 t Чо + 13514] 
—[9:7011914](u, + us) + [0-54 155'75](u, + ay) 
+ [07984931 (v, + и) + [0-867052 6]u 44. 
79.—Chebyshef's Formulae.— ]f, instead of 
condition in formula (1) of 8 76 that the intervals hy — Roy hy — hy ete, 
are to be equal, we lay down the condition 


that the coefficients 
Hy Hy... Hn are to be equal to each other, we obtain a set of 


formulae first given by Chebyshef,* which have found acceptance chiefly 
with naval architects. They have a certain advantage when the ordinates 
are experimental data liable to unknown errors; for if we have a 
number of quantities which are equally liable to be affected with error, 
and if a linear function of these quantities is formed, the sum of the 


coefficients in this function being fixed, then the probable error of the 
function is least when the coeflicients are all equal. 


Chebyshef’s general formula is that if i sti 9 
(n + 1)th differences are negligible, Zien РЕ 


laying down the 


д E 
І 5 fido =~ fy) + )+...+Дх)}, 


where Z, 2, . . 3 т, are the Toots of a ce 


Bis, ‘sh pd rao тізіп polynomial, which is, ir 


ial part of the expansion of 


s РЕ т 


in descending powers of т. 
Thus, when i ; . ТА | 
c. сд Ҳа) is а function whose sixth differences are negligible, 


І ‚ Fes Ла) fen) Да) fe). fig) 
* Journ. de math, (2), 19 (1874), p. 


, 


19: Assoc. Franç. 2 (Lyon, 1873), p. 69. 
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where zy zy. are the roots of the equation 


а 
, 
pint — 2, = 0-832437 =; 
= tty = 0874542 =з 
у= 0. 


Chebyshefs formulae were suggested by a formula due to Bronwin,* 
namely 


E p | " ficos tylt 


т т б ЭР 5т (2n – 1)т 

= 208 ros cos —) +. . + {cos ——— 

n С x) "fite a) *fie 5s.) Қ Ən ур 
which is rigorously true when f() is a function whose 2nth differences 
are zero. Thus if f(x) is a function whose sixth differences are negligible, 

1 Хах 


we have : 
т 35 RE 
UC) rm C3) 


80. Gauss's Formula of Numerical Integration.—Suppose 
now that instead of prescribing the numbers Žo, Йа, . . 27, of 
576 by the condition that they are to be at equal intervals 
apart, we determine them by the condition that the formula is to 
have the highest possible degree of accuracy ; since there are at 
our disposal (2% + 2) constants Ло, a, . . > Mn, Ho, Н... 90. 
We can choose them во ав to make the formula rigorously true 
When /(>) is any polynomial of degree (22 +1). Denoting 
the product (z—Ao)(v - 1) - + - (к -„) as before by F(x), we 
must therefore have in particular 


f fee = КЕ F(z)dz = 0, 


Where ¢(a) denotes any polynomial of degree less than (т +1). 
Now it is a known property T of the Legendre polynomial 


Р (ж) that 


1 
| Фо)Раза(е)4% = 0, 
-1 

lynomial of degree less than (n + 1). 


80 long as ф(>) is any po 
е 2 И he stated conditions are satisfied 


We see, therefore, that t 
by taking 


F(z) =Р„+1@), 


* Phil. Mag. 3& (1849), p. 262. 


+ Whittaker and Watson, Modern Analysis, $ 15-14. 
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so the numbers Ло, hy, . . ., Aa are the roots of the Legendre 
polynomial of degree (n+1).* Тһе H’s are then given by 
formula (3) of $ 76. 

In the simplest cases we obtain the following values for 
the / and H's: 


vitm m= -Jy n= Ну=1, Ну=1. 
кады E Қаң, ъ= 5-9, Hi$ Hy-h 
Ирне 19.90. eiie УЕ 


Converting to decimals and transforming the variable so that 
the range of integration is from 0 to 1, we have 


[ Veo дода) + Ан) +. . + Ande) 


where v, and A, are the transformed values of A, and Н, 
respectively, and in fact 


n=1 
Lo = 0-211324 87 Ао-А1-0-5 
23 — 0788675 13 
1-2 
ж = 0-112701 67 Ао-А-,% 
а= 0:5 Ау= 
2 = 0-887298 33 
n=3 
жо = 0-069431 84 Ao = Аз = 0-173927 4 
À Ai= As = 0-326072 6 
z3 = 0-930568 16 
Ф-4 


To = 0:046910 08 
21- 0-230765 34 
2 = (0.5 

23 = 0769234 66 
14 = 0-953089 99 


Ào— А, = 0-118463 4 
À1— Аз = 0-239314 3 
Аз = 0-284444 4 


tegralium vaio: 
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Ex. 1.—Find by Gauss's method, with п = 4, the value of 


ji log (14-2) 


a dx. 
1-2” 


Writing 


log (14-2) Ne logy (1 ++) 
y()- SEI E = 2-302585 09-71: 8” 


we may arrange the working iu the form 

dy аһ. 

1+: 1:046910 08 1:230765 34 

logio (1+2) 0:019909 38 0-090175 26 
А 0-118463 4 0-284444 4 

1433 1:002200 56 1:053252 64 

ш 2:302585 09 0-362215 69 


logio {logy (1+ 8-055087 40 
a шык 9-073584 20 9-378968 65 


log, 


17:734857 62 18-696271 74 
0-000954 64 0.022532 56 
logio AY) 7.723902 98 8-673739 18 
Ayl) 0-005418 80 0-047177 96 


logi (1 +) 


We thus obtain the values 
Аў) = 0:005418 80 
Аба) = 0-047171 96 
Ais) = 0092265 82 
Agl/(rs — 0-085781 36 
Ау) = 0-041554 03. 


Finally we have 
( 1 log (1+ 
І 142 


whereas the correct value of this integral (=% log 2) is 0-272198 3. 


ae = Agi (ro) + Ay). Aa (on) 
—0-272198 0, 


Ел, 2,—Show that a degree of accuracy equal to that of Gauss’s formula 


is obtained by the use of 


S ЕМ 


+ 1 
| ШАТТЫ 
E 


the sum being extended over all the roots h of the equ 
Рағ(е)- Pr- қа) 70, 


that ds, over + 1, — 1, and the roots of Pa’) = 0. 


ation 


(Radau.) 
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MISCELLANEOUS EXAMPLES ON CHAPTER VII 


1. Show that if fifth differences are negligible 


an 
Safle = 0-28( fa + 9f, +6 + Yast... fa +6n) 


HGY fasit fasst. . 9% O-58( fars + faot. . +), 
(Shovelton.) 


a 


2. Show that if fifth differences are negligible 


'a- on 
І місе {ДУ faa faga. . аа) 


+5(faritfarst. .. +/а+ва-1) + (fars+fa ж. o+ fapon-3)} 
(Shovelton.) 


3. Show that the integral 
1 
[ 49a 00 copas 
-1 
may be represented by the sum 
Ной + Hiph). o. 
exactly so long as (x) is a polynomial of degree less than 2n, provided 


the abscissae һу В... are the roots of the equation TF(»)— 0, where 
F(z) is defined by the relation 


qin 
(@—1)e+ IEF а) = i {= 19 тпр, 
and the Н% are defined by 
l р FG) 


Hr 


F3 аһ, 


(Radau.) 
4. The values оға function f(z) are given by the table 
e Ха). 
1:050 1-25386 
1-960 1-26996 
1-070 128619 
1:280 1-30254 
1:090 1:31903 
1-100 1:33565. 


Using the Gregory formula, caleulate 


1:100 
[ Д)йх, 
1550 
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5. The values of a function f(e) are given by the table 


Ла). 


ж. 
41 395 254 161 
42 406 586 896 
43 418 161 601 
44 429 981 696 
45 442 050 625 
46 454 371 856 
47 466 948 881. 

Evaluate Í У S@de. 

Jal 


1 6. If fæ) is a function whose fourth differences are negligible, prove 
that 
8 94 J2 2-42 
[ в—®/(ж)й» = +P ra =) + i f + 2) 
“0 
and, more generally, if f(@) is а function whose 
negligible, obtain a formula 


[ тару S Arf (rs 
Jo k=l 


2nth differences are 


dn 
ху are the roots of the polynomial eau За), 
(A. Berger.) 


on whose sixth differences are negligible, prove 


where zy aa, 5. 4 


7. If f(x) is а funeti 


that 
f i etf yd = { Т ( = \/ 5) +450) +f Й. 5), 


-- 
апа more generally, if f(@) is a function whose 2nth differences are 


negligible, obtain a formula 


[елдй 5 Afen 


ап 
the roots of the polynomial eo 
(A. Berger.) 


(p. 151) may be derived from Gauss's 
est integral values for the ordinates. 


Where v. v. 
here a, 20, . . y čp are 


8. Show that Hardy's formula 

Beneral formula by taking the near 
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CHAPTER VIII 
NORMAL FREQUENCY DISTRIBUTIONS 


81. Frequency Distributions.—In statistical investigations 
attention is directed to а group of persons or objects, and an 
enumeration is made of the individuals in the group who 
have some particular attribute: for instance, we may con- 
sider the group consisting of all the inhabitants of Edinburgh 
and enumerate those who are widowers. In the most important 
and interesting cases the attribute is one which is capable of 
being expressed by a number; thus the attribute might be the 
height of the individual, which is expressible as a number of 
inches. In such cases the whole group may be partitioned’ 
into classes or sub-groups according to the value of this 
number: thus the whole group of the inhabitants of Edinburgh 
may be arranged in classes according to the number of inches 
in their stature ; one class, for example, might consist of persons 


whose height is between 68} inches and 69} inches. Now let 
x, be the number of inches in the h 


in the city, and let the number 
between 21-2 and % +4 inches 
by 2s, and let the number of pers 


Z2- } and 29 + be уз; let 2,3116 denoted by 2з, and let the 


number of persons whose height is between 1-4 and ag--j be 
denoted by уз, and so on. Then we may regard 21, 29, 13, · « * 
аз successiv 


e values of an argument and ул, уо, уз, . . . as the 
corresponding values of a function of this argument. The 
table of values thus obtained specifies the distribution of the 


heights among the inhabitants of Edinburgh: such a distribu- 
tion is called a frequency distribution. 


eight of the shortest person 
of persons whose height is 
be yi; let z, +1 be denoted 
ons whose height is between 
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ribution, we may take the follow- 


As an example of a frequency dist 
of 5732 soldiers їп Scottish 


ing results of measurements of the chests 
regiments.* 


Chest measure in inches 33 34 35 36 37 38 39 40 
Number of men . e 3 19 81 189 409 753 1062 1082 


Chest measure in inches 41 42 43 44 45 46 47 48 
Number of men . 935 646 313 168 50 18 3 1 
distribution whieh is most familiar 
al seience is the distribution of 
the measures obtained by repeated measurements of the same 
observed quantity. Let the true measure of an observed 
quantity be «. Since measurements made of this quantity 
by the same or different observers are affected by errors of 
observation, the measures actually obtained will not all be 
equal to а, but will form a group of measures (1, 4ә, 3, May» + + 
not differing greatly from а. The practical problem is to obtain 
the best possible estimate for « when we know the measures 
ад, 4, Q3, . . ., and also to estimate the error to which this 
value is liable. In order to solve these problems, we must 
Study the type of frequency distribution to which the group 


%4, аҙ, dg, . . . belongs. 
82. Continuous Frequency 


The type of frequency 
to the worker in experiment 


Distributions.—ln the above 


numerical example we have grouped together in à single class 
all the 753 men whose chest measure is between 371 and 
381 inches. Supposing that full information regarding the 
individual measures is at our disposal, we might have divided 
this class into two classes, one consisting of men whose chest 
measure is between 37} and 38 inches, and the other whose 
chest measure is between 38 and 38} inches; and in this way 
We might subdivide each of the original classes, thereby 
evidently doubling the total number of classes and so producing 
à more detailed statement regarding the chest, measures of the 
men, Further, we might divide each of the new classes into 
two, thus quadrupling the original number of classes. But 
evidently if we attempt to proceed very far in this direction 
We shall meet with practical difficulties : thus no statistician 
Would think of trying 10 arrange the men 1n classes each of 


Medical Journal, 13 (1817), P- 260. 


* Edinburgh 
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which comprehends a variation of only one-thousandth of an 
inch in height, partly because the measures cannot be relied 
on to such great accuracy, and partly because the numbers of 
men in the classes would become small and irregular, and 
would cease to present to the mind a clear pieture of the 
frequency distribution. 

For theoretical purposes, however, we may disregard these 
practical difficulties and consider an ideal case in which the 
measures are supposed perfectly accurate, and the number of 
individuals in the whole group is supposed very large, so that, 
however narrow we make the qualification for membership of 
a class, there will always be enough members in it to make 
the sequence of the numbers of members of classes a regular 
Sequence. Now consider the class constituted of individuals 
whose measure is between z and Z--e, where e is a small 
number. The number of members in this class will evidently 
be approximately proportional to e, since doubling the range 
of qualification for the class would approximately double the 
membership; and it will also be proportional to the number 
N of individuals in the whole group, since, if twice as many 
soldiers were measured, the number of soldiers in each class 
would be approximately doubled. Let us then denote the 
number of individuals whose measure is between Ф and 2 +e by 
Ney; then the number y depends on z, and in faet the way 
any which y depends on « specifies completely the frequency 
distribution, We shall often express the dependence of y on $ 
by writing Ф(а) for y, and we shall use the differential notation, 
writing dz for e, so that in a group of N individuals the number 
whose measure is between ж and x + dg is denoted by N¢(a)da. 

Expressing the same idea in other words, we may say that 
ф(ж)йш represents the probability that an individual chosen at 
random in the whole group has a measure between z and 
т%аз; and hence if the frequency curve 3-—d(v) be drawn, 
the measure of any individual is equally likely to be the 
abscissa of any point taken at random within the area bounded 


by the curve 7 = (=) and the axis of 2. 


Тһе earliest math. i ‚ А к 
mod ematical discussion of a frequency distribution seems 


been that of Simpson (1756) in connection with the Theory of 
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rrors of Observation. Simpson assumed that the probability of a positive 
error lying between v and +de was ¢(x)dz, where ф(х) = -me +c, 
mand c being positive constants: the probability of a negative error 
was assumed equal to the probability of a positive error of the same 
amount, and errors of greater magnitude than c/m were assumed to be 
impossible. The frequency curve for the errors is therefore, in this case, 
two sides of an isosceles triangle, together with the prolongations of the 
base outside the triangle. 

83. Basis of the Theory of Frequency Distributions — 
We shall now approach the discussion of frequency curves from 
the theoretical side. The considerations on which the theoretical 
investigation is based were first put forward by Laplace, and 
may be described as follows. 

Consider the frequency distribution of (say) the chest 
measures of the soldiers ($ 81). If we fix our attention on an 
individual soldier, we may say that a great many different 
factors have contributed to make his chest measure what it 
actually is. For, owing to heredity, it will have been influenced 
by the chest measures of his father and mother; but the chest 
measure of his father will in turn have been influenced by 
those of his father and mother, and so on, so that ultimately 
the chest measure of the individual soldier we are considering 
may be regarded as influenced by the chest measures of a very 
large number of individuals of a remote generation, each of 
them singly making only a very small contribution to the total 
effect. Moreover, other factors will enter: for example, his 
nourishment and exercise at different ages of life. Thus the 
deviation of the actual chest measure of an individual from the 
average may be regarded as the sum of a very great number of 
very small deviations (positive or negative) due to the separate 
Jactors in the heredity and environment of the individual. These 
multitudinous small component deviations will be assumed to 
be independent of each other, in the sense in which the word 
“independent ” is used in the Theory of Probability. 

84. Galton's Quincunx.—An interesting piece of apparatus 
Was devised by Galton* to illustrate the formation of a 
frequency distribution from the joint effect of a large number 


of small and independent deviations. | 
* Natural Inheritance, p. 63; for experimental results cf. O. Gruber, Zeits. 


Ti Math. м. Phys. 56 (1908), p. 322. 
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Into a board inclined to the horizontal about a thousand 
pins are driven, disposed in the fashion known to fruit growers 
as the quineun, 1.6. so that every pin forms equilateral triangles 
with its nearest neighbours. At the top of the board is a 
funnel, into which small shot is poured. The shot in descend- 
ing strikes the pins in the successive rows, each piece being 
deviated to right or to left at every encounter with a ріп. At 
the bottom of the hoard are about thirty compartments into 
which the shot ultimately falls. It is found that the middle 
compartinent receives most shot, and that the falling-off in the 
amount of shot received by the compartments, as we proceed 
outwards from the middle compartment, resembles closely the 
falling off in the number of men having corresponding devia- 
tions from the average chest measures (5 81), or the falling off 


inthe number of measurements which have corres 


ponding devia- 
tions from the 


average of the measures of an observed quantity. 
In faet, the curve formed by the outline of the 
a frequency curve of a commonly occurring type. 

85. The Probability of a Linear Function of Devia- 
tions.*—We shall now proceed to the analytical discussion of 
frequency distributions, We start from the fact that a measured 
quantity, such as the chest measure of a soldier, is liable to 
vary from one individual to another, or, 
exhibit a deviation from its ave 


heap of shot is 


in other words, to 


: 1 rage value; and we shall suppose 
that this deviation is the total effect of a vast number of very 


small deviations, due to causes which operate independently of 
each other : denoting the small 


deviations ben Sy ns өзе 
vo" suppose that the tota] deviation is their Stn, or, more gener- 
ly, i inear fi i 
ally, is a linear function of them, say, Ме + Ае He o o H Aner 


We want to find the probability that in the case of a given 


individual soldier this total deviation shall have a value 
between (say) w, and w, where СА 

In the present section we shall 
the assumptions that the deviati 
small or very numerous, 


and w, are given numbers. 
not require to make use of 
ODS €, €, .. 4 e, are very 


uc І %44)4% be the probability that the rth 


* Laplace, Théorie anal. 
des temps (1827), p. 273. 


deviation e, has 


des prob., livre TI, chap, iv.; Poisson, Connaissance 
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à value between и and 0, so that ¢,(”)d is the probability that 
it has a value between and.» 5. Now the probability of the 
concurrence of any number of independent events is the product 
of the probabilities of the events happening separately; and 
hence the probability that the first constituent deviation has a 
value between e, and e +de, while the second has a value 
between e, and e, + de, and so on, is 

Ф(е1)9(в) - -> du(e)) fe, des . . . den, (1) 
and the probability that Ае + . . . + Хе, has a value between 
ил, and w, is therefore the integral of the expression (1), taken 
Over the field of integration for which Хе + Ае +... Aye, 
lies between w, and iy. 

Now by Fourier’s Integral Theorem * the expression 


1 [ ° f 7 6-0 qp 
2т/-»« Ju 


has the value unity when ә lies between i, and w, and has the 
value zero when æ does not lie between these numbers. So 
instead of integrating the expression (1) over the field for which 
Wy < NEH Ае +... + Мел < 7, Ме сап first multiply the 
expression (1) by 


ir P єбт-Мма-Ме- £m т^) 1.10, 
22) Jw, 


апа then integrate the resulting expression over the field of all 
valuesofe, e, ..., e. T The probability that Aye, + Ae, +... + Aye, 
has a value between ir, and 7, is therefore 


Шы... Т eae. 
TJ -a Jw Ј о Јо e 


(є) єє, . . . de,dzd. 


* The theorem in question is that under certain conditions (for which ef. 
Whittaker and Watson, Modern Analysis, 8 9:7), the integral 


n pwe 
+f af соз{@(ж- 7)}fir)dr 
o. 1 "I 


D w 
or М af е тут 
J o а 
has the value /(z) when a lies between w} and we, and has the value zero when 
æ does not lie between these numbers. 
" T This deviee is due to Cauchy, Comptes Rendus, 137 (1853), рр. 109, 264, 
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Writing 2,(6) for | Ё 27798 (odo, the required probability is 
therefore e 
i J й i E APAA) . . . 9,0450, 
ог, performing the integration with respect to z, the probability 
that Ме + Ае, +... Ane lies between : c and oc is 
= jl КО аш 


T, 
where 0(0) is written for 9,2,6)9,(,0)... Q,(4,0); and 
therefore the probability that App... Ле, lies between 2 
and # + d is Ф(ғ)4т, where 


Фф) = ES І х Q(6)c "qo. (2) 


quation we have, by Fourier’s Integral 


From the last e 
Theorem, 


а 
9(9) - | «7**4(2)dz, (3) 
-% 

80 Q(») bears to p(x) the same relation that 9,() bears to ¢,(): 
It appears, therefore, that when deviations are added to form an 
aggregate deviation, the corresponding functions 0,(А,6) are multiplied 
together to form the function Q(0) Тһе underlying reason for this is 
that when the Оз are multiplied together, the arguments of the 

exponentials add together in precisely the same way as the deviations. 
Now write s; for | 2*6, а)йбт, во that 5р is (in the language 
of the Theory of Probability) the expectation of the kth power 
of the rth deviation. Then by the definition of 2,(0) we have 

TUNE E i ө 

О,(Ө) =1 105, — 2а ЕТЕ ШУЛ Но ы э 
Now let the logarithm of the 


А Series оп the right, when 
expanded in ascending 


powers of 6, be denoted by 


g eom LET: 
I ere En eo (4) 
so that i : 
P,75, P=- $ 1| Фаз|8 1 0 
$308] 7 s s 1 
S3 5 Qs, 
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The quantity p; is called * the seminvariant of order k. By 
(4) the fundamental formula 


(0) = 9,4,0)9,A50) . . - О„(А„®), 
or log 9(0) = log 9,(A,0) + log 0,(А,0)  . . . + log Q,(440), 


may now be expressed by the simple statement that the Ath 
seminvariant of « sum of deviations e, + 6+. . -+€n ds the sum 
of the kth seminvariants of the individual deviations, with the 
further remark that the th seminvariant of Ae is А” times the 
seminvariant of e. 

86. Approximation to the Frequency Function.—We shall 
now derive from the result of the last section a formula of 
great practical importance by introducing the assumptions 
(which have not as yet been used) that the constituent devia- 
tions ере)... е, are very numerous and are individually very 
small. It is easily seen that by shifting the zero-point from 
Which the deviation e, is measured we can secure the vanishing 
of its first seminvariant: we shall suppose this effected for 
each of the constituent deviations ej, €» . . . €». 

Let 0, Pa Pap Pap · + + be the seminvariants for the devia- 
tion ер let 0, Poor Poo Dam - + > be the seminvariants for the 
deviation е» and во оп; then, as we have seen, the semin- 
variants of the aggregate deviation e are P,, Py, . . ., where 

P,=0, 
Pa = Apa + 2р + Ара t+ 2. 
Py = Аура + Мр» + Араз +... 

We shall suppose that P, is finite; and we shall further 
Suppose that the constituent, deviations are very numerous and 
àre approximately of the same order of magnitude (or at any 
rate that a very large number of them ате of the same order of 
magnitude and the rest are smaller than these), so the condition 
that P, is finite implies that each of the quantities А,2р», is a 
finite quantity multiplied by 1/0, and therefore A,J/pe, is of 
the order of 2-3. This being so, А,Зрз, will be of the order of 
Paps,-3n-3,and Pg will be of the order of ps,ps,.-?n-?, and во 
will—at any rate in a large class of cases—be small compared , 


* Thiele, Almindelig Jagttagelseslaere, Copenhagen, 1897 : Theory of Observa- 
tions, London (C. & E. Layton), 1903. 
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with P on account of the factor n=} Similarly, P, will be 
small compared with P4 and so on. Thus for the aggregate 
deviation we have 


where P, Ps, Pp... are a rapidly decreasing sequence of 
quantities, and indeed in a large class of cases Py, P4, . . . are 
negligible compared with P, The probability that the aggre- 
gate deviation lies between « and æ+ de is therefore («de 
where, by equation (2) of the last section, 

ie 


Lf? л-р, рр... 
$6) = 9 í е 31273714 46. 


Writing 


103 oa 
aT Petai Pit... 
ЕРТЕГІНІ +... 
where A, D,. . . are ina large class of cases negligible compared 
with P, (as follows from what has been said above), we have 
Wf еі а 3 
еее, (1 + AQ) + B(0)1 + С(20)5 +. . 40. 


Now 


and therefore 


s= [1 AC e n(D оба Jg es (A) 


In the large class of cases to which we have referred, when 
x ҚР : 
А, B, C, . . . are negligible, this becomes 


ja 1 
Ф) = бг 


(B) 

The formula (В) is due to Laplace, and the more general 
form (A) to various later writers These formulae specify 
the nature of a frequeney distribution in which the deviations 


* The first of the additional terms was found by Poisson, and the rest by 
n3 Р. Gram, Om Taekkendviklinger (1879); Thiele, Forelaesninger over 
Almindelig Iagttagelseslaere (1889); Elementaer Tagttagelseslaere (1807); Edge 


worth, Phil. Mag. 41 (1896) р. 90; Bruns, Ast. N ра 9; 
» p.90; » Ast. h. col. 329 ; 
Charlier, Arkiv for Math. 2 (1905), No, 20. dos Deu (on 
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from the average measure are due to the joint effect of a very 
large number of independent causes, each of which singly has 
only a very slight influence; the deviation of an individual's 
chest measure from the average, for instance, being thought of 
as affected by inheritance from a very large number of remote 
ancestors. 

87. Normal Frequency Distributions and Skew 
Frequency Distributions.— Formula (B) of the last section 
shows that, at any rate in a large class of cases, when а devia- 
lion e is constituted by the summation of a very large number of 
independent deviations ер €p ++ э Em the probability that e lies 
between a amd в + du is 


a “it, 


ŒP! 


where P, is independent of w. This is called the normal law of 


deviation. 

Now consider a frequency distribution consisting of N 
individuals (where N is a very large number), and suppose that 
the number of these individuals whose measure is between 2: 
and 2+ бе is denoted by N¢(«)dz, so that $(r) is the prob- 
Ability that an individual taken at random in the whole group 


has a measure between 2 and 2+ de. Let а denote the average 


value of æ for all the individuals of the group, so that (— о) is 
the deviation of the measure of an individual from the average. 
Then on the assumption that the deviation is due to the 
Operation of a very large number of independent causes, each 
of which makes only a very small contribution to the total 
deviation, we have seen that the probability of a total devia- 
tion between m-a and r-a+dr is (at any rate in a large 


Class of cases) 


Where P, is independent of 7. Frequency distributions to 
which this applies are called normal frequency distributions. 
Other distributions, for which the law (B) must be replaced by 
the more general law (A), are generally called skew frequency 
distributions. 


174 THE CALCULUS OF OBSERVATIONS 


As the subject of the present chapter is normal distributions, 
we shall say nothing more about skew distributions except 
that formula (A) leads to an expression for a skew frequency 
function as a series of the functions which are called parabolic- 
cylinder functions * or Hermite’s functions. In most cases two 
or three terms of the series are adequate to represent the 
function with sufficient accuracy. 


As an illustration of the way in which a great number of frequency 
distributions in nature conform to the normal law, we give the following 
data relating to 1000 observations made at Greenwich, of the Right 
Ascension of Polaris, Let « denote the deviation of one such measure 
from a value near the mean of all the measures, expressed as usual in 
seconds of time; let y denote the number of measures for which the 
amount of the deviation is 2; let y’ denote a value calculated from the 
theoretical equation of a normal frequency distribution, 


T 1007 gmi- 
where a= — 0:06 and Һ=0-6. Then we have the following results : 

gx y. y. 
-3-5 2 4 
-3-0 12 10 
-25 25 22 
— 2-0 43 46 
-1-5 74 ^ 82 
-10 126 191 
~ 0:5 150 152 
0 168 163 
09-5 148 147 
1:0 129 112 
1-5 78 79 
2-0 33 40 
2-5 10 19 
3-0 5 10 


5 а A 
The agreement of y and y' is, generally speaking, good. 
_Ba.—r measurements are made of a certain quantity, each measure 
being Viable to an error which тал 


/ y have any value between € and — e, all 
such values being equally likely. Th 


e sum of the r measures is denoted by $ 
Show that when є tends to zero and т increases indefinitely in such @ way 
that e fr tends to a finite value 1, then the probability that s lies between 2 
and 2+ da tends to : 


* For an account of these functions cf, Whittaker and Watson, Modern 
Analysis, $167. É 
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88. The Reproductive Property of the Normal Law 
of Frequency.—Consider a frequency distribution which is 
normal, so that if e denotes the deviation of an individual 
measure from the average, then the probability that e has a 


ы әде " 1 
value between 2: and «+ dz is (writing 12 for kl 


h 


——e Eq 


The constant / was called by Gauss the modulus of precision. 
The function 0(0) is, by equation (3) of $ 85, 


Q(0) -Г 7 P6 (2) da: 


he f” ысы 
----| 698g 
aft а 
өз 
=¢ 
1 
so log Q(0) = - т” 


The only seminvariant is therefore of order two and has the 
value at From the additive property of seminvariants it 
(2 
follows that a deviation which is formed by the summation of 
any number of partial deviations, each of which obeys the 
normal law, has all its seminvariants zero except the second : 
and therefore this aggregate deviation itself obeys the normal 
law. This is the reproductive property or group property of the 
Normal law of frequency; an aggregate deviation, formed by 
the summation of any number of deviations which obey the 
normal law, itself obeys the normal law. і 
89. The Modulus of Precision of а Compound Devia- 
tion—tLet a deviation e be given as a linear combination 
^e, + Ay, +. . . + Ane, Of à number of deviations e, €» . . ә өш 
Sach of which obeys the normal law, so that the probability 
that е, lies between ж and a+ dv is 
Ju trig, 
(т 


Where i, is the modulus of precision for еу. 
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E Р Е r 1 
Then by the last section, the seminvariant for e, is E and 
ы Жа 


therefore the seminvariant for A,e, +. 


. .+A,€,, Which is also 
of order two, is 


ү Мм, A 
QR LATE * ғ, 

Now, as we have seen, e also obeys the normal law of 
frequency; let the modulus of precision for e be Н, so the 
probability that e lies between v and «+d» is 

=e Mede; 


then the seminvariant for e is 


zs Equating this to the value 
obtained above, we have 

1 Ag A Ag 

аты m Edo 

This important formula gives the modulus of precision of a 
compound deviation in terms of the moduli of precision of its 
constituent deviations, when these are of the normal type. 

90. The Frequency Distribution of Tosses of а Coin.— 
The earliest example of a normal distribution of frequency was 
discovered by De Moivre in 1756 * in considering the following 
problem: A coin is tossed N times, where N ds a very large 
number (which for convenience we suppose even and equal 
to 2n): to find the probability of exactly (XN — р) heads and 
(LN +p) tails. The probability of exactly n heads and « tails 
is, by an elementary formula of probability, i š 2n! Re- 

2? nin! 
placing the factorials by Stirling's approximate value ($ 70), 


% 
namely, 2!=e~*2"+1(2x)!, this becomes (ғл)-! or 6%; The 


probability of exactly (m— p) heads and (n+p) tails is 
1 2n! ` " 
92. (пр) (nx p) denoting the ratio of this to the former 


probability by E, we have therefore 


nin! 
(=P) (nir 
* Doctrine of Chances, 3rd ed. (1756), p. 243. 


қ 
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80 log E = 2 log n! – log (n - p)! - log (n +p)! 
Replacing the factorials by Stirling’s approximation, we have 


log E= (2n + 1) log n - (n - p +3) log (n — p) 
- (n 4 p 3) log (n+p) 


-{(n-p+5 5) log (1-2) + +(n+p+5) log (1+ Р\\ 
(-»3C dat ‚)+(в+>+(- Patir) 


р 


| 


ES 

T» a 

Won 
Combining these results, we see that the probability of exactly 
әре 
(EN —p) heads and (AN +?) tails is approximately (ы, 
Whence the probability that the number of heads will be between 

% 

er dan 


N +e J/N and $N + + (e+ da) N ds approximately e ) 


This is evidently a case of a normal frequency distribution. 


Ex. V— Show. that the probability that the number of heads will be 


1 
NEN - 0.6897, 
between IN+4/N and у-уу ds ы e- dy or 0 6827. 


Show that an absolute majority 


Ex. 9.— 4 c tossed 1000 times. 
pes gba between the number of 


ar the 21000 possible sequences gives the difference 
wads and number of tails less than twenty-two. 

Non - Universality of the 
le* shows that a great 
ery small deviation, do 
ve rise toa frequency 


91. An Illustration of the 
отша! Law.— The following examp 
number of causes, each producing à У 
106 always by their collective operation gi 

distribution of the normal type. 
Suppose the law of frequency 
Stituent deviations GG ee ETT is (2) = 
(a) = 507° when 2 is positive, 


for each of the small con- 
3e-l*l, во 


NES 2. 
(ъз) * Hausdorff, Leipzig Ber. 53 (1901), p. 15 
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and p(x) = 1e* when z is negative. 


In this case we have ($85) for each of the constituent 
deviations 


a о ғо 
Q,(0) = [ 67164, (э) = М ectiz- gis +. М 62 
#- “6 “-Ф 
_ 1 
БЕЗІ 
Let the compound deviation be defined to be e, where 
2 т. 1 
EE 386 + еу. x Jj 


Then ($85) the probability that e has a value between æ and 
а + dz is d(v)dz, where 


$0)-d- ЕСІ” 
25 72 2 
and 000) = 9,(4)o,( 50) %( 0) TM 
1 1 1 
ж. 9208” БСН Recs 
= lta ga 
A Vi 
соз à 
Theref a) af” ede 


ез 


This integral may readily be evaluated by integrating 4———2 


e 67 
in the plane of the complex variable 0 round a rectangle of 
height т and indefinit 


ely great breadth, one of whose sides is + 
the real axis of 0. Тһе result is 


We) = TR 


Thus the probability that the deviation e has a value between & 


and 2 + da is 


1 
ay =i. This is clearly different from the 
normal law. 


+ 


NORMAL FREQUENCY DISTRIBUTIONS 179 


"Theory asserts, and observation confirms the assertion, ihat the 
normal law is to be expected in a very great number of frequency 
distributions, but not in all This state of things led in the past 
to much confusion of thought regarding the validity of the normal 
law, which was wittily referred to in Lippmann’s remark to Poincaré :* 
"Everybody believes in the exponential law of errors: the experi- 
menters, because they think it can be proved by mathematics; and 
the mathematicians, because they believe it has been established by 
observation.” 


92. The Error Function.—Having now established the 
theory of normal frequency distributions on a theoretical basis, 
We proceed to investigate the properties of these distributions. 
Denoting the modulus of precision by /, the probability that a 
deviation lies between 2 and -« is 


1 * de, or (la), 


E 3 
where e(z) = Te g- da. 


720 


Оһ account of its importance iu the Theory of Errors of 
Observation, Ф(«) is called the ror Function. 

If the probability that a deviation lies between x and -= is 
given, (hw) is known, and therefore ha is determinate : so 
the deviation æ corresponding to this probability decreases 


as % increases; that is to say, in the case when the devia- 


tions are the errors occurring in a set of measurements of 


a quantity, the precision of the measurements increases as 
7, increases, This is the reason why A is called the modulus of 
Precision, 

We must now see how the function (x) can be computed.T 


1°. First we have 


аА 25 
в-#=1 -9 3-39 2 


ж 2. 
Poincaré, Саїси? des prob. p. 149. f E s 
w. For the analytical pu of the Error Function, cf. Whittaker and 
atson, Modern Analysis, $ 16.2. 
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and, integrating this, 


Ф() 2f аз a5 27 d 


=k quu em Sms 
This series converges for all values of z. 


For example, when z— 0:5, we have 


ылди Д et 

8 24'320 5376 110592 "^" 
= 0-50000 — 0-04167 

0-00313 0-00019 

0-00001 


— 0-46128, 


Бо D(x) = 0-46128 x 1-12838 
= 052050, 


2°, Next, write 
" 
) e7 da e e- My, 
0 


Differentiating, we have 


КЛЫ 


or dy 


us 2шу = 1. 


Now y evidently begins with a term æ. бо substitute 
у= +A + 005 + са? +... in the last equation and equate со- 
efficients of powers of æ; therefore we obtain 3«—- 2-0, 
5b — 2a — 0, Te — 25 = 0, etc., and therefore 


2 2 93 
m4 503 +0 Я; 
у= а +52 + + 357“ + 
Therefore 
(2) =— езе 1+ 5202) + gs (228) 4. l (osa ) 
T < 5 5 т 2. 


This series converges for all values of æ, 
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For example, when = 0-5, we have 


1 
Ф (w) = 1-123838 x e7 025 x , 


ГРЕГ 


1 . 
"tss 3t 357 9 
1 1 


1 

= 1-12838 x 0-778801 x 5 X {1 g*go sao +10180 3 
— 0-56419 x 0-778801 x 1-000000 

0-166667 

0-016667 

0-001190 

0-000066 

0-000003 
6419 x 0-778801 x 1-184593 
3 


e 


1 
1 


LI 


e-“ dv, we have 


a 
етуу), 


Бі 4 


REM 


where 22— y, " 
= 1f е-”у-і8) 
=[-e7"y 3 =] пут *ay 


1 -ig-y]? 3 i -Yy 
seu? + 5Ly te n + gj, е-?у idy 
1 1. 
ЕТЕ шіз gy + runt E се 


and therefore 


ge * ger 


This is an asymptotic expansion," which is convenient for 


computation when 2 is large. 


A table of values T is 
@, Фа). a. (x). ©. Ф(а). LA Ф(а). 
0-0 — 0-0000 0:6 0:6039 1-3 0:9340 9:0 0-9953 
01 041195 0-7 0-6778 1-4 0-9523 2-] 0-9970 
0-9 0.2997 0-8 07421 15 0-9661 22 0-9981 
03 — 03286 0:9 0:7969 1:6 0-9763 9.3 0-9989 
04 — 04984 1:0 0-8427 17 0-9838 9.4 0-9993 
0:477 0. © 08802 1:8 0-9891 9-5 09996 

7 0-5001 171 кіс 0498 


O5 0.5905 pa 049103 


i is, ch. viii. 

Cf. Whittaker and Watson, Modern Analysis, | ! 

Т More extended tables will he found in a memoir by J. Burgess, Trans. Roy, 
F. Sheppard, Biometrika, ii. (1903), p. 174. 


Soc, Edin, 39 (1898), р. 257. Сї. also W. 
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Ех. 1.—Show that the probability that the deviation is greater than т 
is slightly less than 0-001 when (hi) 20-9981 or hn = 2-2. 


Ex, 2,—Obtain the formula 


where y zm 


93. Means connected with Normal Distributions.— With 
the normal law of deviation 
EN е1 42, 
т 
the arithmetie mean of the nth powers of the absolute values 
of the deviations is | 
= І "асер, 
Tjo 
Writing 42;? = у, this becomes 


% n-1 
2 


1 eee) 
va] i? ty 
г (% + *) 
or* ex m 
{т ^ 
In particular, writing o for AE TM we have 


лу 
Arithmetic mean of the absolute values of— 


First powers of the deviations — EE T, 
һ,/т т 
1 2 
Second  , " Э “ате 
Third, NTC 
P Mm dr 
Fourth „ = le 4 
» » 2745995, 
БИ IT TI MICE CLE: 
i Au N h 


* Cf. Whittaker and Watson, Modern Analysis, § 12.2. 
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From the above we see that the square of the mean of the 
absolute deviations, divided by the mean of their squares, has the 


> 
value =. 


т 


h x қ 
Ex. 1.— Show that in the curve у= 767777 the product of the abscissa. 


/ 


and the subtangent ds constant. 


1 4% А J 
Ex, 2.—Show that in the curve y= a the abscissae of the points 


of inflexion are + с. 
94, Parameters connected with a Normal Frequency 


Distribution. 
1°. Let the curve which represents graphically а normal. 


frequency distribution be written 


Jh acu 
y- „гү 


Тһеп the arithmetic mean of all the observations 
=f № e G-aYvda: 
= (1. 

29 The quantity с which has been introduced in the last 
Section is (as we have seen) the square root of the arithmetic 
mean of the squares of the deviations, and has the value 

2d. 
S у® 
v is called the standard deviation, or the quadratic mean devia- 


tion or the error of mean square.” 
In terms of о, the normal law is that the probability of a 


deviation between 2 and 2+ @ is 
if 

ENS) 

Бу the formula which gives the measure of precision of a 

linear function of deviations we see that the square of the 

Standard deviation of a sum of quantities is the sum of the 

Squares of the standard deviations of the separate quantities. 


ж It was called by Gauss the mean error. 


ae 
в P d. 
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Hence the standard deviation of the arithmetic mean of n 
quantities is n=? x the standard deviation of one of the quantities. 

3°. The arithmetic mean of the absolute values of the 
deviations is called the mean absolute deviation.” 


Denoting it 
by s, we have (as we have seen іп $ 93) 


The arithmetic mean of all the observations that are greater 


than the mean « is a+ Я, 2, с, 80, denoting this by A, we һауе 
T 


— a/ 5 (4-4) - 1.283 8-4. 


This formula is convenient when the observations are given in 
the rough, not arranged in order of magnitude; for then, after 
adding them all and dividing by their number so as to obtain 
4, we have merely to add all that are greater than « and divide 


2 

by their number in order to obtain a +o т; E 
4°. The probable error or quartile + is defined to be such that 
the chances are even whether the deviation exceeds it in 


absolute magnitude or is less than it. So if Q denotes the 
quartile, we have 


LL. F pwa д ‘hg aif 
2 Tele 2 dA s e di, 


Qh = 0-476936 = p (say), 
Q 2 
22067449 (roughly з), 


7—1-4826Q, Q 0.67449, 
Q is connected with n by the equations 


= 1-1829Q, Q- 0-845357. 

Q is evidently that deviation which stands in the middle of the 
sequence when the deviations are arranged in order of absolute 
* It was called by Laplace the mean error, 

T The name is Que to Galton, 


which gives 


or 


80 
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magnitude. It therefore furnishes a means of determining the 
parameters % or с of the curve as follows: 

Let there be n measurements. Take n equidistant points 
along a base-line, and at these points erect ordinates pro- 
portional respectively to the measures arranged in order of 
magnitude. We thus obtain a curve as in the diagram: 

m 


A с D 

Fic. 16. 

Divide the base AB into four equal parts by points of division 

C, D, E. The ordinate at D is the mean value « of the 

measures. Тһе ordinate at E is such that there are as many 

measures greater than ib as lie between it and а. Тһе difference 
DD'- EE’ or CŒ - DD’ is the Quartile Q. 

More generally, we can determine the parameter / or с of 

а curve by finding а measure 21 such that (say) p per cent of 

all the measures fall within the interval between the mean а 


and ау. Іп order to obtain с, we have only to multiply (ғ, - а) 


by а known numerical factor depending on р. 
The degree of accuracy of this and the other methods of 


determining c will be considered later ($ 103). 

For expressing results in terms of probable error, the following 
form of the table of the function P(x) is useful : * 

0-5000000 = Ф(0-1769363) = Фур), where p/h is the probable error 

0-6000000 = Ф(0:5951161) = (1-247 790p) 

0-7000000 = «(0-732869 1)=Ф(1-536618р) 

0-8000000 = Ф(0-9061939) = P(1-900032p) 

0-8427008 =Ф(1) = 0(2-096716p) 

0-9000000 = Ф(1-1630872) = P(2-438664p) 

0-9900000 = &(1-8213864) = 2(3-818930p) 

0-9990000 = 4(2-3276754) = Ф(4-880475р) 

0-9999000 = d(2-7510654) = Ф(5-768204р) 

1 =) 

ж It is due to Gauss, Werke, 4, p. 109. 


(D311) 2% 
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We see, therefore, 
The probability that the error exceeds— 


2-438664 times the probable error is 
3:818930 


M 
10? 
» » ” 16 o» ete. 

Exr.—A number of bodies similar in shape and density differ slightly 
tn size, their lengths being grouped about a mean a with standard deviation 
о. If the weight of а body of length x is cx3, show that the weights ате 
grouped about а mean ca with the standard deviation 3ca*or. 


95. Determination of the Parameters of a Normal 
Frequency Distribution from a Finite Number of Observa- 
tions.—In the preceding section we have shown how to find the 
parameters а and о (or or % or Q) of a normal distribution, 
assuming tacitly that the observations are infinite in number 
so аз fo furnish continuous distribution. In reality, however, 
the number of observations is finite, and we have to determine 
the best values of the parameters from them. 

Suppose there are » observations giving the values 2, “o 


Тр... а, respectively for 2. Тһе а priori probability of the 
value a, is 


Ун)" 
and therefore the « priori probability that the observations will 
give the set of values actually observed is 


1 n (а-а) (а-ау-.. Hana) 

(= ) 4 p 
.«/(2т)о- 

The most probable h 

Which makes this quanti 

supposed given. 


Ypothesis regarding а and o is that 
бу a maximum when 25.35, 


2, -. + Xn ате 
Taking logs, we see that 


nlog c4 (m - ay (а-а ern а) 
2g? à 


or П say, must be a minimum, and therefore = =0, which gives 
а, 


0— (n -a)4 (-а)%...4 (v, — a), 


Д 
or @= (++... +2). (1) 


—————— AI 
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oI : = 
Moreover, cwm 0, which gives 
oT 


0 n (а) + (= а)+...+ (a% = а)? 
=z- Е 
and therefore 


au e s n) 


ek (n aj (2) 


х 5 


Thus the formulae (1) and (2) for « and o are determined 
directly from the theory of Inductive Probability. This is, 
strictly speaking, the only correct method when the number of 
observations is finite. 

Ex, 1.—Numbers which are given as decimals to some definite number 
of places ате usually forced, $e. the last digit retained is increased by 
unity when the first digit not retained is 5, 6, 7, 8, or 9. Find the 
standard deviation or mean error to which a number is liable, due to 
abbreviation with forcing. 

Denoting the standard deviation by e, we have 

Sum of squares of all possible omitted “tails” 
Number of these “tails” 


5 
f ele 
54050 , since all tails € between — 0'5 and 0% (in units 
| 99 of the last digit retained) are equally probable, 


giving o= 0:2887. 


Ex. 9. Hence show that the mean error liable to occur in the sum 
of 1000 numbers, cach of which has been abbreviated with forcing, is 
less than 10 units of the last place. 

Еу, З.А quantity is repeatedly measured, the measures being subject 
to errors of observation, Assuming the law of facility of error to be such 
that the probability of a value between ә and w+ dw is 

флаг BIE Plate, 


where b and k are constants, determine the most probable values of the para- 

meters b and k when n observations give the values ту, to 2. 3 m, for 2; 

the values т 2, . . . being arranged in ascending order of magnitude. 
Here the а priori probability that the observations will give this set 


of values is proportional to 
1 jm alt ([gje bl rn - + Taze-bi) 
ge 


188 THE CALCULUS OF OBSERVATIONS 


The most probable hypothesis regarding b and k is that which 
makes this quantity а maximum, when Ep To + - y 2, are supposed 
given. 


Taking logs, we see that 
П = 2n log k — 121 [n - hens bul. ЕГДЕ 


А А oll " 
is à maximum, and therefore ag 0. Suppose that b lies between r, and 
сі» 


2,1 Then 


d 
ail b [ns b]. |n b 


a (b=9y)+(b- v). o — n) (r12 b) H. ..+(ш„—)} 
(1+1+...+1)цеша+(—1-1...—1 Јо) terms, 

I 
and therefore ap ЇЗ zero when т=з —rorr—]n. We see, therefore, that 


the most plausible value of b is that one of the quantities Ty) Uys e Pn 


which stands in the middle of the sequence when they are arranged in order 


: как у А ell 
of magnitude, This value is called the median. Тһе condition 5E =0 
А 


then gives for the determination of the most probable value of & the 
equation 


1" 1, 
Юа! а-—5|+|®—2%[+...+|—]}. 


96. The Practical Computation of « and «—In caleu- 


lating a and c, when we are given that the measures 2 


Toy gy ... 
have occurred уу, y,, oni 


4 | - - times respectively, we generally 
find it convenient to subtract some fixed number c from each 


of the v's in order to have smaller numbers to deal with. 
Write 2,-¢=§, 2-с &, ete. 


Then we form a column of the quantities bys bes 28 
then 
then 

the value of y,£? 


» » à We, 756, Yass + + * 
a T » WES 1,6,2, уі е 
being obtained by multiplying y,- by 6» 


and sum the column of 8 and the last two columns. We 
then have 


Eyé 1 
b (1) 
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а Nys-ep (с-а)? 


and 2 
с Sy Ny 


or = - (c - a). (2) 


Thus а and o are determined. 

As a control for the computation of а, we may use the 
equation 

Sum of all positive residuals = Sum. of all negative residuals, 
and as a control for the computation of о, we may use the 


equation 
no? = X(v - a)? 
or no? = УМ? – 2aXM + a3M = ХМ? - a3M, 


where XM denotes the sum of the measures and ХМ? denotes 
the sum of the squares of the measures. 
97. Examples of the Computation of а and о. 


Bx, 1.—The chest. measurements of 10,000 men are given below, ® 
being the measure in inches and y being the number of men who have these 
measures, Find the two constants а and т Шш жой the fren 

i» F ғат L mean-square 0) пе 
curve, obtaining the standard. deviation firstly [ү ean-sq of 
eviations, and secondly from the mean absolute deviation, 


" £( 2m - 40). yt. ye. 

эз T кэн LY 294 
34 35 -6 - 210 1260 
36 125 әй - 6025 3195 
36 338 om — 1358 5408 
37 740 = — 2220 6660 
38 1303 -9 - 9606 5912 
39 1810 zb = " 

0 

d Todd 1 1640 1640 
42 1120 2 aoe) 5280 
43 600 3 150 pes 
44 393 4 888 3552 
45 ET 5 420 2100 
46 30 6 180 1080 
47 5 7 35 245 
48 2 8 16 128 
Total 10008 -1646 49394 
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В 40-1616 _ 39.835 
Therefore «= 40 — 19000 = 39:835, 
42394 
$2 7 —(0- 2 4-2123 
and at= 10000 (0-1646)? = 4-2123, 
80 o=2-052. 


In order to find from the mean absolute deviation, we have the 
following table : 


2. у. {= 2 40). yee 
33 6 -7 - 42 * 
34 35 -6 — 210 
35 125 -5 - 625 
36 338 -4 - 1352 
37 740 gue - 3220 
38 1303 -2 - 2606 
39 1810 -1 - 1810 
39-668 650 — 0:332 - 216 
(= 39-500 to 
39-835) — ----- 
Total 5007 - 9081 
Now 
2 
а -of т = Arithmetic mean of all observations less than & 
2188 im 206 
=з-=40+ Зу 
2 9081 
gu. 39-885 - ca... 9081, 
2 
Therefore on] == 1-649, 
т 
so T= 1:649 x 1-253 
or 


9 — 2:066. 


Ex, 2,— lind the mean value and. standard 
frequency distribution, y being the number of oc 
Trace the normal curve which has this mean va 
and compare it with the original data, 


z 1 9 LN MUT 4'-s ak 11 4813 ы 
y 6 10 GEL БУЛЫША 57 25 a9 "eg qu. кб 49. 


m 15 ОС "7 LESBO" Эй 50 88 ооа Bk 
j BB 39 oro ТЕЕ 10204 


deviation for tle following 
currences of the measure t. 
lue and. standard. deviation. 


Ex, 3— Determine: the. standard deviation from the теат absolute 
deviation in this last example. 


, 
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Ел, A.— The chest measures of 10,000 men ате as follows, x denoting а 
measure n inches, and y the number of men who have that measure. 
Determine the standard. deviation by finding the place of the quartile. 

х. 338 34 35 36 37 38 39 40 41 42 
y 5 81 141 892 792 1867 +882 1628 1148 
Sy 5 86 177 499 19231 4403 6285 7913 9061 


а. 43 44 45 46 7 18. 
7. 645 160 87 38 Т 9, 


Уу. 9706 9866 9952 9991 9998 10000. 


It is to be remembered that under “s=38” are grouped all men 
whose measures are from 374 to 384 inches The sum of all measures 
from the lowest to «= 38 (Le to 384 inches) is 2536 ; and the rate of 
increase of men is about 16 per 11 inch at 384, so that 2500 will be 


the sum of all to 38:478 inches. 
The Arithmetic mean а of all the measures is found to be 39:834, 


2 ()= 39-834 — 38-478 = 1-356, 
во е = 1-483 x Q= 1-483 x 1-356 = 2:01. 


Let us now find the quartile from the other end of the sequence. 
The sum of all measures from the largest down to z—42 (ùe. to 41} 
inches) is 2087. Adding half the number opposite 41 in the table, 
we see that the number down to 41 inches is 2901, which is 2500 + 401. 

401 


The quartile will therefore be at 41+, where «= 1628“ -946, 
80 that Q=41-246 — 39:834 = 1:412, 
and o= 1:483 x 1:412 = 2:09. 


The discordance between this and the former value is, of course, due to 


the absence of. perfect normality and continuity in the distribution. 
The mean of the two values of o obtained by the quartile method is 
This is close to the values obtained by the method 


therefore т = 2-05 
deviation method, which are found to be 


of $ 97 and the mean absolute 
2-05 and 2-06 respectively. 
98. Computation of Moments by 
quantities М,= y, M, = oy, M, = Xy, 224% 
the moments, шау be readily formed by mere a 


followin 

5 way. к 

We use the notation Sy (read "sum ot y) - Lr Ж. 
function whose first difference is the function jy, 80 at i 
Aw — y. then w-Xy. The symbol X corresponds, in the Caleulus 
9f Differences, to the symbol 1 which represents indefinite in- 


tegration in the Infinitesimal Calculus. Just ава column of 


Summation.—The 
which are called 
ddition in the 
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first differences of u can be formed from a column of values of 
ш by subtractions, so a column of values of Ху сап be formed 
from a column of values of ; by additions. 


Suppose the set of given values of y is y,, Yryp 7,5 


E 


Уға Corresponding respectively to the values v, (r+1), (r+ 2), 


‚ s (rn), of 2 Form a table of sums of the function y by 


additions from the foot of the column, thus: 


a у. Ху. Sy. 
T Yr Jr Yrtit- «o ren | m: 
Tl Ина |Urerte teen | Heat ума... MY ren 
7-2 demo rinde etre | уда Wrage. . -+ (n = 1)Yr+n 
т+%-2 | Yrpn-2| Yrtn-Bt- - «Urin | Yrtn-2+ Wr4en-1 Зуи 
т+%-1 | уу+а-1| а-ы Ук+тп-1 + Yoon 
TEHN Ута | Yren Yron 

ао an ашы 
Sum = 5, 


The uppermost number on the Xy column is evidently Mo 
the moment of zero order. Let the uppermost number in the 
Ху column be denoted by S, and the uppermost number in the 
Ху column be denoted by 8, Then 

8,7 M, 
S7 gri 28,2 Sys a. o + NY pan 
-М,-»М,, 
where M, = ry, (r - 1) y 44 4. 
of order 1. 
The sum 5, of the ХЗу column is 


-e+ (r+) у, ds the moment 


So= Yr + Зу, + буа... қаз, 


=3{M, - (2r - 1)M,+r(r- 1) Mo}, 
where M, = 72у, + (r+ 12у, +. 
of order 2. 
equations 


scr (re nyhyuuu is the moment 
Thus M, and M, may be determined from the 


M,=8,+7M,, 
M= 25, + (27 — 18,4 Mo 
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and therefore if these relate to а frequency distribution of mean 


а and standard deviation о, we have 


Nw 
7% М, '/ 


0 
So So So 


The higher moments may then be found in the same way if 
| desired.* 

Let us apply this to the comput 
of Ex. 1, 8 97. 


ation of а and o for the chest measures 


LA y. Xy. Xy. 
33 6 10000(-5) "A 
34 35 9994 68354(— 8) 
35 135 9959 58360 
36 338 9834 48401 
37 740 9496 38567 
38 1303 8756 29071 
39 1810 7453 20315 
40 1940 5643 12862 
41 1640 3703 7919 
49 1190 2063 3516 
43 600 943 1458 
44 222 343 8 
45 84 121 167 
46 30 37 46 
47 5 7 5 
48 2 9 a 

5,=288852 

Therefore 
Mo = 10000 = 8» 
33 =39:8354, 


«=т= 680544 


0 
and РЭР Е И (8) == 
2 = 


704 — 6:8854 — (6:8354)? 


ivi = 9:052. 
= 4-212 as before, giving 9 — 9:05 
showing the advantages of central or mean 
Т, Lidstone to G. F. Hardy's Construction of 
“\rinted on рр. 124-128 of that work. 


T * For a fuller investigation, 
dun ef. a note contributed by G- ^ - 
‘ables of Mortality (London; 1909), prt 
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Ез, 1.—Using the data of Ex. 2, $ 97, compute the value of o by the 
method of summation. 


‘Ex. 2.—The mean daily temperature at Brussels on the 310 days of the 
months of July in ten years was as follows : 
Mean temperature . 11°-5 12 13*5 14%5 
Number of days. . 1 9 21 24 3 39 40 35 
Mean temperature . 19*-5 20.5 21°5 29950 23%5 945 
Number of days. . 31 24 21 17 7 2 


16-5 17%5 18°5 


Find the mean temperature and standard deviation by the method of 
summation. 


99. Sheppard's Corrections.— We shall now investigate a correction 
which is to be applied in calculations such as those of the preceding section, 
Let y= До) be the equation of a frequency curve. The integral 


т 
| al f (a) dx, 

-% 

which is called the pth moment of the curve, will be denoted by my. 

The statistical data which specify frequency curves are ‘often given 
in a summarised form from which the moments cannot be computed 
directly with accuracy, For instance, in statistics of the chest measure- 
ments of a group of men, all men whose chest measure lies between 384 
and 39} inches might be given under the heading “39 inches”; all 
men with measures between 393 and 40 inches might be given under 
the heading “40 inches? and so on. The number given under the 
heading “40 inches” is therefore not a true ordinate of the frequency 
curve, but is really the area of that strip of the frequency curve which 
is comprised between the ordinates at х= 391 and z— 401; that is, it is 


о} 
f(x) da. 
“80% 


Suppose, then, аб... Tog op Te Vy Wy... аге the values of 
© for which statistical data are given, these values being spaced at 
equal intervals w, and suppose that the statistical data are the numbers 


тз 
+ ++ Wig Uy Ug Uy Uy . . .. Where u= f 


Је)ах, and suppose we 
52,0 
calculate the quantities 


my = Ў ари, (1) 
з=— 
so that mp’ is a rough value for the 
which is equivalent to collecting at ©з 
аз — bw and z, + iw. 


pth moment, obtained by a process 
all the individual measures between 


The problem before us is to obtain а 


formula which will enable us to 
calculate the true moments Mp from the т 


rough moments ту. We shall 
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suppose that the frequency curve has close contact with the axis of о аб 
both ends; so that 


„© P 


my | zPf(y)dz-a X wf. (2) 


pe s-—- 


Now, by the Newton-Stirling formula ($ 23), 
А ^? a 
ts - mo) = flees) 4 n3 А FG) + A Nes- w) s A YEs t) 


uim рл = D A hgs — 9w)4. .. 


IO О Азды м) As - 29) + aT 


so we маз 


3A “(ж — w)— mA hee 9w)4. .. 


ji 
| ^ Fes + то) = flex) + 53 


In particular, when f(c)=e we have 
20 f(g, — nw) = 22" ets sinh?" Jor. 


Putting 0 = 210 and dividing hee Бу e, the expansion reduces to 


104... 


sinh 0 1 
Tu las lg sinh? 
whence the coefficients in the ба: expansion may be determined 


readily. 
] (Не + А d 
Since L| * дай | Reet nein, 
Wy E in} 
^ 


La. 


we may write нт 
ASE-J). We have therefore 


where sinh?» Ø stands for the operation 4 
from (1) 

ш 1 

$ Ри 


, 
-mp = Жы m 


2 = = fen 
Also since У РД + + qu) = EX: sees Я 
раб 7 me but counte 

the terms of both sides of this equality being dia 


ifferently, we have 
5 S fep (AEE. 
5 pA E e= ES s 
s=-0 
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d 
Now if D denotes —— we have 
dix, 


Е-е"? and A=evP — 1, 


wD 
lAME-!-sinh? er 
Hence we see that 0 = 220 and 
» wD? прі 5р6 
тр =» Ў gw: tapes tgp + ров: Ја” 


= 


=o X fon? + ар та 
з=- 312® 


“А 1 
+ 515i n = D» - 2)(p - SyeP744-. . P 


or finally, substituting from equation (2), we have 
2 


Ж w? wA 
my = My + aga o -Цт, $4 BigaP(P — 1)(p - 2)(p - 3yn, 44... (3) 


Taking р= 1, 2, 3, 4, 5 in succession in (3), we have 
, 
тү =m, ғат 
то = т. + 1 TQ 
тз = Mg + iun, 
mg =m; + аат, + sowing, 
29 Bap?m,, 4.1 
mg = тр + баста + тушту, 


and hence 
, 
то = May 
тү=тү', 
ma — т, — Lwm’ 
pof, qu moy 
"а= ту – ату, 
Tha = тщ 


ms-—mg — 


These formulae, which ex 


press the true moments in terms of the 
approximate moments, the еп 


түе being supposed to have close contact 
with the axis of æ at both ends, are due to W. F. Sheppard.* 

100. On Fitting a Normal Curve to an Incomplete Set of 
Data.—lt sometimes happens that we wish to determine a normal 
curve when we know only the ordinates Ур Yor Уз... Of a set of points 
of abscissa Тр Ly 2, ... which are extended over part of the curve, no 
information being available regarding the rest of the curve, In this 
case it is best to treat the problem as one of fitting a parabolic curve 
44 bx + ca? for the given values of z where z=logy. Тһе constants 


a, b, c may be determined by the method of Least Squares (Chapter IX 


101. The Probable Error of the Arithmetic Mean.—Let 


* Proc. Lond. Math. Soc. 99 (1898), p. 353, 


NORMAL FREQUENCY DISTRIBUTIONS 197 


my, denote the arithmetic mean of n measures М, M, . . ., Ma, 
so that 


ny M, Mss. - -+ My). 


Then if 4, denote the modulus of precision of the arithmetic 
mean and A denote the modulus of precision of a single 
observation, from the formula for the precision of a linear 
function ($ 89), we have 


ог А = hu n. 

Тһе probable error of a single measure being connected 
with the modulus of precision by the equation 9-?, where 
р= 0-476936 ( 94), we see at once that the probable error of the 
arithmetic mean ds A times the probable error of а single 
observation. 

109. The Probable Error of the Median—Instead of 
taking the arithmetic mean of the measures of an observed 
quantity as the estimate of the true value of the quantity, 
suppose we now arrange all the » measures in the order of 
their magnitude and select the middle one, which is called the 
median.* Usually the median will be close to the arithmetic 
mean and will furnish an independent estimate of the observed 


quantity. 
A more precise definition of the median is as follows ; Т 
Let ay, а, аҙ... ап be a set of real numbers, which may or may 


not be all distinet. Let 


The value of a which reduces S(x) to a minimum is the arithmetic mean 
of the numbers a, . . ә @ If the condition that Sj») be a minimum 
is replaced by the condition that 


п -~ 
S,@)= X [x—a;| 
{=1 


be reduced to a minimum, the median of the œs is obtained. It is 


* Of $ 05, Ex. 2. 
ў Dunham Jackson, Вий. Am. Math. Soc. 27 (1921), p. 160. 


198 THE CALCULUS OF OBSERVATIONS 


uniquely defined whenever л is odd; if the numbers a; are arranged in 
order of magnitude, so that 

41<4,<...<аҙ, 
and ifn=2k—1, the median is simply ар, the middle one of the ав. 
The median is uniquely defined also when n is even, n = 2k, if it happens 
that аф = ак, being then equal to this common value, Otherwise the 
definition is satisfied by any number æ belonging to the interval 


а= CRAs 
and the median is to this extent indeterminate. But for each value 
of p>1 there is a definite number «=x, Which minimises the sum 


n 
биж = X |e- a|., 
del 


and z, approaches a definite limit X аз p approaches 1. Тһе value of X 
coincides with the median as already defined, in the cases where that 
definition is determinate, and when n = 2k and ар арал X is a definite 
number between a, and арат. It thus serves to supplement the 


former definition. 
We shall now find the probable error of the median in order 
that we may judge of the relative advantages of the arithmetic 
mean and the median as estimates of the true value of the 
observed quantity. 
Suppose we have т measures (where т is supposed a great 


number). Then the probability that any one measure exceeds 


the true value is } and by § 90 the probability that exactly 


(5% +7) of the measures exceed the true value is 


JG. 


Now if h is the modulus of precision of the measures, 
the probability that a measure lies at à distance between 0 
and $ from the true value where é is small is i E: e- da: or 

0 т 
А h 
approximately FE and therefore of n measures the number 


nh 


TE If this number is 7, we haver = 5 


between 0 and £ i ae 
gis mi 


Of the (in--7) measures greater than the true value, 4n 
exceed £ Therefore the probability that the median is at the 


point £ is 
MO 
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Denoting the value of £ corresponding to (r+ 1) by £+ dé, then 
7+1 ES 98), and the change from 7 to т + 1 corresponds to 
an increase of ш in the number of measures, so d£ Уе. 
The probability that the median lies between £ and pr is 


therefore 


gy 20 ад, (2n) PE 
Soa а Е = d£. 
JG ЖЕ ze а 
Thus the probability that the median lies at a distance 
between £ and £+ d£ from the true value is 


Bong, 


2n)A 
where H — AQ А 
J7 


For this result we see that the modulus of precision for the 
determination of the median is ,/ (%, and therefore ($ 94) 


the probable error of the median is 
р T 
N (5) 
where р = 0-476936. 


In the last section we have seen that the probable error of the 


arithmetic mean is ZI Thus the error to be feared when we 


take the median as the true value is NG) or 1-253 times the 


error to be feared when we take the true value to be the arithmetic 
mean, 

103. Accuracy of the Determinations of the Modulus 
of Precision and Standard Deviation.*— Denote the л 
deviations by є, €» - · > б» and the modulus of precision by №; 
on the hypothesis that % has a value H, the а priori prob- 
ability of the occurrence of this set of deviations is 


H” Eat.. tad 
"zu п) 


* Gauss, Werke, 4, p. 109; cf. R. A. Fisher, Month. Not. R. A. S. 80. p. 758. 
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while on the hypothesis that Л has a value (H +A) the а 
priori probability of this set of observations is 
(H+ A)" 
(=) 
By the Principle of Inductive Probability, the ratio of the 
probability that (Н + A) is the true value of Л to the probability 


that H is the true value of his equal to the ratio of the expres- 
sions (2) and (1); that is, of 


eT (HHAH. a tend), (2) 


(1 + п) еннен. ++ to unity. (3) 


Now let Н be the most probable value of л (i.e. the value 
which makes (1) a maximum), so that 


т 
Heal [ss ae I 
Then (3) may be written 
(1 À Je miim 


Tar to unity, 


Anf A 
or Cam) (+) to unity, 
BS a 
or g BEBE еее 5 unity, 
or, approximately (А being very small compared with H), 
E 
6 B* to 1, 


Therefore the probability that the value of A 


lies between 
H+ and Н+А+ dA is nearly 


mA? 


Ke a), 


where K is a constant, which, since "Xe Hid) = 1, is given by 
1 Jn -т 
K EN T 


Therefore the Probability that the value of 7, lies between 
H +A and H +A + ФА is 


nA? 
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or the modulus of precision for the determination of h by the 
root-mean-square method is fnfh. 

From this we deduce at once that the probability that the 
standard deviation c, «s deduced by the root-mean-square method, 
lies between o +a and o+ + de is 


alm 
so the modulus of precision for the determination of the standard * 
deviation с by the root-mean-square-method is J/njo, Hence 
the probable error of the standard deviation e, as deduced by 
the root-mean-square method, is > 
0-476936 
К E 
Gauss * extended this by showing that the probable error 
of the standard deviation о, when it has been deduced by 
computing the pth powers of the errors, is 
0-4769360,/2 Jal (p+) _ Hig 
pn x21 i 
1965 j 
This gives the following results : 
When o has been computed from the— 


I. 1st powers of the errors, the probable error — E ELN 
IL 2nd , „ „ы EE, 
^ At 
HL жа , к " ЕРЕКЕШЕ 
К 
0-5507186 
4 = 
IV. 4th : " а , Dems, 
V. 5th А А А В _0:6355080 | 
” An 
VI. 6th 5 i 0.7557764 


» ш... 
» » » Jn 


It is evident, therefore, that the most advantageous method 
is the root-mean-square. In fact, 100 errors of observation 
* Werke, 4, p. 109. 
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yield by the computation of the root-mean-square as good a 
value of the standard deviation as 114 treated by L, 109 by 
TIL, 133 by IV., 178 by V., 251 by УІ. There is not much 
difference as regards accuracy between I. and IL, and of 
course I. is much more convenient for calculation. 

Lastly, we must consider the accuracy of the determination 
of the quartile by arranging the n errors of observation accord- 
ing to their absolute magnitude, and taking the middle one айн 
Q; or, more generally, arranging the n errors of observation 
according to their absolute magnitude, and then taking the 
error æ, which has m, errors less than it, and deriving a value 
H for the modulus of precision from the equation 

m 
a = $(Hz,). 

Let л be the true value of t 
t be such that a= Ho, 
have if the number of me 
accuracy in the determinat: 


jeu 
n 2 1-p=q, 


he modulus of precision and let 
Then z is the position that ә, would 
‘asures were infinite, so that perfect 
ion of a, could be attained. Writing 


we can show that the probability that out of 


7 measures (all taken positively) "hy T lie between 0 and æ is 


Now the 


probability that a measure ( 
between 2; 


taken positively) lies 
and 2+ £ where £ is small, is 


2h, 5 Mes 
› 


and therefore of n measures (taken positively) the number 
between z and «+ Eis 
2 
= chu, 
z^ E 
If this number is T, we have 


2 
r= e Е 
E ; 


so the probability that 2р0 + Ф is 


I К: паца, 21242 
ж € Тт 
/@тпра) 
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and therefore (as in the corresponding discussion of the 
median, $ 102) the modulus of precision for the determination 
< „(ЭЛ Р  . 
of r, is АУ” Since Hz, = constant, we have 
qs) Ы 
Hdr, t aydH = 0, 

and therefore by the formula for the precision of a linear 
function of deviations, we have 

Modulus of precision for the determination of Л by this method 
a 


i times the modulus of precision for the determination of 2, 


= N(2n)oe - * 
X pqz) : 
Hence the square of the standard deviation for the determina- 
tion of 4, by this method is 
PYF osse > 
4na? Ў 


ог if ¢ be the value of Лә: obtained from the equation Tosg (0), 


it is 

Ла D(L- Ф(@} us 

2n 2 

In particular, when we determine the quartile by finding 

the deviation which is in the middle of the series of devia- 
tions arranged in absolute order of magnitude, we have 
&(t)=p=q=}, t=p where p=0-476936, and therefore the 
standard deviation for the determination of 2. by this method is 


тары 


80 the probable error of the determination of the quartile by 
this method is 


T Q 2 
9. / P 
pd N n Ap. 
o J£ -æQ 
Е Мае" 
P 
or, in numbers, 979 ; 


This result is due to Gauss:* it shows that (on the average 
* Loc. cit. 
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of a large number of determinations) 249 measures, treated 
by this method, must be taken in order to yield as good 
а value of Q as 100 measures treated by the root-mean- 
square method: this determination is nearly the same in 
accuracy as that by the sums of the 6th powers of the errors. 
We сап, however, choose my much miore advantageously than 
this: in fact, determining the minimum of the function 


POLEO ga, 
we find that it has a minimum when z= about 1-05, and 
therefore the most accurate determination of the standard 
deviation is obtained when we determine the error ә, which is 
such that about 86 per cent of the errors (all taken positively) 
lie below 2: and about 14 per cent above æ: the probable error 
of the standard deviation found from this value of » is then 
only 1.24 times as great as the probable error of the standard 
deviation determined by the root-mean-square method.* By 
taking ¢=1 we obtain the following easily 
the measure of precision is the reciprocal of 
48 exceeded (in absolute value) by 16 per cent of the observed de- 
viations and not attained by 84 per cent of them: for these 
percentages we can put more simply 1 and 5. 

104. Determination of Probable Error from Residuals. 
—In $ 94 we have regarded « and c simply as two parameters 
which occur in the problem of fitting a curve of the type 


1 € 
4-———.4 3 
т 


Js) 


remembered precept : 
“that deviation which 


y 


ferent point of view. We 
the fact that the quantity 
hich, though unknown, must 
al existence: this true value 


from the true value of the 
* This was pointed out by F. Hausdorff, Leipzig Ber, 53 (1901), p. 164. 
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quantity are the errors, while the differences of the measures 
from their arithmetic mean are called the residuals. We shall 
now show that the probability that the error should lie 
between prescribed values а and 0 is not equal to the ргоһ- 
ability that a residual should lie between а and b. 

Let the measures be denoted by M, М,... their 
arithmetic mean by то, the true value by m, and let the 
residuals be 

vmauy- М, vy Mg — Мыз» 4 
while the errors are 
e,-2m- M, &=m- M ve 
Adding the last equations we have (denoting the sum of n 
quantities by square brackets) 


[e] = nm — [M] = nn — ning. 


[e] 
"Therefore тот 
<] [e] 
an -—À -M2e«--— 
g i n EM QE 
бу n-1 L 1, 
= — аы uw IN cc a 2 
E m і qw? n” 


Thus the residual v, is expressed as a linear function of 
the errors. 

Now let / denote the modulus of precision of the errors, and 
À' the modulus of precision for the residuals: then the formula 
for the precision of a linear function of errors gives 


1 т = 1\21 T n-1 
jaz ( n ) mat Gis 1) ара 2? 


80 the probability that a residual lies between v and v + dv is 


nter 


VJE . ae a-l dy, 


Since астас — and 5,54— 63, 


we have therefore 


T 
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and the probable error or quartile of the errors is 
Q = 0.67449. 


=0-67449, /( ЁТ), 


and therefore the standard deviation of the arithmetic mean 


2 


of the n observations, which is m is "i (=) while the 


probable error of the arithmetic mean is 0-67449, / (5). 
These are generally known as Bessel’s Jormulae. 

Similarly, the mean absolute deviation 7 is given in terms of 
the absolute values of the residuals by the equation 


gee ШИ. 
ЕГІП СЕЗУ) 


во that in terms of the absolute values of the residuals we have 


SEEN IC SIM 


and the probable error of а single observation is 


r 0-84585[]v 
Q = 0.84535; = {и ҮН, 

while the probable error of the arithmetic mean of n observa- 
tions is n-(n— 1)-} 0-84535[|v|]. 

This formula is due to C. A. F. Peters It can be more 
readily computed than Bessel’s and is in general sufficiently 
accurate. 

105. Effect of Errors of 
Curves.—Let a large number N 


precision 3; and Suppose that, in 


dr is not Ny(x)dx but 


* Ast. Nach. аз (1856), р. 29. 
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Мих). Itis required to find the function (7), the function 
y(x) and the modulus Л being known. 

There are actually Nz(/)d¢ individuals having the measure 
between / and ¿+ dł. In consequence of the errors of measure- 
ment, these contribute a number 


маб) et-a 
міт 

to the measures between л: and 2 + бт. Therefore the number 
of measures observed between а and 2: + dz is 


Saef семей, 
or I { ec u(w + 8)ds, 
К Ndefu) + E w'e) gd eg +. m 


Thus the functions y(x) and u(x) are connected by the relation 


em ier 
geo) = ule) + zs" (2) + sog" (2.06 


which readily inverts into 


1, d A 
w(x) = 9€) – уз @) + gg (Ны а 


This equation determines u(x) in terms of y(x). 


MISCELLANEOUS EXAMPLES ON CHAPTER VIII 


l. The following frequeney distribution was obtained by counting 
the number of letters per line ofa book. Calculate the mean value and 
the standard deviation, and indicate what might be expected to happen 
аз the number of observations is increased. 


Number of letters (n) 32 33 34 95 36 27 38 39 
Frequency (f) 1 9 2 10 93 31 49 54 


(n) 40 41 42 43 44 45 46 47 
(f)46 55 35 28 16 10 2 2 


(Edin. Univ. Honours Exam., 1918.) 


2. Compute the mean height and standard deviation from the 


D 
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following data by the method of summation, verifying the result by the 
root-mean-square method. 


Height in inches (h) 54-5 55-5 56-5 57-5 58:5 59-5 60-5 H 
Frequency (f) 9 4 13 36 69 159 971 326 

(П) 62-5 63-5 645 65-5 66-5 67-5 685 69-5 
(f) 366 326 290 157 82 32 15 9 


3. Calculate the probability that in a given interval of time there 
will be a given number of “calls” at a telephone exchange, and the 
probability that a subseriber will be kept waiting a given time. 

[СЕ A. K. Erlang, Nyt Tideskrift for Math. 20 (1909), p. 33.] 

4. A vector e is the resultant of a very large number 7 of elementary 
vectors, each of given (small) length, whose directions are distributed at 
random in all directions in the plane. Show that the probability that 
the resultant vector е should have a length between т and r+ dr is 


Рап. 81 
pct 2е?, 


where c is independent of ғ. 
[This result is of importance in the theory of the Brownian motion, 


and also in connection with the Scattering of В-гауѕ by matter; the 
formula is due to Lord Rayleigh.] 


ADDITIONAL REFERENCE 


Н. R. Hulme, “ Report оп the Statistical Theory of Errors ”, Monthly 
Notices R.A.S. 100 (1940), p. 303, 


CHAPTER IX 


THE METHOD OF LEAST SQUARES 


106. Introduction.—1n the present chapter we shall be 
concerned with one partieular kind of frequency distribution, 
namely, the distribution of the measures of an observed 
quantity, when these measures differ from each other owing to 
accidental errors of observation. 

The deduetion of the normal law of frequency given in the 
preceding chapter is applicable to this particular distribution; 
but alternative deductions have been given which depend on 
special assumptions regarding errors of observation, and which 
are in the highest degree interesting and worthy of study from 
the point of view of axiomatics. We shall therefore now make 
a fresh start with the theory. 

107. Legendre's Principle.—In the mathematical dis- 
cussion of the results of observation, it is required to derive 
from the data the best or most plausible results which they 
are capable of affording. When the quantities which are 
observed directly are functions of several unknown quantities 
which are to be determined, the problem can generally be 
reduced (as will be seen later) to a formulation such as the 
following : 

It is required to find values for a set of unknown quantities 
а, Y,2,... tn such а way that a set of given equations 


aye + bu ++... +fit = Л, 
ato + ыу + Cpt +.» E fot = T, 


aur by eR. tft = Ms 


(called the equations of condition) may bé satisfied as nearly as 
(031) 209 8 
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possible, when the number s of equations is greater than the 
number of unknowns 2, Y, % ~~ l, and the equations are not 
strictly compatible with each other. 

By saying that the equations are to be satisfied as nearly as 
possible we mean that the quantities 


E = 02+ by TOU... Rf т, 
Е, = yz + buy + CR. . ob ful — te, 


Е, = a+ by tegt... + 0, 


which we shall call the errors, ате to be as small as possible. 
We shall, for the present, assume that the equations are equally 
trustworthy, ie. that the quantity, which is more precisely 
defined later as weight, is the same for each equation, 

In 1806 Legendre* suggested for the solution of this problem 


o 

& principle which may be thus stated: of all possible sets of 
P P y ) 1 

^. s the most satisfactory is that which venders 


values of x, y, z 
the sum of the squares of the errors a minimum ; that is, 


E?+E2+...452 
is to be a minimum, 


108. Deduction of the Normal Equations.— Assuming 


Legendre’s Principle, we have now to find the values of 2; y, 
2... which make 


ЕЕ. RES 
а minimum, If we use the notation [ ] as a symbol of 
summation so that, tg., [a2] — a8 4. a2 4. жа, [ab] = sb, 
tab... < + aba, the sum of squares is 


[aa] + [bb] + [ec]. o. [ab] + Э[аерт+...— [ат] 
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The unknowns 2, y, z, . . . are to be chosen to make this a 
minimum, so that the derivatives with respect to 2, y, 2, .. . 
must vanish. Thus a minimum value is obtained when the 
unknowns are calculated from the equations 


Пер + [ab]y + [4] +. - -= [on]. 
[abe + [bb] + [be]e +. - -= [bn], 


| 


These are known as the normal equations: from them the 
valuesofz,y,z, . . . are to be determined by ordinary algebraic 
analysis, Evidently, in order to Jorm the normal equation with 
respect to any one of the unknowns, we must multiply each of the 
original equations by the coefficients of the unknown in this 
equation and add together all these products. 

The method which has been followed was named by Legendre 
the Method of Least Squares. 

In deriving the normal equations from the equations of condition we 
can use tables of quarter squares, for we have not only 

[aa] = «52 + а. HEY 

but also [a9] — 116+ b) (a + b)) — [aa] — [251 

As a check on the computation of the normal equations, it 
is well to calculate the sums 


o= tb tit.. -+h tnp 

gy (+ bst est.. оқыт 
and from these to calculate the sums [ac], [be], . . . [/v]. 
These, with the sums [aa] . . - [//] which have already been 


computed, should satisfy the equations 


(En ee]... ear] Eo) eel 
lajere. + UT Te C 


The verification of these equations serves to assure us of the 
accuracy of our calculation of the normal equations. We shall 
discuss later ($ 117-121) the systematic solution of the normal 
equations and the controls connected therewith. For the 
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present we shall regard the solution merely as a matter of 
elementary algebra. 


Ex, 1.—Find the most plausible values of ж and у from the equations 
44 


0:052 + 32-4y = 
2:915: +27 
= 47724 14у 


We shall first find the normal equation for æ by use of Crelles 


multiplication table. Multiplying each equation by the coefficient of 2 
in it, we have 


24-117 — 289-7y = — 1668-4 


T40r—  T3y— — 1999 
1:69 134 
z— 80:6у= – 444-9 
"7Т5ш- 6Ty= — 1334. 
Adding, we get 
62-73: — 382-7y = — 2096-3, () 


This is the normal equation for 2. 
We shall now find the normal eq 
squares. We have 


Д = 4:912 + 3.727 


wation for y by use of a table of 


bb] = 592 + 9-72 4. 32. 
[@+0, a+b) — 54-092 4 32-45 


+ 


[b+n, 8--т 51846-10 
[n, »] = 210783-36. 
Therefore 
[n5] = 44 4604-63 — 62-73 — 5307-3} = — 382-7 
[br] = bu, b+ n)—[bb] - [nn]} = 1(65755-44) = 32877-7, 
and the normal equation of y is 


— 382-7" + 5307-3y = 32877-7. @) 
From (1) and (2) we find 


7—'-81, y— 6-76. 


m of the first three columns should 
column. 
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_ 289-600 | —1608-418 | — 1933-9999 
“рам | - 199-900 | - 129-1456 
1:620 13125 14-7475 
2 80-80; | — 444939 | — 517-0779 
- 6678 133-083 149-1579 
Sum _ 382-699 | —2096-349 | —2416:3180 | (3) 


bb, 
— 289-69 3481-00 | 20048-20 23239-51 
— T344 7:99 | 128:25 128-196 
1:62 1049-76 8505-00 9556-38 
— во:607 | 767-29 423533 | 4922-013 
= 6:678 1:96 | -39:06 — 43-778 


| bn. bc. 


—382.699 | 5307-30 | 32877-72 | 37802-321 (4) 


Sum 


та. nb. тт. nc. 
— 1668-418 :04 133843-822 
- 129-200 :35 2255-300 
13-125 25 "7494:375 
— 444-939 41 27168-801 
133-083 41 872-433 
баш | —9096-349 39877-72 910783-36 241564-731 j (5) 
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Ет. 2.— Find the most plausible values of 2 and y from the equations 


3+ у==4-97. 


Ex. 3.— The following data were read from a graph showing the probable 


stature of son for given fathers stature, denoted. by S inches and F inches 
respectively : 


S 65-7 66-8 67-2 69-3 69-8 70-5 70-9 
F. 62 64 65 69 70 ag 72 


If S and F are connected. by the relation S=a +010, determine by the 
Method of Least Squares the most probable values of the co 


onstants a and. b. 

А (Edin. Univ. Actuarial Diploma, 1922.) 
109. Reduction of the Equations of Condition to the 
Linear Form. In many cases the original data of the problem 
are not, immediately expressible as a set of linear equations of 
condition, Suppose, for example, we require to find the most 
plausible values of л; and y from a set of equations 


ГАСУ) TU Salt, y) = Шы .. s Fela, Y) =s, 


where /,.. э. are known functions and v 


measures derived from observation and liable to accidental error. 
In this cage we first find, in 


fi any way, an approximate pair of 
values of z and y, 812,9. Putting say 67-743, we have 


p Wore o sy Up Ore 


ACN m A ўка) = n AG à 
at Y 
approximately. * 
The equations of condition thus become 
orc 


and these, being 
already described. 


linear in (£, 7), 


сап be solved by the process 


Exs— Determine the most plausible values of the rectangular co- 
ordinates (ғ, у) of a pont P, given that its measured. distances from the 
points (0,0) (T, 0) (0,6): аге respectively 6-40, 4-47, 5-38 and that these 
measures ате of equal weight, A 2 
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We readily find graphically that approximate values are 22—85,y—4. 
Therefore writing zx TÉ y+ 1, the equations of condition become 
iG Be aie 

(8-67 (4+ 1)? 
(o Br -eh 


5544] 6.40 4/41 = —0.0031, 
ог = 4.47 ,/20= – 0-0021, 


-5.38- 4/29 = — 0-0052. 


These equations, which are linear in é and зр are now treated as ordinary 


equations of condition as in $ 108. 


110. Gauss's “Theoria Motus": the Postulate of the 
Arithmetic Mean.— We now proceed to consider the various 
attempts that have been made to place the Method of Least 
Squares on a logical foundation. 

The first writer to connect the method with the mathe- 
matical theory of probability was Gauss.* His treatment 
assumes as a postulate that when any number of equally good 
direct observations M, M', М", . . . of an unknown magnitude 
ware given, the most probable value is their arithmetic mean. 
Gauss’s deduction of the law of error will be given in § 112: 
for the present we shall consider the postulate in itself.> 


This postulate must be distinguished from the statement that as the 
number of observations is increased indefinitely, the arithmetic mean 
tends to the true value of ж: this latter statement is indeed correct, $ 
and is true of an infinite number of other functions besides the arithmetic 
mean:$ but we cannot infer from it that the arithmetic mean gives the 
most probable result when the number of observations is finite. 


In recent years the postulate of the arithmetic mean has 


* Theoria motus corporum celestium, Hamburg (1809), § 177. Gauss 
mentions that he had used the method from the year 1795. 

T For a critical discu n see P. Pizzetti, I fondamenti mat. per la critica 
dei risultati sperimentali," Atti della R. Univ. di Genova per il centenario 
Colombiano, 1899, рр. 113-334. 

i Indeed we may define the true value of a physical quantity as the limit to 
which the mean of n observations tends when n increases indefinitely. 


SAM -a 
$ E.g. 7AM ә) so, where f is any odd function, when the number of 


Observations is increased indefinitely. 
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been exhibited as а deduction from other axioms of & more 
elementary nature,* which may be formulated thus: 

Aviom I.—The differences between the most probable value 
and the individual measures do not'depend on the position of 
the null-point from which they are reckoned. 

Aviom IIL—'The ratio of the most probable value to any 
individual measure does not depend on the unit in terms of 
Which measures are reckoned. 

Aviom IIL—'The most probable value is independent of 
the order in which the measurements are made, and so is а 
symmetric function of the measures, 

Axiom IV.—'The most probable value, regarded as a function 
of the individual measures, has one-valued and continuous first 
derivatives with respect to them. 

From these four axioms we can derive the postulate of the 
arithmetic mean in the following way : 

Suppose the most probable value is expressed in terms of 


the » measures Vp Vy, - . ., а, by the function а 


is Bay + y 2»). 
Then by the theorem of the mean value in the differential 
calculus ( 


which by Axiom IV. is applicable), we have 
: af 
Jen, ry... n) =/(0,0,. . о+ъ 2... nup] 
au n 


where the square brackets denote that every vis to be replaced 
by 0/22, where 0 lies between 0 and 1. Now by Axiom II., the 
left-hand side = br us, » ^): and since by the continuity 
of the funetion J, the equation 

Ді, y „ау kra) -// 


“дь... ач) 
must hold in the limit when % 


ls zero, we have 


FO Os a y OVO: 
Thus we have | ae 


or, dividing by 2, is i 


Жора... зә]. EE: |] 


n On, 
* CE Gs Schiaparelli, Rend. Ist, Lombardo, (9 " or d Ast. 
Nach. 176 (1907), р. 905; U, Bros › (2) 40 (1907), p. 752, an 


d i, L'Enseignement тати, 1909), 
p. 14; R. Schimmack, Math. 6 БЕЛ шылы 


Ann. 68 (1909), р, 195, 
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In this equation make 4—0: then each of the quantities [=] 
En 


tends to a value which is independent of the „7з, so we can 
write Дар, yl. а) ру. -+C Where the c's are 
independent of the 2/6. By Axiom III., the с must all be 
equal, so 
Sey tay = + o Gn) = Clty жау... Жаз), 
and since Axiom I. gives the equation 
Jg hs а) mr 2. atu) hy 


we have enh =h, 
1 
so л 
n 
9 Р 1 ; 
Therefore (а, ty -o аһ) m Ly а... +), 


Which expresses the postulate of the arithmetic mean. 

111. Failure of the Postulate of the Arithmetic Mean. 
—For certain types of observations the postulate of the 
arithmetic mean is not valid: in particular, for visual photo- 
metric measurements in astronomy.* Іп these the quantity, 
of which measures are made, is the ratio of the brightnesses 
of the two stars. Suppose that æ is the true value of the ratio 
for the two particular stars, and let 0,0... ¢, be different 
measures of it, The observations being supposed to be made 
Visually, we take as our starting-point the Weber-Fechner 
psycho-physical law on the sensitiveness of the human retina 
to differences of light intensity: this asserts that increment of 
Sensation is proportional to relative increase of excitation, or 
Ж where E measures the sensation of light and 
lisa physical measure of its intensity. If E and E, denote 
the intensities of perception corresponding to the brightnesses 


l and », we have therefore к 

Е-Е, = с log » 
The quantities E-E, represent the errors of observation ; 
denoting them by А, А, . . А, we have 


9E — constant x 


І 1, 
A, = log h, A=6log $, ... A,—clog З 


(0311) * Of. Seeliger, Ast. Nach. 132 (1893), col. 209, So 
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The A's appear to obey the normal law of facility: so that the 
most probable value of » is that which makes 


е АБА... An) 

а maximum, i.e. which makes 
AP+AZ+...4+A,? 

a minimum; this gives 

дА, 0^, OA, _ 


Am 422+. SIL ,-0 
4 l 
or log 2 log e. 210, 
во ДД . = ` шү 
x 
or g-(... Lys. 


This formula for determining the most probable value from the 
observations was first given by Seidel in 1863.* 

Jr. —Show that if the probability that the error of a measurement will 
be between ж and s+ de is c{ 1+ [ла |2) 100, where с and h are constant, 
then the arithmetic mean of two measurements is not as reliable as a single 


measurement, and in fact is the least probable value among all possible 
weighted means, (E. L. Dodd.) 


112. Gauss's “Theoria Motus” Proof of the Normal 
Law.—We shall now show how, when the postulate of the 


| 
í 
arithmetie mean is granted, the normal law of error can 
be deduced. 
1 


Suppose that for the measure of an observed quantity, the 
probability of an error between A and Д + dA is Ф(А)аА, во 


equency of error. If є denotes Ње 
measuring-instrument is sensitive, 

sible values of any measure proceed 
by steps of amount e, and the probability of an error A may be 
taken as (A)e. | 


that (A) is the relative fr 
least quantity to which the 
we can suppose that; the pos 


Tt should be noticed that 
of a certain deviation di 


it is here tacitly assumed that the probability J 
| 
If this assumption is 


epends only on the magnitude of the deviation. 


not made, a law of facility eneral [ 
then the normal law may be dedticed + отау : : 
7 

* München. Abh. 9 (1863), 


T Cf. Poincaré, Calcul, des Prob. p. 155 ; В s th. Ue 
Phys. 56 (1908), p. 77. P: 155, and B, Meidell, Zeits. für Math 
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Now suppose that a number в of measures М, MM, ... are 
taken of a quantity æ whose true value is p. The errors are 
А-М-р, A -—M'- р, ебе. The probability of the error in the 
first measurement being M-p is Ф(М – р)є; the probability 
of the error in the second measurement being M'-p is 
$(M'- pe and so on. The probability that a веб of measures 
(M, М, M^ . . .) will occur is therefore 

еМ -pe(V - po(M" -p) . - . - 
If now we assume that, before the observations are made, all 
values of w are equally likely to be the true value,* it follows 
from Bayes' theorem in Inductive Probability that, when the 
observations have been made, the probability of the true value 
of 2: lying between p and p + dp is 
M-p AM -p)9(M"-p) ... dp 
[ (ur -peQr -»9(M" -p) . - - dp 


and therefore the most probable hypothesis regarding the true 
value of 2: is that 2 has that value which makes 


M- 2)4(M' - x)p(M"-2) ... 

a maximum, йе. that value of 2 for which 

24. log Ф(М ~ 2) — 0. (1) 

Adopting the postulate of the arithmetic mean, we see 

that equation (1) must be equivalent to 

guste Mt...) 

n 

or x(M -2) - 0. 
Therefore 4 log (М -2) = «(M - 2) 
where c denotes a constant, and therefore 

Ф(М - 4) = Ae-KOt-9*, 


where А denotes a constant, So 
(A) = езді, 


* It is not necessary to make this an independent assumption, for it may be 
deduced as a consequence of the postulate of the arithmetie mean, which will 
be introduced presently. 
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Since the sum of the probabilities of all possible errors is 


unity, we have 


[ $(AMA =1 


-= 


ог 1= АГ акад, 
But Г e7 "dy = f, 
с 
so A= af р 
Writing 7) for A/ (3c), we have 
h 


Фф =— phat 
HA) =~ 


which shows that the distribution of the men 
true value is а normal frequency distribution. 
113. Gauss's “Theoria Motus" Discussion of Direct 
Measurements of a Single Quantity. 
in the measure of an observed « 
error between A and A + dA is 


sures about the 


— Assuming, then, that 
{uantity the probability of an 


ods, 
where Ў is the modulus of precision, we note that the modulus 
of precision affords an indi 
attached to an observati 
other observations, Thu 
made with the meridi 


the modulus of precision is less 
for a star very near the pole th 


an for an equatorial star, so 1n 
equatorial with a cireumpolar 


Suppose now that з measurements are made of а quantity 2, 


the measures being Us 2)... ws and the corresponding 
measures of precision being hy, h 


‘+ + sh. Let p be the true 
value of z, so the errors are р — Unum ss The probability 
of precisely this set of errors is therefore 


hye. а „Ж 
қазым Jeetne, ME 
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Now the most probable value оГ. is that value of p which 
makes this expression а maximum, ic. 16 is the value of a 
which makes 


he = aj? + hr - m)" +.. -+e a) 


2 


a minimum. It is therefore given by 
he- uy) + hn). + +h- у) =0, 


1 
y. B. 254,2, 
" NUUS " 
het here the 
Now we have seen (§ 89) that the modulus of precision 
H for any linear function аад... of the errors 


А,А,... whose moduli of precision are /, Aa . . . is given 


by the equation 
1 ES ay 1 
HP he ы 


of precision of the quantity 2 given by 


m 


Therefore the modulus 
(1) is H when 


so 2a hèth. . E. (3) 
Now let À be the modulus of precision of certain observa- 
tions which are taken as a standard for comparison of precision, 


апа write T 3i 
he he? А war Н 
=, = зе» We= qe W = 78 (4) 
The equations (1) and (3) become 
| РЕР пуу MP Teck, 
MUT AUS. s b C 


lw =W + Wa Fa a ot Wg 


These equations are evidently analogous to the equations 
which determine the position of the centre of gravity of 
particles of weights Wy Wa ++ Ws placed at the points 
ть 2, e . 4 о respectively, W denoting the weight of the 
equivalent body to be placed at the centre of gravity. On 
this account 7, ay... Ws are called the weights of the 
Observations ту, л, . . „7s respectively ; the weight W of the 
result is the sum of the weights of the separate observations. 
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Hence we deduce at once the following results : 
1. The mean of s equally good observations has u weight 8 
times that of any one of them. 


2. If w denotes the weight of a determination p which ds 
deduced as the most probable value of à from a certain set of 
observations, and if we adjoin а new observation r= pu of 


2 u , 
weight 1, then the most probable value of æ is Di and it 


m 
has the weight (w+ 1). 


3. [fan observation æ has the weight w, then on m ultiplying 
ы : 4 тх 
it by any number X the new value Xv. has the weight z For 


2 


т 


then, denoting Xx by y, the probability that y lies between y and 


а, b ye 
y+ dy is - dy, 


if the probability that 2 lies between 2 and «+ dæ is V RE 


27) 
so the modulus of precision for Avis <, 


and therefore the weight of X» is x It follows that : 


4. Observations of different weights can be treated as observa- 
tions of unit weight by multiplying each equation of condition 
by the square root of its weight (§ 114) 


* Ex—If Qu + Agito +. . .- agr, ds а linear function of independent 
estimates ту oa.. т, of a number æ, determine ü d, EN 


n = m3 СРМ 
subject to the condition a, + Ag+ +224 п„=1, so that the weight of the 
linear function may be a maximum. 


б A ag 
From equations (2) and (4) above we see that L ті. а etu 
W тш, ч We 


where W is the weight of the linear func’ 


ч s tion and шум. . vy Wg are the 
weights of the independent estimates, 


Therefore we must have 


aida. asda, 
было. а 2... Lat ades 
wy Wo 
subject to 0= da, +Ф„+... 
« а, 
and therefore “1. DINER ЖЕ 
Wy Wy D 
50 аү= 1 


VICEM b. 2 Fwy 


This agrees with the value of x given by 


the Method of Least Squares. 
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114. Gauss’s “Theoria Motus” Discussion of Indirect 
Observations.—Now suppose that a set of unknown quantities 
2,),2,... are to be determined from s measures 7,, 74; . . Ns 
the unknowns being connected with the measured quantities 
by the equations of condition 


(ағ + dy tet. .- +=, 


las +bytegt. + + fit = Ney 
where the coetlicients 4, bp- + ә B+ + + are supposed to be 
known accurately, while the measures are liable to accidental 
errors of observation. Suppose that for the observed quantity 
n, the measure of precision is h,, for the observed quantity ns 
the measure of precision is hg, ete. ; then the probability of an 


error A, in 2, is hint, where e, is the smallest quantity to 
which the measuring-instrument of n, is sensitive, so that the 
measures may be supposed to proceed by steps of amount є. 
Then as in $ 113, the probability of the concurrence of errors 
A, AS. se B 
е-е Те hatat "s 


т 


and the most probable values of 2, 1, % - 
make this expression а maximum, when 


„ 


. , are those which 


А = aun y eR See AOT S 
А„= ал+ Day жор... + fot — т ete. 
The values (m, у, % + - > t) must therefore be determined 
from the condition that 
RAP + ЛА +. Д 
is бо bea minimum. If wj Wa- + +» Ws are the weights of the 
observations (which are proportional to the squares of the 
moduli of precision), we must therefore have 
wy Ay? + ir A +. necs wu 
а minimum: that is, in the notation of § 108, 


[waa]? + [wbb]y? + [ree]. . -+ [wabloy+. - - 
-9[wan]e-. . . [wnn] 
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must be a minimum, and therefore the unknowns &, y, 8, « 
must be determined from the equations 


(зер +[wably+[wacke+. . .= [wan], 
(ӘР +[whbly+[wbe]e+. . = [wba], 


These are the normal equations. 

It is evident that an observation of weight w enters into 
equations exactly as if it were w separate observations each of 
weight unity. ‘The best practical method of accounting for 
weight is, however, to prepare the equations of condition by 
multiplying each equation throughout by the square root of 
its weight: the resulting equations then have their weights all 
equal, as we have seen (§ 113). 

115. Laplace's Proof and Gauss’s “Theoria Combina- 
tionis" Proof — The Method of Least Squares was established 
in an entirely different manner by Laplace іп 1811,* and by 
Gauss (who to a considerable extent adopted Laplace's ideas) in 
1821-23.4 

Тһе common principle of these and various modern proofs 
which have been developed from them may be stated thus: 

Suppose that for s linear expressions 

Oye bu emu. 
т DE] 
^ сие Р (1) 
agb een... 


we have respectively the independent estimates n 


derived from observation, the number 
than the number of unknowns z 


ры... „Йө 
8 being supposed greater 


KG кык 
For the quantity 
A(awthytez+. . et Mte dy + eg +. ea EPS = е 
+ Aue ayez. Jaan W 


4 dust cuia eus. П. chap. iv. (1812), following a memoir of 1811- 
Monis observation i CNET » rerki 
Band IV. p. 1. А ird um erroribus minimis obnoxiae, Werke, 


in 1855. anslation by J. Bertrand was published at Paris 


February 98, 187 Ч E d 
his views regarding the establi Ty 28, 1839, admitted that he had aaa 
publication of his Theoria Mot st Squares e 
basis on which the Method w: the “ metaphysic 


һ 
bo 
Ot 
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we have therefore the estimate 
An, Aolat. s cb Age 

Suppose the Xs are chosen so that in the expression (А) the 
resultant coeficient of æ is unity and the resultant coefficients 

of у, z,. . . are all zero, so that 

| Apu. o -+ Asis 
is an estimate of z. The problem is to lay down such further 
conditions for the A's as will secure that this is the best possible 
estimate for æ. Now this can be done if we take as а funda- 
mental idea the notion of tbe weight of an estimate. Let n be 
an estimate, derived from observation, of the value of some 
quantity: then we shall suppose that with this estimate is 
associated a number w which will be called its weight. We 
shall further establish (in various ways according as the method 
of Laplace or of Gauss or of more modern writers is followed) 
that if w, us, . . ., ws are the weights of the estimates ny 74 
22,7, for the linear expressions (1), then the weight of the 
estimate Ayn, +... + Avs for the expression (A) is W, where 

2 № А2 
Wt urs 
all define the best possible estimate for 2: to be 


Finally, we sh 
With these presuppositions the 


that whose weight is greatest. 
best estimate for is 
as Amy te sob Als (B) 
where the A's satisfy the equations 
Мау Asta ++ + + ж Аа, 1) 
yh, + Aabo ++ + +d, = t (6) 
Да + Мб Fe o o HAC = | 


Also we have 
AWA, + мл» ТӨЛЕНЕ Ез 0. 
Wy Wa ғ A 


These equations give at once 


Ы + ш + ped, T ЖЛ +» xem 
1 


А» , " 
т p pt - 2-0; 
"s 
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or Ay pty + р + ple, +. = 4T 
а à 2 А ; қ aM ^ (D) 
Ns + ptas + рт), + BUE... ium o] 


Substituting for the Аз from (D) in (B) and (C), we havo 
O= e+ иат] (ит [ист]... 
0=1+ циа] + ГАСА + [нт] TUTO 


0= — p[wab] + p [wbb] + p web] +... 
0= иис] pube] + p"[wee] +. . 
ete. 


Eliminating the j/s from these equations, we have 


0-|е [wan] [т]... [wfn] 
l [waa] [wba]... ШІ 
lo риу] рау]... ра) 

or 

[ren] [Фа]... [un] 
(ша) (ид... [ufo] 
[wac] [ае]... [uc] 
[waf] | [ay] PX i t | 

= 05 ары 4 
[waa] [wba]... Luja] 


[wab] [0]... [fb] 
[wac] [ше]... [wfe] 


Method. 


116. The Weight of a Linear Function.—It remains to 
show how the equation 


Шла x | PX 
А We +. Ж. di (E) 


y the different; writ 

Laplace obtained 

of errors 
Ле +. . 


ers who have furnished 


proofs of this type, it by investigating the 


value of a linear sum 


EPA 
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when each of the errors has a definite law of facility, say the 
probability that the rth error lies between е, and e,-t de, is 
(e,)de,. This investigation we have given in a form some- 
what different to Laplace's, in § 86: as is there shown, it leads 
to the result that if 


ЕСІ 

Jo 
is denoted by 4%, then the probability that the linear sum 
Ме +... + Де, lies between — / and +Z is, when s is large and 


under certain conditions, 
us 
T ахла 
e du, 


and whatever / may be, this is a maximum when 

Ah E+ А262... кА 
isa minimum. Defining the weights as inversely. proportional 
to 4%... 2, we obtain the equation (E). It will be 
noticed that Laplace's method requires that the number of 
Observations should be very large, or else that the elementary 
errors should follow the normal law of facility. 

Gauss, on the other hand, writing 
[e 7 ir dy +. 22—15 


18 es ue + bay +...—%, 
obtained accurately 
w= (Ant. . БА) (Age, +... Ае), 
Where as before the A's are multipliers which satisfy the 
equations 


Ма +. s cb №1, 
Abite. t Ab, 0, 
etc., 


and therefore reduce the coefficient of 2 to unity and the 
coefficients of 7,2,... to zero. He then assumed that the 
Importance of the error Де +. . + Aces, ie. the detriment of 


Which it is the cause, may be represented by (Aye, +. . .-- Ases)? 
That is, (Ае +. . . + A,e;)? is a function whose mean value is 
to be made a minimum. Thus instead of securing that the 
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probability of a zero error is to be a maximum, as he did iu 
the Theoria Motus proof, Gauss now endeavoured to diminish for 
each unknown quantity, the probable value of the square of the 
error committed. Now 


(Хе >... Ayes)? = XMe + SAAE Eg 
The mean value of є? is 


ZI 


| eh, (e) de = 2/2, 


Jan 
and the mean value of єє» is zero. 
Hence the quantity to be made a minimum is 


A+. . + ARTY 


as in Laplace’s proof: and it appears from Gauss's proof that 
this formula can be obtained by making minimum the mean 
square of error (which is the average of the true square of error 
for an infinite number of cases); or in other words the Method 
of Least Squares gives a result such that, if the whole system of 
observations were repeated an infinite number of times, the 
average value of the square of the error would be a minimum. 
The postulate of the arithmetic mean, on which the Zheoria 
Motus proof was based, is not needed here. Gauss himself 
decidedly preferred this proof to his earlier treatment.* 

Some modern writers have derived the equation (E) directly 
from assumptions regarding weight, which is taken as a funda- 
mental notion, and have thereby succeeded in establishing the 
Method of Least Squares without any appeal to the ordinary 
theories of probability of error, This may be done in the 
following way : t 

Let п be an estimated value of а quantity ж: then we shall 
associate with this estimate a number w which will be called 
its weight, and we shall assume as an axiom that the weight of 
the estimate Xn of the value of Ал (where А is any number) is 
of the form 2/2), where (А) is some function of A. If p is any 
number, the weight of the estimate pàn of the value of А28 


* Cf. letter of Gauss to Schumacher. November 25, 1844, in Gauss, Werke 
8, p. 147. 


T Cf. Bernstein and Baer, Math. Ann. 76 (1915), p. 284. 
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therefore «;/(A)/(p) : but it is also /(Ap) ; 80 the function / must 
satisfy the equation 
Ав) = AA) e) 
whence we have ДА) = А, 
where Æ із some number. Thus if the weight of the estimate 
n for x be w, the weight of the estimate Xn for Xv ds 
unk. (1) 

Next suppose an estimate / for has the weight p and an 

independent estimate m for y has the weight 0, and let the 


weight of the estimate / + т for +y be т. | А 
We shall assume as «n axiom that r is given by an equation 


of the form 5 

y(r) = 30) + V), (2) 
this being іп fact the definition of independence of the two 
estimates. Since the estimate Al for А” has the weight pà 


pM (rk) = dp) + YCA’). (3) 

We have therefore to find the nature of the function у for 
which equation (3) is a consequence of equation (2), whatever 
A may be. Regarding 7 as а function of p and g, we have by 
differentiating (2) with respect to p 


ИСІ 

ЫК 

and by differentiating (3) А 
yo) = (oon. 


ұ(әм) V/V) 


E vip)” ve 

апа similarly the latter fraction is equal to 
vp 
Ұ(4) 

Therefore EL ) is independent of p, and therefore since 
yp 

Рл is symmetrical with respect to p and A5, we must have 

y'( p^) 


V») Q^) s 
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a constant independent of р and А. The function y’ therefore 
satisfies the functional equation 


ge y) = egt)a), 
which shows that J/(r is a mere power of æ multiplied by а 
constant, and therefore ¥() is also a power of 2: multiplied by 
а constant. This constant has no influence on equation (2), 
and we can therefore write without loss of generality 


qo) ma. (4) 
Next let n, and т, be two independent estimates of 2, each 
of weight 1. Then by (1), in, and 3, are two independent 


estimates of 2 w, each of weight 1a and therefore by (2) and 


(4), 3n, + 3n, is an estimate of » of weight 7, where 


a (ШІ (159001 
= \җ) +091 “эле 
We shall now assume аз an aviom that if two independent 
estimates of the same quantity are each of unit weight, their 
arithmetic mean is an estimate of the same quantity having 


the weight 2. We have therefore r= 2, and consequently 


D ul 


ӘҮ = ahi 


(k+1)y=1. (5) 


Combining (1), (2), (4), (D) we see that if n, is an estimate 
of E with weight wy and if n, is an independent estimate of 
тұ with weight w,, then Aj, + Ат, is an estimate of Aye + Ais 
with the weight 7, where 


or 


АЮУ лу iov, (6) 
Now suppose that 73,75, . . ., n, are estimates of 03. «ss 
respectively, each of weight 1. Then by repeated applications 
of (6), we see that Mtt. . +m, із an estimate of 
++. . «+2, with the weight 7 where 
PW +10 =8, 

1 

so r= 57, 
Now we shall assume аз an axiom that when the weights af 
My +++ Ms are each unity, 


the weight of таты... + 18 
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e E 
of the order d the product of this weight and s is always 
finite and bounded as scc. Therefore 


1 
== -1 огу= – 1. yi 
y 7 (7) 


By (6) repeated and (7), we see that if n, na . . ., n ате 
estimates of iy, ty, . . n әу respectively, of weights wy, Wy...» Wey 
then Хуп, + Any 4... 4- А isan estimate Of Mo, + Agta +. «+ Als 
with the weight W, where 

1 X* А? AS 
Wa a ЕЯ 

This is equation (E), from which, as we have seen, the 
Method of Least Squares may be derived. 

117. Solution of the Normal Equations.—We shall now 
discuss the solution of the normal equations, which are equal 
in number to the number m of unknowns, and which we shall 
write 

(aT uy +. + Ow! тбһ 
GaU s +.. Жазы! m 6, 


Amit + Ane T . -+ ті = бу, 
Where op yy 
Let D denote the determinant |а|, and let Aj, denote the co- 
factor of «уіп D. Then the solution of the above equations 
is known to be 
Юз= Ас, 5 А,40, +... + А аб, 
ру= А. + Аб +... + А лабу 
Dt = Азы + Азас +... +Ammom- 
. The problem is therefore to calculate D and its minors Apg 
To effect this, by the repeated applieation of the theorem of 
$ 38, we reduce D to a determinant of lower order: the process 
may conveniently be stopped when the reduced determinant is 


ОЁ the 4th order, so that we have, say, A 
D=M bmm Dmna ба Отта 

бау brana ле баш 

І Рат Бате бала баз 

b 


| бад Driana Dons inju 
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where M denotes an external factor, and each element 0, has 

been derived from an original element а, by a succession of 

processes of the kind described in $ 38. 1 
Now if b, is one of these 16 surviving elements, the , 

minor A», of D шау be reduced, by precisely the same trans- 

formations as D, to the product of M and a determinant of the 

3rd order: indeed this reduced form of Ay, may be derived 

from the above reduced form of D by merely forming the co- 

factor of b,, in it. Thus a single reduction-process furnishes 

not only D, but also 16 of the minors А 
Taking for example the сазе where we have 

is of the 6th order, we may reduce D by taking 

as the pivotal elements, and «hall thereby obt 


6 unknowns, so that D 
«у and Dyg in succession 
ain the minors 
Аз АЙ А5 Аз М, А] Аф Ags ARA 
those with an asterisk heing obtained twice. 
We can next reduce D independently by 
succession as the pivotal elements, and 


60» 


taking «4, and bgg in 
shall thereby obtain the minors 

АрАБ Ag Ag Ag А, Ags Ау A Ay 

so that altogether of the minors 

An Aye Ag An Aus Aug 

22 thos Аш Ags Aog 

Аз Agi Ags Ang 

Agi Ags Age 

55 4% 


Ас 
we obtain fourteen of them onee, three of the 
times. These multiple determinations serve 


Ex. 1.— To solve the equations 


3 Ags Agy Ago Ав А2 


m twice, and four three 
as checks to the calculations. 


2+ By — -2v— 
За + dy м — w= 
—2r— y+ 2u + 2v= 
7- 2ш +4 Эт = 


= 25: — 3y 
we first form the determinant 


D= 1 з -% 

| 3 4 - -3 

| -2 -%5 2 

0 1 3 

-2 -3 4 | 
and taking ау as the pivotal element, we have at once 
БЕ d 1 1 3|- – 95. 

1-1 —э гә 
| 1 as 5 3 
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We now find the co-faetors of the elements ару of D, corresponding 
to the surviving elements in D’. For example Ag the co-factor of 
— 5 in D, is evidently ($ 38) the co-factor of b. 1 in D’, so 


MES з 


Ir 


Аа-- 


3 3 0 


In this way we find the values 


3 16 
18 əң Ж 
9 a= —27 
= 44 Ag- 37. 
Now selecting wy, as pivotal element, we form the determinant 
D=D"= 1 3 -9 -8| = – 25 
4 3 7 = 4 | 
= 15 -19 23 18! 
-11 -15 17 13 


and then determine the co-factors of the elements apg of D, corresponding 
to cy, of D”. For example, 


се з =7 -—4]s52 
= |ш4ў әз 18 
—15 17 13 


Ад-- 1, Age 19 Ад-- 3 45-18 
Ар-- 1, Ag- 19, Аъ= 18. 
Now taking «4, as pivotal element in D we obtain the remaining 
CO-faetors : 
Aya), Ац--% 
"The solution of the above equations can be written down at once: 


Der = 0-5Aq 54А — 50А 0A 33А 
= 26-0 — 5:4 — 95-0 — 22-5 + 59-4 
whence t= 1:5. 


or 
ox whence y= — 1:0. 
А 54 А — 5-OAgg + T-5Agg + 3-3A53 
=9-5 + 16:2 — 90-0 + 67:5 — 13-2 
oF — 10:0; whence z= 0-4. 
5 D 
Du — 0-5A,, 454A, — 50А + TA 34 33g, 
--1-5-59-4-45:0--127-5- 89:1 
9% - 25u= — 67-5; whence v= 2-7. 


OE —25v=35-0; whence v= — 1-1. 
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Ex, 9.— Solve the equations 


Br—3y-c'iz-- ut+2v= 356-8, 
— 32+ 2y+2u+2v = 60-5, 
75-22- w— v = 161-0, 
®+9у+ 2+ ouw—-bóv--— T5, 


2z434y— z—óu4 v=- 71-9. 
118. Final Control of the Calculations.— When the most 
plausible values sọ Yp . . ., /, have been found by solution of 


the normal equations, we can calculate the residuals vj, . . 
defined by the equations 


à Ue 
xs bye. . cR fly т = an 
aw bir (1) 
gro bf. cb ful Т ви 

These residuals v are (as will appear later) required in order 
to determine the mean error of our results. Meanwhile we 


shall show how they may be used to furnish a check on the 
working hitherto. 


We have 
[0] = (цао. oA m mel oe (tn. otf- Ma)? 
= [ra] + [bb]? +.. -+ 2140 +... – [an]. . -+ [nn] 
mag put], t.. + [nf] — [an] + yollab] t.. «+ [Bf Ito — [on] 
+.. = [anu – [рау =... – ра, + [nr], 
and by virtue of the normal equations this expression reduces 
to the last set of terms, so we have 


[l= - [ons - [bn]. . .— [ае + [nm]. 

This equation may be used as a control for checking the 
accuracy of the whole веб of computations, [22] being computed 
directly by squaring and adding the residuals. We have 
previously (§§ 108, 117) described controls on the formation 


of the normal equations and on the calculation of the deter- 
minants involved in their solution. 


119. Gauss's Method of Solution of the Normal Equations.— 
The method of solving normal equations given by Gauss * differs, in fornt 
at any rate, from the determinantal method described in § 117. It 
may be described thus: 


From the normal equation in z, we find z in terms of the other 
variables and substitute this value in the rem 


* Theoria Combinationis, Supplementum. 
Encke, Berlin. astronomische Jahrbuch. (8 


рар 1 в 
aining normal equations 


The method is fully deseribed by 
35), pp. 267, 272, and (1836), p. 263- 
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this gives us the “first transformed system,” which involves only 
357... a 5 and is (like the original system) axisymmetric, 

From the first equation of the first transformed system (viz. that 
equation which was derived from the normal equation in y) we find 
y in terms of 2... іу and substitute this value in the remaining 
equations of the first transformed system: this gives us the “second 
transformed system,” which involves only 2, ..., t, and is also axi- 
symmetric, Proceeding in this way we obtain at last an equation which 
involves only # and from which £ can therefore be determined: we then 
determine all the other unknowns, each from the equation which was 
used for its elimination. 

Thus if the original normal equations are 

ах + haa git, 
he + by +f: =m, 
gut fy +c =n, 
the set of equations which are used in Gauss’s method for the final 


determination of 2; y, z are 


aa +hy + gi— ў | 
a h a g|., |а 
h E à Аһ „|| а) 
a h g a h { 
n b f|s-|h b т 
of el dg fom 


Now if T denote the quadratie form which represents the sum of the 
Squares of the errors, namely 
T m a2? + by? e? + 2fyz + 80920 + hwy — 9l — Әту — nz + и, 
itis known that T can be expressed as a sum of squares in the form 
а g|, Ja 1 


1 1 ah 
E "ue 1 {lf ir] 7 6-1 т 
а 
h b 


2 


\ 
J 


ja h g] [a h 1| 
1 ТЕ I 1 ah gl 
rt 7 z—|h 0 Г ——- E 
i a Һа h g i^ ul > f «|j 78 a hg hb fm 
DUBIE oi ee P кы h bf gfe nl 
g fc pfe] mn u 


Which shows at once that the equations (1) must necessarily represent 
the conditions that T is to be a minimum, and shows also that Gauss's 
method of solution is substantially equivalent to the reduction of a 


quadratic form to a sum of squares. 


Ex, 1.— To solve the equations 


z43y-2:— 2v= 0-5, (1) 


Ba+4y—5e+ uw—3v 5:4, (9) 
— 20 — 5y + 32— 2и + w= - 5:0, (3) 
y—22+5u+3v= 7-5, (4) 

. 6) 


—9z—3y--9z243u-4v— 3: 
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Eliminating « from equations (1) and (2), we have 
1 3 1-2 {1 0 1-2 1 05 
|} ЫНЫ” "ее; ej 
— by zu 3v=3-9, (6) 


and similarly, by combining (1) with (3), (4), (5) іп succession, we obtain 
the equations 


у= z—3u—2v— ~ 4-0, u 
к= TÄ (8 
a udi (9) 


= 1|,]-5 1) 1-5 3|, |-5 39 
| НИ HL 1-2 »=]| 1-40! 
or 42+ 90+ 70= 16:1, (10) 


and similarly, combining (6) with (8) and (9) in succession, we obtain 


9z — 26u — 18v = — 41-4, (11) 
Tz- 18и- 9v= — 33-2. (12) 


Continuing this process of elimination, the following equations are 
obtained : 


185и + 135v — 310-5, (13) 
135u-4- 85v—9240:5, (14) 


and finally, from (14), (13), (10), (6), (1), we determine the results 
ı v= — 1:4, w= 2-7, 20-4, y= — 1:0, and z= 1:5. 


Ex, 2.—Solve by Gauss's method the equations 


bzr—3y-'"z-c u+2w= 356-8, 
— 32+ 2344 20+ 20 = 60-5, 
72+ 92+ и- v= 167-0, 
++ z+ u-bv—- T5, 
39z-2y— z—5u4 v=- 712. 


120. The “ Method of Equal Coefficients ” for the Solution 
of Linear Equations. In a method of performing the 
elimination, which is known as the Method of Equal Coefficients, 
the two first equations are reduced to two equations between 
each of the two first unknowns and the remaining unknowns ; 
then these two with the third equation of the original syste™ 
are reduced to three equations between cach of the three first 


* B. I. Clasen, rua. Soc. Se. 12 (1888), А 50-59, B 251-281. 
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unknowns and the remaining unknowns, and so on. The 
advantage of this method is that the same coeflicients occur 
repeatedly, the elimination being thereby greatly faeilitated. 
The method involves certain divisions, which, however, should 
always give exact quotients without remainders, thereby con- 
stituting a control of the accuracy of the computation. 

Thus let the equations be 


ye + by + сү + di + еүр — f, 1; 
азе + yy] + Cae + at nsn = fos 15 
ау + буу + Cg + dyu + сур = ds 
age + byy + yz + dau + ev 1 
age бу + egz + Чун + egt 1 
Eliminating w between 1, and 1, we have 
| 55, y | tans БЫ Jagd, | + [ае | v — |а, 2, 


and eliminating y between 1, and 2, by forming the sum of 
= |«,5,|1, and 0,2, and dividing by ау, we have 


= qh, jo Hosts J+ | ds | u+ [06.10 =| bal 2, 


Now multiplying 2, by « 2, by - b, 15 by |4,01 and adding, 
we have 
| bees 12 usb, | w+ | а | o =| tabs fS h 8, 


Eliminating 2 between 2, and 3, by forming the combination 


[ву | 2, — | d.c, | 3, and dividing by — | «5, |, we have 
- | asbyes| у +| ases | 5141020 |o = [ае 73|, 3, 


апа eliminating z between 2, and 3, by forming the combination 


a,b,c, |2, — | b,c, | 3, and dividing by - | a,b. |, we have 
| ayboeg | o + | bycyds |% + | 0,208 CELAA 8, 


Now form the combination ~(,3;+ 148, — 0,3, + | боз | Ly 
We get 
| ауу, |а! (bolt |v=| абз, | 4, 
Eliminating > between this equation and 3, by forming 
14008,13, | «,5,d, | 4, and dividing by – [10,3], we have 


-|а1%е4,|25| абза? = KARAN 4, 
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and similarly 
[abdil у + | ае зе |o =| ауы, f, |, 4, 
7 [btad | сьве, | o = 1st f. 4, 
Now form the combination а,4, — 0,4, + 0,4, — (1.4, + |с os. 
We get 


[абс |o =| bacada f. 5; 
Eliminating v between 5, and 4, by forming | «063140514 
= |036,5 and dividing by |а,),6,4,|, we have 


- |4064 |u =| 4b, Fels 5, 


and similarly 


ШЕЛЛ |2 =| ШЕГІН 5; 
КАГЫНА 5, 
ае |= 0,1,7). 5, 


The solution is thus completed. 


Es. 1.— To solve the equations 


a+ By — -w= 0:5, lı 

3e+4y—5z+ и 30= 54, 1, 

-94-5у- 2u+2v= — 5-0, 1s 

yr 5u+3v= 7-5, 1, 

—2z—3y-2z:--3u-p4v— 3-3. l; 

Eliminating z from equations 1, and 1, we have 

— Dy zu 3v 3-9, 2 

and eliminating y between 1, and 2, by forming the sum of 5.1, and 
3.2, we obtain 

5r—'72--3u — ъ= 14-2, 21 


in which the coefficient of ж 
Now multiply 2) 
equation 


is minus the coefficient of y in 2, " 
by—2, 2 by 5, 14 by —5, and add to form the 


Az -- 9u-- To = 16-1, 9 
in which there are no term 

Eliminating 2 betwee 
14.2,- Зз), we obtain th 


s in æ and y. 


n 3, and 2, by forming the combination 
€ equation 


—4y— uu —0-1, 3s 
in pes Шш coefficient of y is minus the coefficient of 2 in 34. m. 
Now eliminating z between 2, and 3, by forming the combinatio 
(4.2, 7.33, we find 1 3574) p 


4c 15u + 90 — 33.9, j 31 
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in which equation the coefficient of ғ differs only in sign from the 
coefficient of y in 3, Now form the sum 3,-- 2.34 + 4.14, 
3Tu + 27v— 62-1, 44 


and eliminate и between this equation and 35, 


—372—4u= — 9-2. 45 


The remaining equations of the process are 


37y —16v= — 14:6, 4, 
— 372+ 18r— — 80.7, 4, 
35-0, 55 

67-5, 5: 

10-0, 5; 

5, 

5 


Й i E " 
The required solution is therefore 


w=15, y=—1:0, 2-04, wH27, т--14. 


Ex, 2,— Solve by the above method the equations 


ör- Byt 7+ Ut Qr= 356-8, 
— 32+ 2y+ 2u+2v= 60-5, 
Tx+ 92+ u— v= 167-0, 
z42y4 z+ w—Sv= — 7-5, 
Qu+2y— z—0u4 v=- 1122. 


121. Comparison of the Three Methods of solving Normal 
Equations.—Comparing the three methods which have been 
given—the Determinantal method (§ 117), Gauss’s method 
($119), and the method of Equal Coefüicients ($ 120)—we may 
say that the Determinantal method is on the whole the best for 
the solution of a set of normal equations. It should be observed, 
however, that the superiority of the Determinantal method 
depends on the circumstance that a set of normal. equations 
is always axisymmetric (i.e. the coefficient of y in the normal 
equation for æ is equal to the coefficient of 2 in the normal 
equation for y). For a set of linear equations which is not 
axisymmetric, the Determinantal method is inferior to the 


Method of Gauss. 
122. The Weight of the Unknowns.—We shall now 
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investigate the weights of the determinations of the unknowns 
"з Y. . зі. Denote the most probable values of the unknowns 
by so Yo- - » to We have in the notation of § 117 


Doy = Aut t Ае +. . o HAm 


where D and the minor A,, depend only on the accurately- 


known coefficients v, b, . . . of the equations of condition and 
where 


€ 0 + 0050156 +... Fling 
Cy = ҥн, + аты +... ат 


во Da- бүт ығы ы ...+ ёл, (1) 


where 


S= Ana +А 0+. . eMe... Sr | 


«Яш бы бы ... бәт 


аз “зо “зз +. Um 


Gm Ome Ong + + + Amm 


S= fay % € .. „Б |, ete, 
ад (о llog ... Com | 


Umi Am бата... um | 


By giving to np... Ng 
which case we should evid 
equations (1) the result 


the particular values а,..4Шш 
ently have 2-1, we derive from 


D= [éwa], (2) 
and similarly by giving to n, .. » Ms the values b, . . + 05 in 
which case æ=0, we have 


0= [2,2]. (9) 

Let w, be the weight of th 

% is given by equation (1), 
weight of a linear funetion of 


€ determination of ay Then since 
we have by the formula for the 
Т = 3 iy ys 
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ate HEW 


neh АЛАЛЫ ЛЫ 
буну Wib -o o Wa | ЕСІНЕ "©з | 
бд бә ... (эш | la a -+> Am 
Umi m2 ... Cmm | Ami Cm2 -+> Gam 
s uda, mb taba 
Па) 0e ees бй 
Mnl Am2 EA Gum 


E ps [08] 55» ІШІ 


21 ста + + » Com 


| Umi yug 0... Unum | 
-|D 0 ... 0 | by equations (2) and (3). 


Clor бо... Com 


Gy] фий - - „ бат 


Therefore 


ог 


апа similarly 


These formulae give the weights of the determination of 


^53, .. .; they are due to Gauss. * 
Itisa a созк Затов їп favour О 

ОЁ solution of the normal equations that 

are calculated in order to find 2, Y, 2 - 

the weights without any fresh caleulntion. Mm 
Now let е denote the mean error to be feared 1n 2 


| error to be 
pedea ) е, denote the mean 
n of unit weight, and let є G ‚ we have 
eut. 
then since V; — а, 


f the determinantal method 
as D, Ay, А»... 
ә the method furnishes 


feared in the determination of 2: 


* Theoria Combinationis, $ 21. " 
(D311) 
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We shall see later ($ 124) how e may be found in terms of 
the residuals of the equations of condition. 


123. Weight of any Linear Function of Unknowns.— 
Now let 


к=ж+Ьу+...+1 
be any linear function of the unknowns 9,9, Z, .. ., t, 80 that its 
most probable value is 
Up m Lyr, tlt. 21,0, 


where (ip, Yo» . 20) are the most probable values of the un- 


knowns. Let it be required to find the weight of the equation 
U = иу? 


It will be sufficient in the first place to take u =le + l'y. 
Writing as before 


а= Aut Agb t. o .+ Ano 
Ы = Ало +А 0+. . 6+ Am 5 
and writing 
= Ast, As, +... + Амо, ete., 
Day = ёту + боть... Eyre, 
Dy — тиот + ТЫЫ +... + трать, 


we have 
and therefore 


Dug = (lé, + Га)шүт + U& + уут t. o + (LE, + Uie) Wans 
Therefore if w, 


have 
2 


denote the weight of the equation u = tp E 
wy, = CEt ln, Pw, + (UE, + Ups) Wy te. + (1E, + Pt. 


Now we have already proved that 


Қз... 420, DA 


11» 
and in the same Way we may show that 


Em, + M Eni; = DA, 
D2 
Therefore Боа PDA, + 2IUDA,, + PDA, 
D 
or to, Anl + 2А + Аре, 


Ж Gauss, Theoria, Combinationis, § 29. 
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and similarly in general if w, is the weight of the function 
һә +15у+. . .-+ lnt, we have 
E =A t Alt. . ob Ammm + 2A MS... 

This formula gives the weight of the determination of any 
linear function of the unknowns. 

124. The Mean Error of a Determination whose Weight 
is Unity.*—We shall now find the mean error of a determina- 
tion whose weight is unity. For simplicity we shall suppose 
that the equations of condition have been multiplied by the 
square roots of their weights, so that they may be taken to be 
each of unit weight. Let them be as usual 

agp by. Лет 
nini odi. в) 
ag t og. P 

Write 
a,2+by +. . .5/4-т,-Е,; во E, E,... Е, are the true 
errors of т, . . ., m, ifo, y, + + , Care supposed to be the true 
values of the m unknowns. 

Write also 

[XI EE + fity — Mr = Ur 3 
80%, . . ., 2, are the residuals when the most probable values 
%...,¢, are substituted in the equations of condition. 


We have evidently 

[av] = 0, [bv]=0,.. - [/v] = 0. (2) 
Also ) 
E, —ту=ау(т— ду) + Oy - Y) +++ +A- o) x 


E, = U5 = (t — 2%) 
Multiplying (3) by 2, . - 
We have 


б-на а) 
2%, and adding, remembering (2), 


[Ev] - [vv] = 0. 
Multiplying (3) by E, . .., Es and adding, we have 
[EE] - [Ev] = [aE](z г) +. - -+ EY - t)» 
59 [EE] - [vv] = [aE](e —2) +- - -+ LEIE - to). (4) 


ж Gauss, Тлеоғіа Combinationis, S8 37, 38, 39. 
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Now we have already seen that if coefficients é, . . ., & are 
defined by the equation 


Do = ёт + ёт, +... + Erg 


then [g]=D, [5£]-0,..., (/£] -0, 
and 


[eé] = аё] + [Belvo +. -+ [/ENo - [nE] = Da - [n£] = 0. 


Multiplying (3) by &,..., СА respectively and adding, 

remembering the equations just written, we have 
[SE] = (v а). 

Thus (4) becomes 

D[EE] - D[vz] = [4E] [Е] + [^E] [E] -. . .+ [7E] [FE]. (5) 

This is a relation between the sum of the squares of the 
residuals and the sum of the squares of the true errors. As it 
stands, however, it is not sufficient to determine [EE], since 
the quantities E occur also on the right-hand side of the 
equation; but we may overcome this difficulty in the following 
way: 

Suppose the set of observations repeated by the same 
observers with the same instruments under the same conditions, 
N times, where N is a great number. For each of these sets 
of observations we shall obtain 
(5). Let these equations be add 
equation divided by N. The values of D and the œs, bs, . + о ` 
Рв, £5,. . ., т'в are the same for each set of observations, but 
the w’s, E's, and 78 differ from one set to another. Using the 


symbol X to denote Summation over the different sets of 
observations, we have 


D D 
DUE] - pr] 


an equation corresponding to 
ed together, and the resulting 


= ixpak) [ek] + a SVE] E] 4. . + ism 


Now if positive and negative errors are equally liable to 
r 1 
occur, each of the sums NOE, evidently tends to zero 28 N 


increases indefinitely: апа then the equation becomes (when 
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we understand the sign of equality now to indicate that the 
two sides of the equation differ only by negligible quantities) 


PS[EE] - sol E іа ЕР + pkgs? +. «++ Maks?) + 
1./, тә А 
+ и +... fio E). 


N 


locus ТА 
Now xS 5-5. = e 


N 
quadratic mean error, iv. the value which we should deduce 
ervations. 


from an indefinitely great number of obs 


=the square of the true 


Therefore, denoting the quadratic mean error by e, we have 
Dse- Pts] 
= (S£, + abe t+ + taget. tmt кте 
= Dme’, 
so MENO 
=s—-m NC 


value of the quadratic mean 


In this equation e is the true 
tion whose weight is unity, 


error je be feared in a determina 


and ge) is the mean value of the sum of the squares of the 


residuals, Since the true value of іледі is unknown, we are 


that which is furnished by the 


obliged to be content with 
so for the most probable 


uni 
РА actual set of observations: 
alue of е we have the equation 


e quadratic mean error e to be 
ht is unity; s denotes the 
d m is the number of the 


This is Gauss's expression for th 
feared in a determination whose weig 
number of equations of condition, ап 
unknowns z, y, , . ., 4 The quantity 


Ar 


К ape 
8 therefore well adapted to measure the precision of the 
Set of observations. 


given 
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125. Evaluation of the Sum of the Squares E) К 
Residuals.— We shall now show how [73], the sum E de 
squares of the residuals, may be expressed in terms бі e 
coefficients in the equations of condition and normal equations. 
We have ) 
2 т >= 
Өл (ат >... оъ). TEAR EN ) 
= [вай + [yg н... + [арау +... anp. 
[aa] ot ДІ + [ СА Son, (1) 


ic 
and we know that [2°] is the minimum value of the quadrati 
form 


[ac p? + [bby +. . [ару +... – anje n.. + [nn] ! 
From the general theory of quadratic forms we know tha 


p : В * o be 
the minimum value of this last form (which we know t 
essentially positive, since it is а sum of Squares) is 


[e] [ab]... [af ] [en] 
[a] [bb]... [f] [m] 


а] Гап) [bn] Deep] [nn] 


B 09]... (7) 
Wf] Bl... Ly) 


tablish this formula 
roved ($118) that 


We may also es 


directly in the following Way: 
We have already p 


[22]= — [a ny,-[bny,—. ..— [nt + [n2] 
and substituting for m 


we 
w Оо... fg their determinantal values 
obtain the equation (2). 


Combining the results of this section with the equation (§ 124) 


2 8 [ee] 


s-m 


and the equation ($122) 


A 
eeu, n 


г T- 
we see that the quadratic mean error to be feared in the dete 
mination of x is Ex, 
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where 


[аа] [ab]... [af] [an] 
po] [5]... [Bf] | [at] [00]... QD] 10%] 
[| [e] ee. [cf] : з А z я 


cu [07] [v1.-- Uf) Тат) (4... (әт 
(з- т) [aa] (ад... [af]? 
[ab] [M]... [^r] 


[y] BF]. Uf] 
If the original observations are weighted we must write [waa] 
for (аа), etc. 
Ех. *— Suppose that observations of equal weight give 
s> yt2=3 
3c4-2y — 5 
40+ y4 42-21, 
while an observation of weight 2 gives 
— 9+ 6y + 62 = 28. 
For the last equation we substitute 
2+ 3у+ 32= 14, 


апа the four equations are now of equal weight. 
Тһе normal equations are 


27129 + 6) — 88 
d e 70 h 
Ж. 12707 
Which give = 19899 *o— 6633? 
or еқ = 1:916. 
о 
The weight of the determination % is Was where 
115 1 
1 ES 809 
E NM Ss а-ы. 
wD (97 0735 19899” 
6 15 1 
0 1 54 
19899 
i "= "809 ° 
қ "37 2211 
a i ER 
nd similarly wy pq We= Gy 


* This example was used by Gauss himself as an illustration of the Method 


of Least Squares. 
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'The residuals are 


4960 1320 1880 1400 
719899 7 19899 19899 7 19899 


and therefore the sum of the squares of the residuals is 


1600 
[7] 7 товоо’ 
so the quadratic mean error to be feared in the determination of æ is 


2] 1294400 Ж * 
£y Where «i Dl. (19899) and similarly for єг and e? 
be [ 


126. Other Examples of the Method.— The Principle of 
Least Squares is applied in the first of the following examples 
to a problem of curve-fitting, and in the second to a geometrical 
construction. 

Ех. 1.—Fi; 


nd the values of the constants а, b, с, which nearly satisfy 
the equation 


А boc 
Ла) =а+ = + à 


for values of æ between q and p, where 


Ха) is a given function. 
In this case 


Р b ou 2 
Í fa Е) ат 


is to be made а minimum, s 
we have the three equations 


е “P dz Pag р 
of — ate з= | Лаа, 


1 4 4 
Pde P dz "Аш fe Ла) 
Go) —45 = = | “ae 
ЖӘПЕ 23 І 24% 
p 


"dm Pd рд, P fa) 
а sn ae КЫ 24. 
4 


4 


o differentiating with respect to а, b, and с, 


From these the values of a, b, с can be determined, 
Es. 2.— The position of a point in a plane is determined as the inter- 
section of several lin furni: 


А of : es furnished by observation, Owing to errors of observa" 
tion the lines ате not exact 


sition 
of the point * ly concurrent. То find the most probable pos 
Denote by 443... 4, the distances of a point of the plane from 


Journ. de P Ecole Po 


* d'Oeag 
d'Ocagne, ol. сай, 63 (1893), y. 1. 
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Шеп given lines; let Ay, Ay. . , A, be the weights attached to those 
lines: then the required point is that for which 
Ay + А2. ++ Anda? 


isa minimum. This point may be called the centre of least squares of 


the system. 
The centre of least squares is the point for whieh the function 


2 Acai pet bap ei? 


ы = agb 
is a minimum : so its co-ordinates are given by 
os 08 _ 
Б” oy? 
= sas ++) у Хаг + by + с) o, (1) 
tw ag be V ss, аё +02 


Now if О is any point whatever of the plane, and Oi, Og es „ Ол are 
the images of О with respect to the given lines, the centre of gravity о 
of particles of masses Ay, А» „Д at 0, 05. „ On’ may be called 
the symmetric barycentre of | о ‘with respect to the system of lines. 

If O be (X, Y), the symmetric barycentre O' of O has the co-ordinates 
(X, Y^, where 

7798 2 2 Маа: + bY + сд 
g М тА 1 a? +b? 


„ апл ;bi(a X + bY t ci) 
Ү'=Ү- UAE ag The J (9) 


where L= Ap. RÀ» 
Now suppose the origin taken at P, 
by (1) we have 


the centre of least squares, so that 


SOMME у Лс 
eu 20279 “айғыр 
so that 


and suppose the direction of the axis Px chosen 
T Ма ibi 
“apt +12 


Then the equations (2) become 


з Aim £o Wu 25 Ab? ;) 
x-(r-. yd j е E: сет, 


OR 2. Ма; E 
nd since (1- = ane) + +(1 m 


these may be written 
п. Y'--—pXY. 
(0311) рах А S 
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Let O" be the symmetric barycentre of О”. | 
The co-ordinates of О” are X" — 1X, Y" =p2Y, and therefore the line 
00” passes through P. Moreover, the lines PO and PO’ are equally 


WE PO’ PO" 
inclined to Pz, and PO == рр 


o 
Fio, 17. 


Therefore the triangles PO'O" and pi 
with O'O” an angle equal to the angle ООО, Thus the centre of least 
Squares P is the intersection of OO" with the line O'P which makes 
with ОО” an angle equal to 0’00": or otherwise expressed, the centre of 


M igitur 15 the intersection of OO" with the tangent at O' to the circle 


00’ аге similar, and O'P makes 


Wo Measured Quantities occur in the 
same Equation of Condition. We shall now consider the case 


in which the quantity n in an equation of condition 


@® bY kosis оу (1) 


3 ^, are attached, i ired to find 
the Weight which must B crit da п 


be attached to the equati 
| ]uation (1). 
Let the expression for n in terms of p and q be 


> 1 p and a small error p in q give rise 


др° у" ina; 


toa i 
error > and therefore the weight wn of 718 
given by the equation 
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The equation (1) is now to be treated as if » were а 
measure derived from а single observation having the 
weight wn. 

128. Jacobi's Theorem.—It was shown by Jacobi* that 
the values of the m unknowns which are obtained from s 
equations of condition by the Method of Least Squares may be 
derived also in the following way. Take апу m of the equations 
of condition and solve them as ordinary algebraic equations, 
obtaining (say) a value 


d = 


2 = аі (where A, and B, are determinants) 
1 


for the unknown æ. We сап select the m equations for this 


Purpose in p ways, where p= (4) and thus obtain p values for 


2, Say 
А. ‚ _ Аҙ 


0, meat 65 ad 
ает ААА: 
Then the value of « given by the Method of Least Squares is 


А,В, + A,B. +- + ‚+ ApBp 
79 В +В2+...+В# C 


This result is an immediate consequence of Cauchy's well- 
known theorem on the equivalence of the two forms in which 
the product of two arrays can be expressed: thus in the case 
of s=3, эт = 2, what is to be proved is 


ауу + qur, eur, а, + Cada +0% 
Pd cac m 10, Саба, A 
174 50,0% + Doa be. 02+ og 


3 3 Mg 
а, Жай + а ау) жақ, Жау), 
14 + 050, + taba + 02+ bg 
СА Ел x: түр ay | ү Zala а 
DALIA та daba! 1803! 0308), 
T 2 2 2 
(ДІЛ us |е а, 
а, agbs) 1439 


Which follows at once from the theorem on the produet of two 


arrays, 
* Journ. für Math. 22 (1841), p. 285. 
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Ex.*—Consider the system of four 


equations used by Gauss, and 
worked out in Ex, $ 125, above, viz. 


2- yt in 
3x4 2y- i e 
det у+4:= 21, ч 
= &+83у+35=14. (4) 
Now equations (1), (2), (3) alone would give 
90 115 
i кешр 
the numerators and denominators being the exaet values of the de- 
terminants, thus, 
1-1 2 
з 2-5] =35, etc. 
14 1 4 
Equations (1), (2), (4) would give 
122 167 , 93 
жасат» =a fm 
Equations (1), (3), (4) would give 
78 113 
=з у 733? 
Equations (2), (3), (4) would give 
- 304 — 444 
“шәр Y= ie 
(90 x 35) + (122 x 47) +(78 x 33) + (304 x 124) 
so z= 


3524- 47243324 1242 , 
49154 
= ———‚ as before, 
19899 
129. базе when th 
Rigorous Equations. 
knowns z, 1/5325 ге, g 


е Unknowns are connected by 
It frequently happens that the un- 


+f are not independent, but are connected 
by rigorous equations: for instance, if 2 


> Y, 2 represent the 
three angles of a triangle, they are connected by the rigorous 
equation z+y+z=m, Та order to discuss this case we shall 
suppose that the unk 


nowns are given as before by a set of 
linear equations derived from observation 
+ ут... +ft=n, 
ag + dy te. tft =n, (1) 
, 
Са Бау. REL] 
* Glaisher, Month. Not. 40 (1880), р, 600. 
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(where m4... are the observed quantities), together with 
p rigorous equations 
Ф (y 2-9 Y=0 
pa (2 У, + + 4 2) =0 
(o, у ) F (2) 


A 079 
We shall suppose that (by multiplying each of the equations 


of condition by the square root of its weight if necessary) the 


equations of condition have been rendered all of equal weight. 
that the most probable 


Then, as in the proof of $ 125, we see 
values of the unknowns are those which make 
Е-(ааф + [0002 t Qfabjay +- - -7 3[en]e-. + [nm] 


a minimum, subject to the conditions (2). We must have 


therefore 
9E дЕ дЕ 
vu ав ud = 0, 
24 * 2/47 + жа 0 
where do, dy, . . ., dt are subject only to the conditions 
дф, 7, 2%, дф, 1 = 0 
an sia hal ++“ 


Oy 7, 0ф, 09%у-0/ 
2 dod +- bape | 


and therefore the unknowns are to be determined from the m 


equations 
Е 9% Obs E" „ге 0 


d.e тамы 

ӘБ Ә.Ә, ал00 
-T а АШ 
QE, Oy , уд% noo 
a tw thy co ru 


(Where Ay, А,,. . 2 Aj are unknown multipliers), together with 
equations to de- 


equations (2. We have therefore (m +p) 

termine the (m +p) unknown quantities ә, y,- « » b Xe «s № 
Кж. — The measures of the four angles of a plane quadrangle are 

в, В, y, 8, with weights gy 2» 8, Ia respectively. Find the most probable 
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values of the angles, апа show that the weight. of the value found for the. first 
angle is 
(буа + bola + 910804 + 050503 
Ia + tata + Dolla : 
so that when all the weights are equal, the weight of the final value of an 
angle is + the weight of an observation. 
Let the angles be 0, 0, 6, 0, The equations of condition, reduced 
to unit weight, are 
/ САД = зо, / (ENT do, — (абз = Мазу, 1/70, = /9,5, 
and the rigorous condition is that 
0, + 0, + 05 + 0, = 2. 
We have therefore to make 


$0, =a)? + q.(6, — BYP + (б, — ya. 2(0,- 9? 
à minimum, subject to the last condition. We have therefore 


[ACA - «40, + ГАСА - В)а6, + 9300; – у)10 + I, ~ 018, = 0, 


where the differentials are subject to the condition 


d0,+ dh, 4- d6, + dO, — 0, 
and therefore 


2(0,-«)- 040, 8) = 93005 — y) = 2(0,- $). 
We thus obtain 


8, = 4 – _ а + B + y 8— әл) 
ы Saga + 01030, + 1827, + тату 
on б- 900 + 904+ 040) 


=) 92080 
Sete, OSEB +7 48-9 


“00304 
and similar expressions for the other angles, 
Denoting the weight of 9, by 


p We have at once 
we (ats x offa Gao) Hn S | CEA Pa is 2) 
1 ШАЛ th on) Ag, ғр” 
= 0з + бу + 90 
=з «yh 0,0 
Оаа Mass 090, + o) 00824), 


= tutu 


Фа” 


or W, = 973010004400 425410578 


90-07, + gag, 4 
which is the required result, 
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130. The Solving Processes of Gauss and Seidel — 
When the number of unknowns is great, the algebraic methods 
for the solution of the normal equations, which have been 
described in $$ 117-120, become exceedingly laborious: under 
these circumstances, the normal equations may be solved by 
a method of successive approximation in the following way. 

Writing the normal equations 


ам? + Ao +. ot limt = 01 
аып + Ugg +. ‚+ dant = Сә 


, 


аы + oy +. sob ті = Cn} 


we first assume for 2, y, . . „ ¢ any system of values. Since 


in the normal equations the diagonal coefficients are sums of 
squares, whereas the non-diagonal coefficients are sums of 
products of which in general some are positive and some are 
hegative, it is most often found that the diagonal coefficients 
are larger than the others. and therefore the corresponding 
terms are most important: so we therefore generally take as 


initial values for 2, y, . . » ¢ the numbers 


б % Си 

DT. nm 
respectively. 

With these assumed values of 2, y, . . +, ¢, we calculate the 
quantities 
Ny = + Ge +. ot Opa — Cy, 
N. 

and take Av- C 


We can now assert that by adding Ат to the assumed ee 
of æ we are improving it: for if we denote by 0) the sum п 
Squares of the residuals when the assumed values are p 


55V, .. , t, we have 
ууз 


Ж ы у + 20187 
Qs asa asta, Lo aul + 20090 + 2 VE 
B 42a. + <= dee T UTE 
2 
= (Gye + aay + + damit = &1) 7/411 
її +... іт 1 р : > 
ы terms depending only on y, 2% - + » 
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If in this we replace 2 by z+ Av, without changing y, z, с» 8 
the effect is to destroy the term (tr. lobt ey in Q 
without affecting the other terms: that is, the effect is to 
diminish Q. Now the set of values of 2, y, . . „ ¢ which we 
wish to obtain are the set Which make Q a minimum: and 
therefore if we say that one set of values of Фф кё FAIS OM 
improvement in another set when it corresponds to a smaller 
value of Q, we can say that by adding Av to 2, without changing 


the values of y, .. ., £ we are obtaining an improved set of 
values for the unknowns, 


Now with the improved set of values of 2, 4, . . «, we 
calculate the quantity 
No gy + nu es ob al = Cy, 


and take Ay М, 


In the same Way we can show that to add Ay to the assumed 
value of y is an improvement. Proceeding in this way, we 
improve each of the values a, y, . . » fn succession, and then 
return to 2. Тһе process, which is due to Seidel? may be 
Stopped when the residual N’s are sufficiently small Та 
common with all iterative methods of approximation, it has 


the advantage that an error of calculation continually corrects 
itself in the subsequent steps of the pr 


ocess, 
Ел. Let us solve by this process the normal equations of Gauss’s 
original example, namely 
[27+ 6y = 88, 
4 z+ 15у-с- 70, 
| 7%544 -107, 


We take as a first Approximation 


y- roughly, 
2 roughl jn 


Then N)= 2704 6y ав 23, 


N 2 
and Ac = тӛре ~ 59 = – 0-85, 


eo 


* Münch, Abh. 11 (1874), Abt, 3, p. 81. 
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Thus the improved set of values is х= 2-15, у= 5, #=2. These give 
х, 
= 60+ 15у+2- 70 = 19-9, and therefore Ду= — 1g 1:33, so we 


now have <= 2:15, y= 3:67,:— 2, and N45 y-- 54: — 107 = 4:67. Thus 


рее 0-086, giving = 2-15, у = 3:67, == 1:914, and Ху = — 8. 
54 а 


Repeating the process, we have 


N, 8 е = 

Ace — 51 g= 0-296,givingr = 2446, у= 307,77 1914, Х,= 1:640; 
А М, 3, givi 2-44 3:561, 2— 1-914 
у= -g —0:1093, giving s= 2:4 6, у= 3:561, <= 914, 

9 N32 — 0:083; 


— 0-01, giving «= 2-446, y= 3:561, 2= 1:915, N= - 0:592; 


22, giving «= 2-468, y= 3:561, 2— 1-915, N,= 0:138; 


€ T 
quee 157 ^ 0-0092, giving x 


2 


z= 1:915. 


, 


These differ only by at most 0-002 from the true values. 
If Seidel’s process be carried out for a set of equations with 
literal coefficients, such as 
p hy gz-l, 
Аа + by M f: = т, 
[^ +fy + 6 = т, 


it is readily seen that the value of æ is what would be obtained 
from the formula 


2fgh £g т 65 h 


-1 
abe be ac 2) 


by expanding the last factor by the binomial theorem as an 
infinite series, 

A method closely akin to this had been communicated many 
years before by Gauss to Gerling.* It may be illustrated by 
the following example: T 


* Cf. the appendix to Gerling’s work on the application of the calculus of 
Compensation to practical geometry (1843), p. 386. Another very similar 
Process was described by Jacobi, Ast. Nach. No. 523 (1845), p. 297. 

T C. A. Schott, U.S. Coast Survey Rep. (1855), p. 255. 
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Let the normal equations be 


0 2-8 + 76x — 30y — 20z — 26и, 
0 4-1 — 30x + 83y — 25x — 28и, 
0 1:9 — 20x — 25y + 892 — 44и, 
O=  3:2— 26x — 28у — 442-- 98и. 


То ascertain which of the unknowns will probably be the greatest, 
we examine the quotients: 


Es 28 — Р =: - ns а ДАЙ, лә 

а 008 е = 1 04), z= Gy = 0-02, 
з= a 008 

98 


Accordingly we begin with y and write y = 0-04 + Ay. The equations 
now become 


0 1:60 + 76: — 30A y — 20z — 26u, 

0 = — 0-78 — 30x + 88A y — 25z — 28и, 

0 = — 2-90 — 20r — 25 Ay + 8092 — 44u, 

0- 2:08 — 26x — 28 Ay — 44z + 98и. 

This gives for quotients (roughly) 

1-60 0-78 2-90 

Emo — 10:02 B 0. = =r 
2 16 0:02, ду 8З 001, 2 89 0-03, 
2-08 
= — IL = —0:02 

98 


We therefore now substitute z = 0-03 + Az: and proceeding in this 
way, the whole solution may be brought to the form: 


y= 004 2-003. Ay-001 z——001 u- —001 Az- —0003 А:- —0-002 Ай = 0:001 


0— 160 100 070-006 0:20 — 0028 0-012 — 0-014 
— 078 — 1-53 — 0-70 — 040 — 0-12 — 0-030 + 0-020 — 0-008 
— 290 — 0-23 — 0-48 — 0-28 + 0-16 + 0-220 + 0-042 — 0-002 
+ 208 +076 4- 0-48 4- 0-74 — 0-94 — 0-162 — 0-074 — 0-024 


The operation is now completed if we are satisfied with two places 


of decimals, and the first unknown quantity is x+ Az-- Аа... Ог 
x= — 0:018. 


Similarly 


Sl». Alternatives to the Method of Least Squares.—At different 
times various methods have been proposed, other than the Method of 
Least Squares, for dealing with problems which are commonly solved 
by that method. We shall now notice briefly sóme of these: 

1°. The Method of Tobias Mayer. In the latter half of the 
eighteenth century the most plausible values of the unknowns were 
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commonly found by a method which had been published by Tobias Mayer 
in 1748 and 1760. It consisted in arranging the equations of condition 
s, forming the sum of the equations of each set, and treating the 
ions so obtained as normal equations. The method is decidedly 
rior to the Method of Least Squares. 

2°. The Method of Minimum Approximation.—Consider a system 
of s incompatible linear equations in m unknowns (s>m): 


(1) aiz by t. += @=1,9,.., 9 
Replace it by the following : 

(2) agwtbyt. . b fit tmn 
be called residuals. The name minimum 


given by Goedseels T. to the smallest 
xolute value of the greatest residual 


бели о 


where the quantities 7; may 
approwimation of the system (1) was 
value which we ean assign to the al 
of the system (2), in order that this system (2) may be compatible. 

The problem of determining the minimum approximation of a 
system (1) was enunciated and solved by Laplace j in 1799, but his 
method involved such laborious calculations as to be in general 
impracticable. Six years later, in 1805, Legendre proposed the same 
Tourelles Méthodes pour la détermination 


Problem, in the appendix to his N 
des orbites des comètes: he found no easy method of solution, and proposed 
to replace the method by that of Least Squares. 

A much better solution was given in 1911 by C. J. de la Vallée- 
Poussin.§ 


3°. Edgeworth's Method. 
ау" by +. 


— Taking the data as usual in the form 


2 tft=ny 
age thy te. ot fats 

measures of equal weight, F. Y. Edgeworth in 
ost plausible values 2, y, +» о t in the 
to be such as to render minimum the sum 


where Nyy Noy oy Mes are 
1887 || proposed to define the m 
following way : 2,7,2 » t are 
of the absolute values of the residuals, 
law + + п, | [96+ ов: e 

yee. A 5 Jt- alt 
= ы + lage + byt. + Efl 
Tt may readily be shown that this rule is derivable from the 
hypothesis that the law of error is of the form 


y= fhe“, 


where « is taken positively in both directions. 


* Kosmographische Nachrichten and Sammlungen. 

+ P. J. E. Goedseels, 7coric des erreurs d'observation : Louvain (1907). 
£ Mécanique céleste, Livre III. No. 39. 
§ Annales de Та Soc. Sc. de Bruxelles, 
|| Phil. Mag. 24 (1887), р. 222, and 25 (1888), 


35 (1911), B, p. 1. 
p. 184. 


CHAPTER X 
PRACTICAL FOURIER ANALYSIS 


132. Introduction.—lor the description of phenomena 
and the solution of problems in Physics, Astronomy, and 


Meteorology, much use is made of Fourier series, that is to вау, 


series of the type 


Mgt (0, COS O + и, COS 20 + а; сов 30 
+0, sin 0+ 0, sin 20-- b sin 304... . (1) 


where co а, 0,4, bg, . . „ате independent of 6. 


Consider, for example, the vibration of a violin string. Let 
a stretched elastic string be fixed at its end-points and take 
the axis of 2: along the string, so that the abscissae of the end- 
points can be taken to be е0 and w=l; let y be the dis- 
placement (in а direction perpendieular to the String), at time 
1, of the point of the string whose abscissa is æ. "Then when 


the string is set into vibration in such a way that it emits its 


fundamental note, unmixed with any overtones, its vibration is 


represented mathematically by the equation 


#= А sin ™ sin (Аға), 


where 2r/\ is the period of the note in question, А depending 


on the mass, length, and tension of the string, and where A 
and а are arbitrary constants. If the String is веб into vibra- 
tion 1n such a way that it emits its first overtone (the octave 


of the fundamental note) unmixed with any other sound, the 
vibration is represented by 


¥=Bsin без sin (2\/ + В), 
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while the second overtone is represented by 


vom Om. 
у= C sin —=— sin (3M + y), 


and so on. When the string is set into vibration in a quite 
general fashion, so that all the overtones are present in the 
sound emitted, the displacement at time ¢ is represented by a 
sum of these terms; thus 


mu та. 
у= А зіп T sin (M + a) + B sin T sin (2% + В) 
+Csin ен sin (3м+у)+... (2) 


and therefore the velocity at time ¢ is represented by 


di ; КЕР; 
op = AA sin Tr cos (At а) + 2\B sin = сов (2А + В) 


+3AC sin 2 cos (344 + у)+... (9) 


Suppose that at the initial instant, / — 0, the displacement 
and velocity at every point of the string are given; let the 
displacement be p(x) and the velocity be y(x). Suppose, more- 
over, that we are in possession of a method which enables us to 
express a given function /(2), which vanishes аба=0 and 2 = /, 


аз а series of the form 
та ‚ 272 . Sara 
Да) =), sin ^ T +b, sin ^7 +03 sin A DER (4) 
where 5, 5, 5, . . . do not depend оп «, but depend upon the 
nature of the function f(z). Applying this theorem {о the 
function $(z), we should have an equation 


т? 


A . 272 2. Әле 
$(2) =p, sin F +P sin - psit... (5) 
where p, py py... шау be regarded as known, since the 
function (2) is given. Similarly 


т?! 2та; 2 ӛтт 
у(а) =q, sin T q Sin —5- + gs Sin T +... (6) 


Where 4), Fo 93 - » · may be regarded as known. 
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But putting 2-0 in (2) and (3) we have 
тї 


: 2 Әта 42: zc Qm кү 
$(z) = A sin «sin [ * Bsin Bsin ^ +Csinysin—-+... (7) 


ylz) = ЛА cos а sin T 2XB соз f sin 2а 
+ ЗАС cos у sin Bis. «x (8) 
Comparing (5) and (7) we have 
Asina=p, BsinB=p, Csiny=p,... (9) 
Comparing (6) and (8), we have 
ХАсова-4, 2BcosB=q, BAC cosy=y,... (10) 


The systems of equations (9) and (10) enable us to find the 
unknown constants A, a, D, B, C, y,... in terms of Py di Po d» 
that is to say, in terms of known quantities. Thus equation 
(4) enables us to analyse the initial data into constituents 
А, а, B, B, .. . such that the first pair of constituents (A, e) 
gives rise to the fundamental note of the string, the second pau 
of constituents (В, 8) gives rise to the first overtone, the third 
pair of constituents gives rise to the second overtone, and so on. 

As a second illustration consider the Theory of Tides. The 
tide-generating potential due to the sun and moon may be 
expanded as a series of terms of the type 


A sin (At 4 e), 
where ¢ denotes the time an 
change from one term of 
constituent term gives rise 


d A, À, e are independent of ¢ but 
this type to another. Each such 

to an oscillation of the sea, the 
oscillation having the same period 27/\ as the term in the 
tide-generating potential to which it is due; and the height 


of the tide at any instant at any seaport may therefore be 
represented as a series of terms of the type 


A’ sin (At + €), 
where the constant А is 
but is the same for all Se 
are characteristic of the 
particular seaport. 


characteristic of the particular tide 
ports, while the constants A’ and € 
particular constituent tide and the 
By analysing the observed tides at 8 
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seaport by means of a theorem similar to (4), we can find these 
constants А” апа е; we are then in a position to predict the 
tides at this port for all future time. 

А. series of the type 

Ug + My COS а + а„ COS 27 + (tg COS Bn... 
+b віп æ +b, sin 27+ bysin Зв +... 
is generally called a Fourier series, the coeflicients a, 01; бое 
being called Fourier cocjicients: and the representation of a 
given funetion by means of a series of this form is called 
Fourier analysis. The term trigonometric interpolation is 
perhaps more appropriate when (as in the present chapter) we 
are concerned only with finding a series with a finite number 
of terms which takes given values for a given finite number of 
values of the argument 2. 

133. Interpolation of & Function by а Sine Series.—In 
the last article we have seen the importance, in Applied 
Mathematics, of a theorem which will enable us to analyse 
а given function into a sum of trigonometric terms. The 
problem was solved, at any rate in its simplest form, in 
1754-59 by Clairaut* and Lagrange, who showed how žo 
Construct а sum of n trigonometric terms, such as 
u(x) =b sine + b, sin 2e + b, віп Зд +. . .+ 0-15 (љ- 1), (1) 
which will take given values for (n—1) given equally - spaced 


values of the argument т; вау, 


T 9z Lx (% - a) 
%Ш-)- u(—]2 TTI ic ьа ag Ed, 
(5 11, u( x) Ma, 1 ( = з 7 n-b 


Where ш, ш, . . + 14-і are given numbers. 
To effect this, Lagrange remarked that the sum 


‚фт. Әт. 94т 2 (n-1)pr . (п- 1)0т 
Sin 27 sin 2 + sin 207 sin ATE. еніп @=Dpr no 
7% n n n n 


(where p and g denote positive integers less than л) has the 
value $n when p is equal to g, and is zero when p is not equal 
tog. Therefore the function 


* Olairaut, Hist. de l'Acad., Paris, 1754, р. 545. 
. T Lagrange, Misc. Taurin. i. (1759), p. 1: reprinted Œuvres de Lagrange, 
i, p. 39; Mise. Taurin. iii. (1762-5), р. 258: reprinted ( итев de Lagrange, 


i. p. 553. 
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2 cm or - Эрт ; . (һ-І1)рт 
Z(sinzsin^ вів 2zsin 77 +... + sin (x = 1)zsin аа "р 
n т т 7 


рт А qu 
has the value и, when а and vanishes when = where 


q is different from p: whence it follows immediately that the 
coefficients in (1) must be given by the equation 


ъ= aU sin E + Uy Sin zer +e o o+ Un- Sin G- ae, 

It should be noticed that the expression (1) satisfies the 
condition that : 

1°. It takes the prescribed values Мі, . . ., u4., at the given 

values of the argument. 

2°. It is periodic with period 27. 

3°. It is an odd function of a. 

Suppose now that u(x) is a function of > which takes 
prescribed values 01, .. ., w,., at the given values of the 
argument, but suppose that the function u(x) is not periodic 
and is not odd; in such a case the expression (1) would have 
a graph agreeing more or less with the graph of the function 
u(z) between z—0 and Ф-т, but the agreement would cease 
altogether for values of 2 less than zero or greater than т. It 
is important to realise that by this method of interpolation we 
can obtain an expression which agrees very closely indeed with 
a given function over a certain range of values of the argument, 
but which, outside that range of values, bears no resemblance 
whatever to the function. 

134. A more general Representation of a Trigonometric 


Series.—In the last article we obtained for the function %(2) 
ап interpolation formula which is formed of sines only. We 
shall now obtain a more 


general formula* which involves 


ata in our possession, when We 
have more data than the minimum number required. 
Let it be required to Jind a. sum 
y+ Б с082--а, сов 20+. . „+ а, сов СА! (1) 
+0, їп 2+0, sin 224.. 4 b, sin rz) 


* © жам 
Bessel, Königsberger Beobachtungen, 1 Abt. р. iii. (1815). 


PRACTICAL FOURIER ANALYSIS 265. 


which furnishes the best possible representation of а function 
u(x), when we are given that u(x) takes the values o 4,2. - 

; 22 2(n — 1)= 
ил-1 respectively, when 2: takes the values 0, = T Snc 

n 

respectively: n being some number greater than 2r. The 
problem is to determine the (2r + 1) constants 4 ay bp . . » 
а, 0,, во ав to make the expression (1) take, as nearly as 
possible, the n values 4, "4, . + s Un-b when « takes the values 


E CER” 


2r 9 
Qa 2(n — l)r А a 
2) E Ue ; so the equations of condition are 


2r 2 7.9” 


4.47 


=U +a 1008 — + сов —— T... 04,008 


Uy 


fente +...+а„ 


2т 2.2т т.т 
t, sin + 0, Sin —— «uos узш — 
т т 
“тауға 2.2т " 54:2 LP cos 27:2" 
- eos 2727 фа, COS ——— +. . . +0, COB — —— 
ШІ 04008759704 т r n 
. 2.2m e 4.2 . 27.27 
+b, sin —— +), sin — F . . +b, віш š 
n a n 
(n- 1)27 ъ= 1)2к 
Un-1=4 i t. . etlr COS ------ 
n-1= Ug (4 COS = + ý A 
n- 1)2т "(n — 1)2z 
+, sin ( p -...%0,віп рс 


The normal ы for a, is therefore 
Ug + Uy + Ug. s et Un-1 


(n- tite 


[ 2r 
= Mtg ty + GOB tie. = 85908 


І 2.27 2(n- 1)2z 
ui m od. oa OS = ) 


Жек 
( -1)2z 
+“ [1o =+. . -+008 ) 
2r 2.22 : n De 
+ віп 5, tsm E a SSI CC 
Жая 
„ЭЖ T (n — 1)271 
b, an 5-4 sin . 
T жүзін т sts in ^ j 
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-Since 
dkr 2(%— с т 


2k 
— ----“..-%008- =0, 
1+cos n тооз; Я 


when Ё is an integer greater than zero and less than т, and 


. Ahr 2 2(а-1)е- 
sin + sin = . Sin а 
this becomes 
Uot Uu... e+ Un-1= ш. 


The normal equation for а, is 
2 2.92: 
Mg + ty 008 5" + ty сов =" 4 , ++ Uy 1 608 d = 
2r = 1)2z 
=®[1+сов = +, + «Cos = D» 
% т 


9 -1)2z 
+а {1 +оо 27. . s сов? = “| 


: 2л 9.97 ES. 2a 
+ а = ^ (9 т E 
%-1)2х .— 2(m— 1)2т 
ЕКЕН” 
SORT 


2r 2 Әт (а-1)2- А (n 1)2= 
+, (cos = sin ares Еси a} 
p 5.01 


Using the trigonometric formulae 


ELEM + coge 2(% = 1): =}, 
1 +008 = сов 2:2" ogg 2 2r os 5:27 
^ т 
+оов = De oog An - )r 0, 
eos — sin 27... egg de- ie. 2(n- 1)= 0, 


ы” 
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this becomes 
2(n-1) 1 


Qn 
сыи Әт dr 
o + Uy COS — + Uy COS — +. + + + Un- COS 
n n ж n 2 
2 


Mh. 


ТІ қ В 
in E other normal equations may be obtained and reduced 
same way; finally we obtain the following set of values 


or a 
ғау... а Dy oo oy et 
1 *-1 
а= 2“ 
а 
9 t Эйт 
а,=- Z %,008-,- 
n р=0 т 
Ln 2" и COS Bier] 
Am s ж. [^ (1) 
9 9-1 NP 
һ-- X my sin 
" ke % 
оа. т 
== 2 п sin —— 
n к=0 т 


1 
in front of the symbol > is z not =. 


6 with that of the preceding 
formulae of $133 are merely 
d to the particular case when 


4 
When те Бп, the factor of ay 


E connection of this resul 
thos e is easily seen ; in fact, the 
the : of the present article adapte t 
that unction w is an odd periodic function of its argument, 80 
on = —u(2r- 8). For if in the formulae (1) above we 
with n=2p and suppose that = -“р- 800» 
ш= 0, u,=0, then the formulae 
4-0,а,-0,..- 4-0, 
Ж Пт) 


= @9р-р W= 


(1) become 


каві? Jie 


b, -2 . тт 2 9тт " 
„= =), Sin — + 1 sin — t- • E E S11“ 
PAA 2 p ? р 


ae о $133. 


Whi 
ich agree with the formul 
t cases in practice 


135. The 12-Ordinate Scheme —In most ca 
9 number of given values "o dp e rtt is either 12 or 24. 
lues are given. 


e 
d first consider the case when 12 va 
et it be required, then, to obtain an expression 
Gy + а COS а + My сов 221. + .- a, сов 52 + (tg 


which +b, sing+b,sin 20+. + -+ b; sin 5x | 
takes given values Up "p `: > M respectively when 2 


cos 62 
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т Эт 3r 11х 
takes the values 0,5 ==, 97 META 


CS! SG respectively, Formulae (1) 


of the last article, written in full, are now 


12a, = Ug + My + Uy + Uy + My + Us + Ug + Uy + Ug + Ug + ag fg 
i 1 3 КЕ) 
2° 9 7 Mat 5 — Mg / — Ug — Mu SS 


3 


"T 101 
Ма Ug Uy + Her pm ma 


2 
биз= Uy — Uy + Uy Ug + Ug ш 


Е 1 1 d 1 
MaMa a1 tne jM M em шз 5 thy — ty +5 
1 1 
Bu E. -u 3] Uy 3 
8 1 1 3 3 
in mto Ne Eu Las f — Ug + Uy = 


1 1 J8 
-t Boer Un 7 


120, = tg — tt, + thy — su, — Ug F Ug — Uy + Ug — Uy + Шу 


Uy 

1 3 3 
EDO gen ка, ы, ы, teg 3 
3 1 

e 90. 


: 3 
y= u, УЗ ЕЯ Qa. ty: / 


6), = V, 7 Ug t Us = Uy + Ug — Uy) 


6),=1, - S M 


73 
3 3 /3 
-ч А ъа. Уа. 
р 2 3 
6-%-2-% 25%-% ty аана, У 
1 
7 Uy + шу, PB е? 
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If 


Uy — Uy m V, 
Uy — 10 = We 


Uy + Uy, = 
Uy + Ugg = T 
Ug + Ug =V3 
Ug + Us =V 
Uz +U, =V; 


Ug — Ug = 103 


the equations take the simpler form 


192a, ttg + V + Va + Vg + Vg + Vs tUg 


6 ee acm 

(14 — Ug + 9, E 5-9""97%: 9 З 

6 : lia lia 
- ы Ж" Ж = 4-79 is 

(y — Ug t T, 5 “%5-%-%79 528% 


Gag = Uy — tg + V4- Me 


1 1 1 1 

Baty = 7:577] ТЗ i73 5°8 
NN! 
Ay tte a7 


1. 48 
m4, Se, 
6a; = Uy — 1 2 V 25% 3 6 


12a, = Uy — v, + 9g +97 Us % P 
ku ee ЕЛЕУ 
3 fog, те „3 
6%,-4, t 1973 3 5779 
E 


3 
60, =: 5+ We" X +W 


6b, — ir, — Wg + Us К | 
J3 3 3 
Wa уга Құл cen 9 


60, кам B9 c s 


3 1 
1 М8 ы, Жы 1 
ance ЛЕРА Су a Wa o 
6% =w; 2 MS Tg 2 
І f 
f we now write 
Ug + UG = Po 
9, V7 à 
ту 0,7 Pe 
т. = f: 
ie ar, — 5 = 8, 


69 


ж “ 
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the equations take the still simpler form 
(194, — py yt Pa + Ps 
3 1 
60 — 00+ 01° МЗ eg. 5 


1 1. 
ба, = py p - 9h 9-25 


645— qo — Yo 
1 1 
ба,=}%—1\° 270972 %?а 
3 1 
60, — qo — Фу Pay: 9 
12%=}феу- py + Pa- Ps 


2 2 

6-0 -13 
3 3 
6b,=s8, Na d 


Now write 


il 1 1 1, i 
3h- la, 3b» he, әҺ- =l, g= My 
3 3 3 

М8 M heh 8, = My Be, =y E — s. 


3 
(Note that М?—0.в6в—1-1 -i which enables the 


multiplication by 8 to be performed mentally.) 


Then the equations may be written 


120) = Po + Pa + P, + Py 
12a,= = Pot Pa — Py — p; 
60, = n+l, +l 

60, = 9+1, ak 

бил = p, 43 d, =y 
би = py +h, -= Py- h 


6), — m, +13 + Mo 
65. = m, + r} — Mo 
60,— fo = Yo 
6b, = n, + Ny 
60, = n, т, 
65, — 7, — 73 


076 2004 әлә of, 


та $00 Q0-0 +77 


: (в гек +q +s + = а 
95 4 £p + p 4c p 455 + To 4-90 — n. : sHOTHD 09 $029 


%9--009 | 49-006 |09 = 9291 %9= = tng = gaze 
К "qo =в1!® чө = 8876 
[2714 $926 
ДА 9099 
ч oe9r—*» | волъ=*® | өті =% ogot =" | вєєт=°ү 5676 = 14 | 8 
оввв=ы | 6002-14 | түее-Ф | етіг-бш етті ='ш | 916 =° твов=°@ | z 


ж < 


AUOLYHOHVI ТҮОІГҮЙЯНІҮЛ- 
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BE ders give the coefficients dg My + + + b5 in a con- 
fel are oe the computation may conveniently be carried 
ма А rinted sheet of which the arrangement is shown in 
panying specimen : * 
Ex, 9.— Given 


и 1 ! 
1 | Uy из | 3. Us - Uy | Ug 
| 


Ug | 740 Uy 


| іш 
2 0594 |0-786 1-047 1-309 | 0 | 1.809 -1:047 - 0-786, - 0» 


594 ~ 0.262 


express u(x e 
press u(x) as a Fourier series. 


Ans, 0-977 si * 
[Ans. 0-977 sin a — 0-453 sin 22 + 0-262 sin 3a 0:151 sin 4a 


+ 0:070 sin 52] 
E Approximate Formulae for Rapid Calculations.—In 
ra = cases the harmonics above the third (ie. those with the 
s e lieients а, а, ар бр 0) may be neglected, the function 
eing capable of representation with sufficient accuracy by 
an expression 
и (7) = a + а, COS i^ + @ COS 2з + аз соз 32 Т 
+b, sin 2+ b, sin 22+ Ьу sin 3x |” (1) 
hompson T that when this is 
fücients by simple averaging 
in the following way : 
(1) of §135, the co- 


ыа pointed out by 8. Р. T 

of the d we сап calculate the coeffi 

Ti ata without any multiplications, 

T Pii, аз we have seen in equation. 
S (t, аз, b, are given by the equations 

+ Uy + Ug + Ug + Mag + му), (2) 


6 (uy — Ug + Uy — Ug TI 7 ty); 9) 
Pd 
(4) 


gem 
6 (и, — s + Us — U; + Ug 7 t). 


a= 
7 
13 (o + ш, + tig + Ug + Ug + Ug + 106 


Ag = 


Next, We have, by putting ^ successively equal to gos and 270i 


1 ; 
П equation (1) above, 


а= 6+0), (8) 

wh tig = a ta- tos) 

е: 

E nce alg — t= 2b- ы), 
Ts 6 computation form has been designed by help a the EE ad] 
. is from many writers, among whom particular nt 

Р ы id 
tia Zeits. für Math. u. Phys. 48 (1903), P- s 
C. Phys. Soc. London, 23 (1911) P- ы 
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and therefore = d (иу— и) * hy. (6) 
Next, putting z equal to 0° and 180^ in (1), we have 
Up = dg 0, + 03 + 13] 


(7) 
Us = to — Uy + g = а]? 
whence Uy — Ue 2 (a, + 3), 
and therefore а= (us — Us) — a. (8) 
Equations (5) and (7) now give 
Uy = (us — Ug + Ug — Uy). (9) 


We have still to find 0, For this we shall suppose that the 
complete graph of the function u(x) is known, so that we can 
read off the ordinates at any point on it; let us read о the 
values at 2-45, 135°, 225°, 315° 


and call them uy из ts ит Te- 
spectively, Then, putting n= 


8 in equation (1) of § 134, we have 
D ou 
b,=4 D. Us віп у 


95 = dus — ig + Us — uz). (10) 


Equations (2), (3), (4), (6), (8), (9), (10) give the coefficients (to, 


ар а» аҙ б, Dy, bg merely by Sorming averages of the measured 
ordinates of the graph of u(x). 


Ex.—To find an approximate 
represents the following observations : 


ш | wm | % | % | 4!“ 


formula for the Fourier series which 


5 | Us и, Us Uy ию | "n 
2.714 2-042 2134 1.272 o-res logs 0.370 0.540 0-191 | - 0-357 | - 0-437 |0-767 


Forming the sum of the entries, we have 
12a, — u, + Utot... + Uy 
= 11-520, 
а= 0:960, 
and we now form the following sums : 
Gay = uy — Mo 4 — Ms + us — Чу, Whence (057 0:271 
65, =u, — Ug + Us — t + ty — Чүр Whence by = 0-1 
b= Са tg) + bs, whence b,=0-915 
а= (us — Ug) — аз, whence a, = 0-901 
Aa, = Uy — Us + Ug — Ug, whence а = 0-542. 
Finally, forming a graph of the function u, and reading off the ordinates 


o 
ў о а 
Un Ug Us, Uz, Corresponding to the arguments z— 45°, 135°, 995°, 515 
respectively, we have 


80 


whence b, 


2=0:59 (арргох.). 
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ті ТЕЕ ч к , кый ер 
Us ап approximate formula for the required Fourier series is 


+ 0-27 cos Be 
WARS, 


O-96G6 4. 0-00 cos z -+ 0754 
+ O92 sn oaa DS 


WH СЫЗ 

137. The 24-Ordinate Scheme.—We shall next consider the 
case when 24 values of u(x) are given, corresponding to «=U, 
15°, 30°, . . „ 345. Denoting these by Ug Uy . . + Uag the 
problem is ro obtain an expression 


арау COS а + d COS 20+. . «+ Ajg COS 12a: 
+), sin w+ D, sin 2r. . + һу sin 112 


which takes given values Mg, May ++ о Mas respectively when т 
T 23r " 

ш TS respectively. 
12 


, 12’ oo 
If we form the sums and differences of the w’s, thus: 


takes the values 0 


Em 
yx Шан 

Sums % v, „+ * Oy Ug 
Differences wi ЕТІ 


then the formulae (1) of $ 134 applied to this case may be 
written 


24a, = Uy + V, + v, + Vg ® + Vg + Vo + Py + Vet Фу + Vio + 0 Ve 
E D po o 
12а, = v9 + v, cos 15° + 0, cos 30° + v cos 45° + v, cos 60 
o 
+ V5 cos 75° + Vg cos 90° + v, cos 105° + v, cos 120 
+v, cos 135° + 2, COS 150° + т, cos 165° + т, cos 180° 


12b, = w, sin 15° + wr, sin 30° + w sin 45° + w4 sin 60° + w, sin 75° 
+, sin 90° + 4n, sin 105° + w sin 120° + wą sin 135° 
+ Wy) sin 150° + wy sin. 165° 


Now form the sums and differences of the 478 thus: 


”% % % %% U Vs % 
Әп Vio Vo % 7, 
Po Pı Po Pa Pa Ps Pe 


S) % h 9 Is Uu Ts » 
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and form the sum and differences of the ws thus: 


Wi Wa Wz Wy Wg 7% 


Then the equations become 
24a, = Po + P, + py + Pa + Pa + Ds + р, 
12a, = q, + q, cos 15° + g, cos 30° + з cos 45° + g, cos 60° 
+ q; cos 75° 
12a, = pg + p, cos 30° + p, cos 60° + Pz cos 90° + p, cos 120° 
+ ps cos 150° + p, cos 180° 
120, = qo + d, сов 45° + q, cos 90^ + 1з cos 135° + g, cos 180° 
+ q, cos 225° 
120, = P + p, cos 60° + Pa cos 120° + р, cos 180° + p, сов 240° 
+ ps cos 300° + p, cos 360° 
fo + Я, COS 75° + q, cos 150° + а сов 225° + q, сов 300° 
+ g cos 375° 
126, — p, + p, cos 90° + р» C08 180° + p, cos 270° + p, cos 360° 
+ р; cos 450° + p, cos 540° 
12«, — q, + q, cos 105° + @» боз 210° + q, cos 315° + g, cos 420° 
+ q; cos 525° 
12«— py + p, cos 120° + Pa cos 240° + p, cos 260%: P, cos 480° 


124, = 


+ Ps сов 600° + р, cos 720° 
12m = q, + q, cos 135° + {2 COS 270" + 9, cos 405° + 0, cos 540° 5 
+ q; cos 675 
+ p cos 450° + p, сов 600° 
+ P; соз 750° + p, сов 900° 
соз 330° + g, cos 495° + g, cos 660° 
+ q; cos 825° 


12049 = p, + p, cos 150° + Pa сов 300° 


126,2 9+ йу бов 165° + g, 


244 = P + p, cos 180° + Pa 008 360° + р, cos 540° + p, cos 720° 
Е + p, cos 900° + р, сов 1080” 
125, — 7, sin 15° + 7, Sin 30° + * 4 


7s Sin 45° + r, sin 60° +7, sin 75° À 
| n, sin 90 
+ sasin 60* + з, sin 90° + 5, Sin 120° + з, sin 150° 
+7, Sin 90° + 7, sin 135° + 7, sin 180° , 

€ * 7, sin 225° + y, sin 270 
125, — s, sin 60° + 5, Sin 190? + 5, sin 240° +6 sin 300° i 


120, = s, sin 30° 
12h,— r, sin 45° 


OO r O 1... 
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125,— ту sin 75^ +r, sin 1507--/; sin 225° + гу sin 300° 

| + ry Sin 375° + 7, sin 450° 
12h, — s sin 90° + s sin 270° + s; sin 450° 
125, = гу sin 105° +7, sin 210 + 7 sin 315° +7, sin 420° 

+r; sin 525° + 7, sin 630° 

12b, = s sin 120° + s, sin 240° + х, sin 480° + s; sin 600° 
120. = гу sin 135° + ry sin 270° + ту sin 405° + 7, sin 540° 
+7, sin 675° +7, sin 810° 


125, s, sin 150? + s, sin 300^ + sy sin 450° + s; sin 600° 
125, — уу sin 165° + г sin 330° + vy sin 495° + 7, sin 660° 
+7, sin 825° +7, sin 990" 


Now form the sums and differences of the в, thus: 


Sums 4, д % 
Differences ж т 2 


Then we have 


24a, =l +} + la+ ls 

12a, =m, +m, 608 30° + my COS 60°, қ 
12a, =l +} cos 60° + 1, cos 120° + 1, cos 180°, 
124; = ing + in, COS 90° + т, cos 180°, wA 
194, =1, +1, cos 120° + 1, cos 240° + 1, сов 360°, 
125, = mg + M, COS 150° + т, cos 300°, | 
ог 24а „ = Z + 1, соз 180° + 1, cos 360° + l соз 540°, 
94r, ahthtat& 


1 
12a, =h + ah E: БЕ -ly 


i 1 
12a, = % e oh rm als F ds, 
Daye 71 - 5 + 1 71 К 
/З +m I 
19, = M + Mg + Mag 
19 = "о Mo 


/9 
же = - lont 
19010 = Mo- 1 % +m 


+s, sin 750°. 


276 THE CALCULUS OF OBSERVATIONS 


Next form the sums and differences of the 88, thus : 


" S2 $5 
8 % 


Sum ik, hy dv 
Differences m, т, 
Then we have 
12), =k, sin 30° + k, sin 60° + k sin 90°, 
12), =n, sin 60° + т, sin 120°, 
12h, =k, sin 90° +i sin 270°, 
12h, — n, sin 120° + n, sin 240°, 
12), - h sin 150° + А sin x + ks sin 450°, 


(120, =h. NES У 


1120, =k- ks, 
s "en 37h №. 
Im =m: А? а т, + 2 
» — Na xL 
Now write 
1 s d гі! "um , 
: oh =l, 2% =, 3t, ту, әс y= hy, 
a d , 
39m, =M 99h, = ky : 5/8, = ту. 5 1/2», = лу. 


Then the equations become 
240, = (lo + l) + (l + Uy), 
24m, = (I (o+ l) - (l +h), 
12a, » +0) - (ly +1), 
12a, = (hy +5) – (lh + 8), 
124, = (un, +m, Jami 
Te (то mj) - mf, 
124, =m, = Tig, 
12h, = (b; + Ж жы, 


12, ЕР (гү "s Бу) Es lz, 
s =k- ky 
12% = LM + ny, 


в = Ny! ~ Thy. 
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In order to calculate the coellicients with odd вићхеѕ we 
write 45? — 30? for 15^, etc., and so obtain 


> (Bie Pene 9) 


Фа EX 4s) P(A - n +3) 


€ 1 [A /3 : А 
12a, = qu a + E 2% T4. 3) ж % (- 2 кі eS 44). 


DOW m s ds 
124 =- A + 7 la+ NE 


120, = %- + +3(- + жаз Ы + (-% 5+ 4%- 4). 


Now write 
th Is — E (5. - Я 
ДИ =, 1/2 (з Eo 45 
i 1 eng УЗ, =o) 
"+s = Gad СуФ 4%» 
„3 А 
=, 


d 
h-t =!» 5» ті» 


ү + m fo fa + @» -ер 
hj ly mh Фа — 08 = 66. 


Then the equations become 
12m = (++ % + 
12i, = Yo + ^3 7 da —Л» 
m =f- da fs 08, 
]12«, = ds — 14- fa 485 
19; = fo +27 da +75 
ж = + ta + dg -Ja 


We have also 


me (3) dC ee 


"ын, :-% į ae $ 4 * n) Ы iE b B n). 


M NON ат 
125, = -7 +45 ptn) S t 2 
Put pnt A-n. A ra 
^ +T = A =, =, 7-0 =, 
т = Teg CETE път, 


Then the above equations become 


19, = (A+ hy’) + (Jo + тү), 
|ш, =(A+ hy) - (+74), . 
13b, = (i + Vg) + (ra=); 

! 12, = (hy + Tg) — (= fio); 

120, = (W - j) + (jz - ry), 

12). = (А =A) - (s - 74). 
The calculation is made on a computing form arranged 

as shown in the. sheets inset 


Ex. 2.— Find the Fourier expression Jor w 


) given 

Uy | a | іші Us Ug СА "| “o | tho ШИ 

кеч = 514 реш 

300 | 401 | 373 | 241 | 7 =58 | ~100 | -86 | o a1 | ; | -34 
Ша [аз |a, 115 | | ШТ | у | “з | Ua | оны [os 
НЕН а үг”, | ees woe o NR zi 
=100| -127| -100 | -43 0 |-18 -100 | -207 | -273 = 241 |- 100 | 107 

[Answe: 


thod to Observational Data.— 
In applying the above-described 

method o analysis to observational data, we 
have first to find the values of the argument at which the data 
+ э Meg ате to be taken. Suppose, for i nstanoe, that 
Period of the Phenomenon ің 185.28 days. Then, 


since з; of 185.98 is 7-72, if we take 7 to be the value of the 
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observed quantity at the instant /j we must take w, to be its 
value аб the instant ¿+ 7-72 days, while v, will be its value at 
the instant б, + 15-44 days, и, will be its value at the instant 
1+ 23-16 days, and so on. 

W, Allowance for Secular Change-—In many cases the pheno- 
menon whose variation is to be studied is not strictly periodic : 
thus if the numbers to be analysed represent hourly means of 
some meteorological phenomenon, the means for hour 0 will not 
in general be the same as the means for hour 24. This difference 
is allowed for in practice by applying à correction to each of the 
terms except that for noon. 

39. Allowance for the use of Means.—In many cases the data 
from which the Fourier expansion is to be computed are not the 
actual values of the ordinates corresponding to the values 
0, * ... of the argument, but the mean values of the ordinates 
taken over certain intervals. Thus if we wish to find the curve 
which represents the annual variation of temperature at a given 
station, we generally take as data the mean temperatures of the 
twelve separate months. It is evident, however, that if we were 
to caleulate the curve directly from these data, taking the tem- 
perature on the middle day of July to be the mean temperature 
of July, we should introduce an error, since the average tempera- 
ture on the middle day of J uly is not the same as the average 
temperature over the whole month: in fact, the curve obtained 
from the means would be too low in summer and too high in 
Winter, the true curve being external to the curve of means. 

We can deal with this difficulty by applying a correction to 
the data in the following way : 

Let т-р Mp Mpa be three successive means, each taken 
over an interval 2e; and let т, be the true value of tho function 
for the middle of the interval over which m, is taken, so that 
w, is the quantity which should be substituted for т, asa 
datum from which to construct the Fourier representation. 

We shall suppose that the function may be represented with 
Sufficient, accuracy for values of the argument in this region by 
an expression ` 

ъ= à + 2bx + Әсә, 
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where а, b, c are constants, and where 2 is the argument 
measured from the middle of the interval over which m, is 
measured: we have therefore 


lp* 1 udu, = andi 
Шт-а, "Ww.-3| ude, m =z) "ES m= ы * 


-е 


Performing the integrations, these equations give 


т-у = — 40 + 13e, 
ya = + Abe + 18сё, 


° 
т, таж се, 
1 Ty Wy y Д5 
e сеё= – (т, -2 = дт, 
whene ix io D ) 349 "ty 


and therefore 


l 1 ( Tol LP 
Uy =m, n, =m, [a —— PT 1. 
4 Umm Hp Рат Тоу 2 


That is to say, in order to convert the given mean m., into the 
true ordinate corresponding to the middle of the interval over 


which m, is taken, we add a correction equal to one-twelfth of the 


excess of m, over the mean of Mpy, GR т, 
Ап alternative method is to compute the Е 


ourier expression from Ше 
given means and then multi 


ply all its periodic terms (ùe. all its terms 
except the constant a) by a factor which represents the ratio of the 
amplitude of the true curve to the amplitude of the curve of means. 

An Example of Harmonic Analysis.—In the accompanying example 
the data are taken from observations of the magnitude of the variable star 
RW Cassiopeiae ;* the magnitude of the variable star is denoted by m. 

The curve represented by the harmonie formula is drawn in the 


figure. The observed magnitudes of RW Cassiopeiae are also given in 
Fig. 18 for purposes of comparison, 


139. Probable Error of the Fourier Coefficients.— Knowing 
the probable errors of observation affecting the data uu, ws, . + + 
we can easily calculate the probable errors of the values 
deduced for the Fourier coefficients Ay а, б dy, 0, .... For 
(8 89, 94) if e is a linear funetion of Nos Uys a a ә Wy, BAY 


Aolo + Aty. se Ат, and if the probable error of each of 


the quantities м, “p++ Un d$ g, then the probable error 
of e is (A2+ APHAZ +. . -%2,9М. Thus in the 24-ordinate 
scheme, since Bg = Uy + Uy basi. ++", the probable error 
of a, is 4/,/94 or 0-2045. 


* E. T. Whittaker and C. Martin, Monthly Notices, R.A.S. 1 (1911), p. 511. 


148 10) -14 — - 78 
210 tow) -21 - 83 - 62 - 16 - 82 
358 ytor) -35 -N1 -М3 -140 -148 -75 
-62 (tos) 7 -45 -19 12 16 


(Po to 
(pg to 

Sums (0 t 
Diffs. (m, to 


10.4] (20-707) |т'=.ә 


4/2 -1891|g/7 - 53 Tg = -101 | r= - 55-5 


1165 hy = -286 
ы-- 61-9]q,=- 180-8] у= 40 


-19 


-945 -Л|-1898-е 
-1212-4| 778=e] -14-j 


-130-5|A4— 79 т=-111 ħ'=-112 | = —180-5 


-121-2}ry’=-101 |-4- 75 -j= 141 |-т/- 121-2 
oe is Sf 
-21-1 29 
-36 -9-3 
MEM d *, 
—57-1=12b, 19-7 219b, 
14-9=12b 383—190; 


o COS 100 4-dj cos 110+ 


іп 100+ фуу sin 116. 
— 0-042 cos 78 — 0-036 co: 
0-032 sin 70 4- 0-025 sin 
50 4- 280^) + 0-06 sin (60 


To face page 280. 


"s9x01j5 Aq рәҙопәр әш oA1no op 


GFE + OF) "I$ §1-0 + (66g +08) urs 800% 
St uonunba asoa o«mo ЭЦ} yya poavduroo 


"08 + 09) mS 90-0 + (085 +06) ts 60-0 (, 


uo Apovxo Surj SuomvAio8QO — "svp төрі 


'posn ponəag 


(,09% +08) ще 21-0 + GEGG-- 0) US 02-0 +9601 =w 


“vadorsseg А\ JO sopujruZvur рәлләѕцо— + 


SI ӘМ 


10* 
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A sine term and a cosine term in the Fourier representation, 


which have the same period, are often combined into a single 
term thus, 


a cos 0 + b sin 0 — R sin (0+ a), 


where R= /(a? + b?) and cos a = b/R, sin a = «[R: we then require 
to know the probable error of R and а, assuming = 
probable errors of а and b have already been calcu E, е 
Suppose that the probable errors of а and b are each 0 
amount e. Then, since 
R= аба. + bob 
‘i= E+E 
we see that the probable error in R is є. Moreover, since 
. да — ab 
EN PUE 
the probable error in a is 
€ 
“аза ey 

It is important to have clear ideas on this subject, since 
otherwise there is a risk of carrying the computations to more 
digits than is warranted by the degree of accuracy of the data. 
This remark applies particularly to the computation of а. 

140. Trigonometric Interpolation for Unequal Intervals 
of the Argument.— Lastly, we shall consider the representation 
of a function u(x) by a trigonometric interpolation formula, 
when the values of the function are known only for a set of 


values а, b, ¢,..., т т of the argument, which are not at 
equal intervals apart, 


The problem, which 
ordinary interpolation ( 
way: it is readily see 
expressions will serve : 

ДУ; 

ue- Sin (2-1) віп (2-0)... sin 3(- n) 

sin z(a — b) sin 3(a— €)... sind(a—n) 
аба 3(r-a)sing(g-2) .. . sin 2 (2- m) 
sin 3 (n — a) sin $(n-0)...sini(n— m) 
* Cauchy, Comptes rendus, 12 (1841), I 


is analogous to Lagrange's problem in 
$ 17), may be solved in more than one 
n, indeed, that any of the following 


"(а)+... 


u(n) * 


р. 283 = Œuvres (1), 6, p. 71. 
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90 
у (Соз — соз D) (соза: — eos e) . . . (cos — cos n) 
wie) (сова — cos b) (cosa—cose) . . . (cosa — cos п)" (а) + 
А (cos. — cos «) (cos. — cos b) . . . (cos. — cos m) Р 
(cos n — cos a) (cos n — сов b) . . . (cos m — cos m) Да} 
50; 
ша) = sin (cos w — cos b) (соза — сове)... (cosa — cos n) fasse; 


sin « (cos б — cos b) (cos а — созе)... (cos a — cos n) 
sin æ(cosæ— сова) . . . (cose — cos m) x 

: u(n). 
sin n (cos n— сози) . . . (cos %- cos m) 


4°, 
иі) = sin (w — b) віп(2-с) . . . sin (7-2) 
"sin (и 0) віп (ас)... sin (a-n) 


u(a) +. . 
sin (x —«) sin (2 b) . . . sin(v—) ; 
sin (n — а) sin (n — 0) . . . sin (а-ту (4 


Ex. l.— Diseuss the relation of the above formulae to the formulae 
Obtained for equal intervals of the argument in $$ 133, 134. 

Ex. 2.—By making b tend to equality with а in formula 1? above, 
obtain an interpolation formula for the case when the function and its 
first derivative are both known at «=a, while the function alone is 
mown at =, d, ae 

(This is useful when we happen to know the values of the argument 
for which the function is a maximum or a minimum.) 

Ех, 3.—Apply the first of the above formulae to obtain an expression 


І “ыды 
0 


cd 1 M IRE C 
h sing (ш — a) sin 5 (e — ш)... sin g (0—0) z= 5р1 005 $75) 


for 


(Use the formula 


where s denotes ELLOS and sp is the sum of p of these 27.) 
[Baillaud, Toulouse Ann. ii. (1886), ВЈ] 


MISCELLANEOUS EXAMPLES ON ÜmnaPTER X 


In each of the following examples it is required to find a Fourier 
Series for u(x). Тһе tabulated values of w(x) represent equidistant 
ordinates spaced at intervals of =1. of the complete period. 

TN These two formulae are due to Gauss, Nachlass, Werke (1866), iii. pp. 

» 299, 

t Hermite, Cours d'analyse. 


284 ТНЕ CALCULUS OF OBSERVATIONS 


Ex, 1.— 

"| рр "3| Wip Ue Te "s | ttg “| "ji | ag | "зз | ШП 
4 | 1 38 68 79 92 91/75 ТІПТІПТІ 73 во | 86 78 
Mas 1 1016 | May Hag | що Mag | Hay | Has | tog 
тт | вв | та | з | 50 | 35 таг” |-10 

Ex, 2.— 
Ug | wy | Ma | Ug | ty | ug | ug | “4 | Mg | Ug | ag шу н 
i| 11 [50| 105|138 128 159 150 | 139 | 142 | 143 | 127 | 134 


LU u 


118 


14 | “5 


1 
Hag | ty | "зв | thay | чы, | рү | ча | ноз 


| 
135 | 150| 160 | 134 | 120 1201100 72 | 66 


140 30 
Ет 3— 
ло! * [s | ua | Ma | My | % | "| LS чу | tio | "1 | Ug | “ag 
25 a [as|eo a5 oo 45 [68 118 | 148 | 150 122 | 125 139 
“м | 145 | 06 | 15; | tig "a | Meg | Чәр | ioo a 
125| 85 | 82 | 60 | 24 | 20 эв | 45 | 56 | 40 
Ea, 4, — 
^ | D 2 Ug | ug | us | tg | ug | Ug | ug | tio | t | 832 
170142 |160 |171 129 139 |130 150 me aro | as | 106. 
"4 | “| uis “4 uy | "as | "уу | thay | Uy, | Ugg | Uag 
75 | 74 | 7 |15 | 34 ав | во |105 |130| 146 | 160. 


ADDITIONAL REFERENCE 
G. C. Danielson and C. Lanezos, * 


i i ical 
Fourier analysis ", J, Franklin 1 nst. 233 ee m 


(1942), pp. 365, 435. 


at the price of 2s, 6d. per dozen 


sels, Special terms will be quoted for orders of one thousand 


and wpwards.] 


ee 


CHAPTER XI 
GRADUATION, OR THE SMOOTHING OF DATA 


141. The Problem of Graduation.—Suppose that as а 
result of observation or experience of some kind we have 
obtained a set of values of a variable и corresponding to equi- 
distant values of its argument: let these values be denoted by 
Uy, Uy, Ug sos Un IE they have been derived from observa- 
tions of some natural phenomenon, they will be affected by 
errors of observation; if they are statistical data derived from 
the examination of a comparatively small field, they will be 
affected by irregularities arising from the accidental peculiar- 
ities of the field; that is to say, if we examine another field 
and derive a set of values of u from it, the set of values of u 
derived from the two fields will not in general agree with each 
other. Tn any case, if we form a table of the differences 
Au, = Ug = Uy Atg = Ug = U 22 9 Аи, = Au, — Ан, Cte., it will 
Senerally bo found that these differences are irregular, so that 
the difference table cannot be used for the purposes to which 
* difference table is usually put, viz. finding interpolated values 
of v, or differential coefficients of » with respect to its argument, 
definite integrals involving v. Before we can use the differ- 
ence table, we must perform a process of “smoothing”; that is 
to Say, we must find another sequence My sy, een ay’ Whose 
terms differ as little as possible from the terms of the sequence 
"a < a, Un, but which has regular Фао ) This smooth- 

5 process, leading to the formation of wj, "y, . . 5 Чи, is 
called the graduation or adjustment of the observations. 
saat example, let us consider an extract ош е Soren mens Female 
ants (1883) Ultimate Table and form a difference table of the 
285 


tas Uy, . 
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entries. We have, denoting by qy the probability of a person aged z 
dying in a year, 


v (Age). 104. A. 

50 1019 
531 

51 1550 
61 

53 1611 
149 

53 1753 
19 

54 1779 
— 924 

55 1548 
474 

56 2022 
— 99 

57 1923 
-81 

58 1849 
487 

59 


The differences аге altogether irregular, and, as we shall sce (§ 155), 
when the data are ad justed the differences become more regular, 


In dealing with experimental results of no great accuracy 
the smoothing process is generally performed graphically,* but 
in the present chapter we shall bà 
methods involving 


(ucc th; Ua), (uu Ua, y), (Us, 7%), (в 
* For the best graphical mei 
For valuable comments 
novatum, Book ШІ. ch, vii, p. 204 of 
T J.LA. 15 (1870), p. 389. Tn TTA. оз 


that the calculations Tequired for the applica 
be performed by a “columnar” 


l-ar Way Ug), (Ug, Ug, 4), 


(1882), n. 351, С. F. Hardy showed 
tion of Woolhouse's formula might 
process of caleulation, in the form 

Ші = Thy B(1- 383) уры, 


TM (Th apa - 987), given later by him, since 


‚7.1.4. 23 (1889 - 352, showed that they can 
be performed by summations of a different al ›2, Showe y 
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and take as the graduated value of v the arithmetic mean of 
the values derived from these five parabolas. Now using A; 
to denote the operation A performed with the interval 5, by the 
ordinary interpolation formula (§ 21), the values derived from 
these five parabolas are: 


° 


o 
Mg Ms + 5As"-2 = opie '-т (from wy, Ug) Ug) 
1 2 : 
Ug= Way + RAS = pas t-o (from Uag Uys 44), 
Uy =Uq (from t-g, 4, %;), 
1 3 
u=" БЕЗ 4 jg -a (from t-a 01, %), 
2 T 2 fr 
Ug = Uy — сағ + 3555-3 (from 0.3, Uo, ш). 
2 


Therefore if vy denote the graduated value of uy, we have 


Bu! 2 1 1, ЖЕР 
%-(Біш Ast, БД 5551 7 5552 7 35^ '-т 


5 


Where [5], stands for t-g + Wy "ot U + Ug 
The operation of replacing а term ur by the sum 
us n-lt- eec белгі 


Will be called summation by ws, and denoted by the operator [n], so that 
[n]ug - *, »-1** ++ Huot. + Un-1 


We shall use [nf to denote the effect of performing this operation 
Wice in succession, so that, for example, 
[5Puy = Ug + 2g + Bly + 40 + бир + 4и ,3u gt 2u guo. 
P 2 2A2 i 
Since Agli zm [5], and А„н-„= [5F Axo equation (1) may 
9 Written 


OMS 9 1 2 3 " 2 
(570% gatto + an, = gars = gana » 251514 %-- gö -2 
+ BA рр, 
2i 2 3 
ГОЛОГ ОБЛЫСЫ ЫСЫ 


T 
* 5Б[5Ј4%, 
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so BE” = — 10n; + 151, — ЗА? 4 — 2*0, + BAR) + TAR, 


= Зиа Etg +U- + Ug HU + 4и, — Ән; 
= -3[5]u., + 7[5]ug - 3[5]u,. 


Thus Woolhouse's formula of graduation may be written in 
the forms 


e [8 x к 3 
lg = BE = Зи a Tug — Зид), 
r [B0 259 DEI ‹ 
or* tty = Dus 30554), OF Uy = BF aon БӨЛЕДІ 
ЕТТЕН 
ог Ug = 152125. + ZA( ya + Vas) %21(0-2 t Yao) 


1 
+ 1 (Uq-3 eaa) + 3 (Vea + Haa) — 200-6 Из) 
— B(Uz-7 + Uz+z)}, 
ог иг = 0- 200%, + 0-192(и. 1+1) + 0- 168(uz-2 + и.о) 
+ 0:056(и. з + +з) 0-024 (1, 4 + Uzta) 
= 0-016 (2-6 + Ux46) — 0-024(и, s + шл). 


143. Summation Formulae.— The formulae of Woolhouse 
may be regarded as a particular instance of a class of gradua- 
tion formulae, much used by actuaries, which may be called 
summation formulae, and which are based on the following 
principle. 

Let A denote the operation of differencing, so that 
Аш = ау Ч; and, as in § 142, let [2m + 1]u denote the 
sum of (2m + 1) ws of which uris the middle one. Then it is 
possible to find combinations of these operations A and [ ] 
which, when differences above a certain order are neglected, 


eig reproduce the functions operated on; so that we have 
say 


FAL pua high differences. 
We now take ЈУЛ, | Түн 


те to be the graduated value of "4 


“= ДА, Г us 


ds à depending on the circumstance that 
4 p pe is due to Hardy, J.7. 4. 32 (1896), p. 372 

n Summation Formulae cf, i es TSE 
NI AV е сі. б. J. Lidstone, J.7. 4, 41 (1907), p. 348, 


the merit of this 7,’ 
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ЛА) pw, involves a large number of the observed w’s, whose 
errors to a considerable extent neutralise each other and so 
produce a smoothed value v, in place of v. 

In practice, instead of the symbol A, it is generally con- 
venient to use the symbol of central differencing 8, where ёи, 
denotes y, — 2y, + u_, Writing Е = (2%, we have 

®=E-2+E'= -4віп?9, 
80 that 


Vom Comer bee ides -+ Un 
= {в-ф р e-Xm-Dib yy ет ТФ. eid} a, 
=(L+2cos 29 + 2cosdp+. . . + 208 2ind)irg 


_ sin (2m + 1)ф 


Y L 
sin $ D 
and therefore 
Sin no 
[n] Sd 
9 sing "o 
n(ni—123). n(n? – 18) (22 – 3). | à 
ЕН ее ne P) int ie Gi = кт 8ішф-.. ШТ 
D 
n 
or Ш — 


ты; Й P- 1). -— 

This shows that (2! jj" Mg + terms in stug, 
[> n : 

uy, - . . and therefore а summation formula, correct to third 


“ғо nees, ің 


(AID, 30 
4.7 


ar Shi 
aed _ = 1) 2 ц, 
9^ Peg? \ 2 
Takin. ar k ae of this type, and eliminating 02, we obtain 
гапу two formulae of this type, 
station г жезде а type first introduced (but otherwise demon- 
Strate by J. A. Higham, Г.А. 23 (1882), р. 335; 24 (1883), p. 44; 
(1884-85), pp. 15, 245. рр кон 
‚Огде correet to fourth differences may be deduced by the above 


л "The use of a formula correct to too low an order may lead to 
St Eos 4 е 5 
тане distortion of the results. 


B wh 
Bs ау be remarked that formulae such as Woolhouse s, which ps 
the e on interpolations, may all be reduced to the summation type; ы 
OnYerse js not true, so the summation method is the more general. 
‚* 
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144. Spencer’s  Formula.— Perhaps the best of the 
summation formulae of graduation correct to third differences 
is the 21-term formula of Spencer,* namely, 


u” UY] 2 
Uy = $.5.7 (1 — 48?)u,. 
This may evidently be obtained by taking р-5, 4-5, 
т-Т in the preceding formula. We shall now obtain its 
expanded expression. If we perform summation by Тв on 
2(1 -48 — 381- 486) or ( C 3+ E-24- E-1— Е-3), we obtain 
~ ES- B+ 2Ез + 8Е®+3Е + 2+ 3EÀ 4 3E-22 262- Е-5- Қ-5, 
and if on this we perform summation by 5's twice, we obtain 


- E^ ЗЕ? - 5E — BE? — 2Е%  GE5 + 18E4 + 33E? + 47E? + 57E 
* 60 + 57E-1 + ATE-? + 33E-9 + 18E-1 + 6Е-5- 9-6 — BR-7 
- 5Е-8 – 3E-9 = 1-10, 
Spencer's formula may therefore be written 


Ug = Xs (00u, + S'(u., +04) + 47 (Uy + Uy) + 33( 
+ 18(u_4 + ш) + 6(w_, + Us) — 2(U_g + Ue) — 5( 
= 5(w_,+u,) — (uy uj) – (11-49 + 4] 


Ug + Us) 

Wig + Un) 

or 

uy = 0-17 Lu, + 0-163(u, + w_,) + 0-134 
+ 0-051 (14 + u4) + 0-017 (a, + ui. 
= 0-014 (u, +2.) — 0-014( 
= 0-003 (wu, + 149). 


In the practical ap 
expression 


("s + t-g) + 0-094(us + 11.5) 
5) — 0-006(u, + wu...) 
Ug + Wg) — 0-009(u, + U9) 


plication of the formula we form the 


Қ-шаш Rito + Uy = Ug), 


zum by Ts and divide by 7, then sum twice by 5%, dividing by 
5 each time. d 


The following is an example of the working process of 
Spencer's 21-term formula : T 


* Thi: 7 В 
by the Masses, P. ОЁ the rates of mortality oxhibited 
(1907), p. 361. 1893-97. Of. J.T. A4. 38 (1904), p. 334 ; 41 

T J. Spencer, J.7. А. 38 (1904), p. 339, 


n the graduatio 
Experience, 


— 


ÜU— 
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а) ооо [ор [0] (ә ©) (10) 
Graduated 
Age |17 Divide] g, Sum |Divide] Sum, | 2311 in 
Качете | by таша [аунау 58 (9-6) Соо Пуук Сог в | “down as" 
=н. ы in 75. in 58. far as 
necessary. 


20| 0-00431 | 62 
1] 0:00409 | 58 | 181] 239 
2| 000429 | 61 | 179 | 240 
› 


З | 000422 | 60 |197 |257 | 128 | 129 
4| 0:00530 | 76 |208 |284 | 129 | 155 
25 | 0-00505 | 72 |214 |286 | 136 | 150 
6| 0-00459 | 66 |209 | 275 | 140 | 135 997 |199 
7 71 283 1034 | 207 
8 75 1043 | 209 | 1055 
9 80 1069 | 214 | 1101 


1130 | 226 | 1154 | -00582 
1223 | 245 | 1220 | -00614 
2| 0-00647 | 92 1302 | 260 | 1294 | -00648 
3| 0-00669 | 96 1375 | 275 | 1370 | -00682 
1| 0-00746 | 107| 312 | 419 | 203 | 316 | 1439 | 288 | 1438 | -00716 
0-00760 | 109| 327 | 436 |213 | 223 | 1508 | 302 | 1501 | -00749 
0-00778 | 111] 338 | 449 | 215 | 234 | 1566 | 313 | 1559 
0-00898 | 118 | 350 | 468 | 238 | 230 | 1616 | 323 | 1620 
0-00846 | 191 | 358 | 479 | 246 | 233 | 1667 | 333 

9| 0-00836 | 119 | 371 | 490 | 256 | 234 | 1745 | 349 

40| 0-00916 | 131 |387 | 518 | 272 | 246 
1| 0-00956 | 137 | 413 | 550 | 283 | 267 
2| 0-01014 | 145 | 436 | 581 | 280 | 301 
3| 0.01076 | 154 | 461 | 615 
4) 0501134 | 162 | 477 | 639 


[Б] 0-01124 |161 


145. Graduation Formulae obtained by fitting а Poly- 
Lomia]. We shall next consider a class of graduation formulae 
Whichare based on wholly different principles from thesummation 
formulae, Supposing the ungraduated values и. to be plotted 
aS points against the corresponding values of 2, we shall fit 
8 parabolic curve of some assigned degree j to the points 
Mati AN ig «Hi determining the constants of the 
Curve by the Method of Least Squares, and we shall then take 
the Ordinate of this curve at 7=0 as the graduated value of u,* 
*Gr 2), (ii) 348; Proc. L.M.S. 
a fig oe i3 Feo de meld fa. ^s (1920) 112; rk. 
if. Publ. ө (1927) 55; Birge and Shea, ibid., 67. 


30 | 0-00587 | 84 
1| 0-00595 | 85 
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Let us then find the polynomial of degree j, 
u(r) Sly t Cyn + сл? 


ъ ү 2 


Jor which X qus | ds a minimum 5 then u(0) will be taken 


b.e. Op), 


р=-п 
to be the graduated value of ug 
The equations of condition to determine Cay ср о 6j OLE 
Cote nt ent... +e =u 
|8 +002 1) е (в 1)... ет 1) = 


ү, —б%+6,лЁ—-...+с(—)] = a. 

If we now form the normal equations, it is evident that the 
coefficient of c, in every alternate equation vanishes, the sums 
of the odd powers of the natural numbers from — m to +m being 
zero. Let j=2k or 90-1, Denote by Xa summation over the 
values from -n ton inclusive ; let Ss? he denoted by >, and 
let Xs?u, which is the pth moment, be denoted by M,. Then 
the normal equations which involve со are 

Coo OY, +. . a+ C =M m 
Coat CD +... Со Хара = M,, 


Coop + сооро... Cop Ey = Mog 


Solving these equations for ĉo we have 


M, M, ...м, 
У x - 
^2 “а t 2230 
х y ` 
“а е . s'e 244 
У v 
^m zar 
ug —u(0) ==. ^d d 
ж a 
RJ кода 
Nw е" 
^x t0 Ою 
X M 
4 t Оза 
" Ey pou ... Оһ 
Sie $ 69, we note that the sum of the Pth powers of the natural 
numbers from — to n inclusive (where pis an even number) is given by 
Ep=2{1P +224, , E 5 
ағы ap р 
=2| — +E 2 Bnr P-1)(p-2 
ЕЕ y tyne cnc) Benes 
+P- D(p-2)p-3)p- 4). TT 1 
EE Mesh 72) р ғ 
where В, =}, B= yy, B=, Басын 6! $ 


BF ese 


с танат кет 
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This is the Graduated Value of "ұ--5ішее the moments M,, 
М... are linear functions of the ungraduated data vn, . . + 


Un, We see that the graduated value 7, is also a linear function 
of these data, 


The following table is useful in performing the computations. 


[TABLE 


pret 


д0761079221117670 | Q9TGLOFOGGIPIPEE T84C16988 1/6669 | 272768086127. 072527109464 | 898076128618 
068906209820997 | 06890690992099 896968602020601 |09LPLGLZGSZSI | 590608187691 01800868161 
99664046818 46 996640498T€4 ї06666/66691 66862066866 OSFIZFOLSh _ |80/906660 
008089808506 0986898686 800112586 00218902 206089271 0987/1 
999207566 999097261 %0269867 56171801 061688? 896966 
0189969 0189961 866608 079696 VEVEL 08017 
99909 99908 үст 6066 oscar 8961 
022 029 80h 086 281 OIL 

“OL 6 `8 ч '9 38 


8016019298 | 919702098 | FLOTET | 6 


029691972 | 80/86%6 
8064696 |9/01/01 
0084166 STIOGI 
80/?ТТ 96961 
08/6 8801 
804 961 
09 86 

Ж. 


вияялақ IVUNIVN AHL dO sugdMog ЯО SRA 


sautat- u) вати) аш) = 


$ зна ао яу, 


OLLES 
1618 
0606 


6 
Z 
с 
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146. Table of these Formulae.—By substituting par- 
ticular numbers for Ё and n and evaluating the determinants, 
we obtain the following table of the graduation formulae which 
are obtained by fitting a polynomial to the data. 


Case Т, = 0, ie. fitting а straight line to the data. 
1 
= 100+ (u, + Uy) + (Uy + Wag) He cb (Unt U-n)} 
Case IL k=1, ùe. fitting а parabola of degree 2 or 3. The 
general formula in this case is | 
Ug = Pnn + Du-in-y с * * жр-а”-т 


when "UNE 22. Ж. 
here Ps=°* (95 1) (22+ 1) (22+ 3) 


This gives 
N=1 Uy = Uy 
n=2 Ug = ТН + 12(u, + “-)- Ә(и,5-%4 -2)} = Mo siet. 
n=3 uy = {То + б( + U4) + S(t + 0-5) — 2(ug + U-g)}- 
n=4 uy = zh {59M + BA(u, +01) + 39(0.+ -9) + 14.(ug + 3) 
= 91(u, + U-4)}- 
(89u, + 84(u, + u) + 69 (us + Uo) + 44 ug + Ug) 
+ 9 (ty 0-4) — 36(, + ug) 
т еб u = phy {25Uy + 24(u, + u-i) + 21 (uy + Uy) + l6(us +5) 
+O (tly 0-4) - Mug + w-6)}- 
®='[ y = agg 167% + 162(u, +01) + 147(и + tt») 
+ 192 (ug +) + S7 (4 + Ua) + 42 (us +.) 
— 13 (ug + 4) — 18(u; + а). 
MES 17 511431+42(0, + ua) + 39 (ug + U-g) + 84(и +035) 
+27( ш +®-,) + 18 (ug + U-5) + T(t t-e) 
= G(u, + %-7) - 21 (ug + U—g)}- 
&-9 utm gay p{26NUq 264(0, + м1) + 249 (tl 4-0...) 
+ 294(из + 0-3) + 189 (v, +U 24) + MA(ug t и) 
+ 89(u + %-) + 24(u, и -)—51(нв+ н) 
— 136(ну+%-)}- 
Uy = ges (2299 + 394(u, +01) + 309 (us +.) 
+ 984(ug + Ug) + 249 (n, + wa) + 204 (ug + 1...) 
+ 149 (ug + wu.) + 84(и,+-,) 9 (ug + U9) 
= 76(tis +0) — 171 (to + %-10)}- 


xtd 
Mo — 327 
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Case IIT. k= 2, iv. fitting a parabola of degree 4 o 
n=2 0, = Mo. 
n=3 Hh Sal, 181% + "o(u, 4 u) = З0(и + Wa) 
t 5(ug uy. 
M=4 uy = {179и + 135(u +v 1) + 90(u, + uo) 
= 55(uz + n.) + 15(v, +. 1). 
n=5 wy =q} lEt 120(u, + u_,) + GO(w, + n.) 
= IO(us + t-g) — 45(и,+н_,) + 18(w, 4 u..,)). 
n=6 wy = aber {677и + 600(u, + t...) + 390(u, + "_.) 
* HO(us + v.) – 135(и,+ и.) - 198(#„ +.) 
+110(u,+u_,)}. 
Ug, —73vlsg(11063u, + 10125 (1, +u 4) + 600(u, +) 
+9755(и+ uw.) – 165(w, wu...) 
- 2937 (u; +u-;) – 3860(w, +2.) 
+ 2145(n, -+_,)}. 
Ug = туу {883и + 825(v + w_,) + 660(u, 4- v...) 
* Alb(us +u a) + 135(u,+u_,)-1 17(и,--%-;) 
= 260(w, n.) — 195 (u7 +.) + 195(u, + u.,)]- 
n=9 u= rizr {1393u, + 1320(v, + u_,) + 1110(w, + 0.) 
+ T90(us +) + A05 (us + -4) + 18(ug 57) 
= 290(w, +1.) — 420(v, +0.) - 255 (ug + и...) 
+ 340(u, +). 
Mo = sss (40030, + 49120(и, + -1)  36660(u, + 0-2) 
+ 28190(u, + ug) + 17655(u, +v 29] 
+ 6378(v. +.) – 3940(u, + wu...) 
- 11220(u, + u_,) — 13005(u, +7.) 
= 6460(u, + wu...) + 11628(/,,--%- 0). 
147. Selection of the Appropriate Formula.—Among 
the many formulae of the last Section, we have to determine the 
opriate to the particular material that is 
у be done in the following way : 
From the formulae of $ 145 we see that if we tried to fit an 
ordinary parabola Y= бу+ сұт сад to data и. E" „% 
then we should have i ^ 


Б; 


4-10: 


-ntp * ° n? 


%%% 0% = Mo 
692, + 4X, = M. 
ЬУ 
and therefore = oM,- E.M, 
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Now C, is А20, where А?у denotes the second difference of UA 
Which is of course constant since y is of the second degree in s. 
So if we try to represent a certain stretch of the data, say from 
U-, to и, inclusive, by an ordinary parabola, then the most 
probable value of АЗу for this parabola is 

3(X, M, - X, Mj) 
ұл. ч 
“0-4 2 

This is readily calculated (the Y's being given at once by the 
table of $ 145), and thus we can make a preliminary test of the 
value of A2y for curves roughly fitting the data in different 
“stretches.” ‘This enables us to judge what is the lowest order 
of parabola which will give a satisfactory fit when we use some 
definite number (2n + 1) of data in the graduation formula. 


Ex. l— If a set of observations Jy Ya - + + Уло corresponding to egui- 
distant values of the argument т, is given, and if we represent these as well 
ав possible by а formula of the type y= Ac + B, so that Ay is constant for 
the graduated values, then the most probable value of this constant Ay ds 

6 
n(n? — 12) 

{l.@- 1)Ay + 2.(n — 2)Ayy + 3.(n — 3)Ayg +. . -+ (2-1). 1.Ау, 4). 


: Ет, 2.—If а set of observations Yp Y» + o Ym corresponding to equi- 
distant values of the argument x, is given, and if we represent these as well 
45 possible by a formula of the type y = Av? + Be 4- C, so that A?y is constant 
Tor the graduated values, then the most probable value of this constant Ay ds 


90 sy Xp + 1) (n — p) (n - p = 19,1. 
ET 3598 su (p 1)(n-p)(n - p - 1)A2%y,} 

4 Ex, 3.—If а set of observations Yy Уә 22 3 Ym corresponding to equi- 
distant values of the argument ғ, is given, and if we represent these as well 
as possible by a formula of the type y= Aa? + Bx? + Cr+ D, so that АЗу ds 
Constant for the graduated values, then the most probable value of this 
Constant ig 


ioe LAO я 
n(n? — 1% (n2 — 22) (n? — 33) 
Xipp* 1)(p-2)(n-»)(n-p—-1)(n—p— 2) 3,1. 
Р 
ü 148, Tests performed on Actual Data.*— We shall now consider 
le relative merits of Summation formulae and Least-square formulae 


48 tested by their performance when applied to definite numerical data, 


* Sherriff, Zoc. cit. 
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We have first to decide what is to be accepted as the measure of. good 
performance in a graduation. Тһе test we shall use may be described 
thus: 

Consider some known analytic function of т, such as log s, of which 
tables accurate to, say, 6 places are available А 4-place table of this 
funetion may be prepared by omitting the last two digits (which will be 
called the tail) and “ forcing,” i.e. inereasing the last retained digit by 
unity when the omitted tail begins with one of the digits 5, 6, 7, 8, or 9. 
We can regard the values of log ғ given by the 4-place table as affected 
with “errors,” namely, the errors which have been produced by omitting 
the tails. Let us now take a Sequence of these 4-place values, and 
graduate them by the graduation formula which is to be tested ; the 
effect of the graduation should be to smooth out the “errors” and restore, 
to some extent at least, the more accurate values of the 6-place table. 
The success with which this is performed may be taken as a measure of 
the merit of the graduation formula; for it must be remembered that 
the purpose of a graduation formula is precisely to reduce the magnitude 
of accidental errors. The advantage of using a known function, such as 
log ғ, for the test is that we can be certain that the errors (viz, the tails) 
are accidental, i.e. non-systematic. There is, however, the disadvantage 
that the errors do not obey the normal law of frequency, since within 


the limits +0-5 of the last place, the probability of an error € does not 
vary with e. 


n the following table this method of testing is applied to the function 
10 


“ш T 39,999.95. Spencers formula and the Least-square formula Ё = 1, 


m=10 are used. The merits of the graduated values are obtained by 
comparing columns 9, 10, and 11: the result is that the sum of the 
Squares of the residual errors is 873 


when the Least-square formula is 
used, and 1327 when Spencer's formula is used, 


[TABLE 
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GRADUATION or THE RECIPROCALS or NUMBERS BY SPENCERS FORMULA 


AND THE LEAST-SQUARE FoRwUvLA Ё=1, n=10 
i ші Difference between Un- 
fed graduated and Graduated Uwy. 
No, Бутан and True Values x 102, 
E e g By й SF — 
Formula pencer's é Р ж шә 
kah | Formula.| Gri [Gol [eum (Col. тэ. (CoL. sy 
G)| (4 (5) (6) (7) | (8) (10) | (11) 
9751 i» 
9505 "n 
9261 n 
9020 = = 
8781 = 5 
8544 9ч a 
8300 a i е 
8077 * E : 
1209 | 7846.94 | 7847 m ed i 
210 | 7619.10 | 7619 E EA P 
211|7: 3-41 | 7393 | 7: 41 К 12 1681 25 
212 | 7169.86 | 7170 | 7169-80 -14 6 | 13 | 196] 36 
213 | 6948.41 | 6948 6948-34 41 7 15 | 1681 49 
214 | 6799-02 | 6729 | 6728.03 E 9 8 i| а 
215 | 6511.68 | 6512 | 6511-63 | 0511-64] -32 5 1 |1024] 25 
218 5 | 6296 | 6906-21 | 6296-36] 35 4] -1 | 1925] 16 
217 6083 6083-05 0 1 | =6 0 1 
218 | 5871.61 | 5872 5871.69| - 39 8 | -8 | 1521 9 
219 5662 15 0|-8| 225 0 
54 -40 -4 -7 |1600 16 
5248.07 |5248-97| -8 | -5 | -5 | 64| 95 
222 5045.10 | 5045 5045-14 5045-11 10 | -4 | -1 | 100| 16 
223 | 4843-10 | 4843 | 4843-10 | 4849-09 | 10 0| 1] 100] о 
224 | 4642.91 | 4643 | 4642.88 | 104-88 |. — 9 3 ЕЗ a 9 
225 4444.49 | 4444 | 4414.46 | 4444-160 | БЕТ 3 з | 2401 9 
226 | 4247-84 | 4248 | 4247.80 | 4247-79] — 16 4 8 | 256| 16 
227 | 4052.91 | 4053 4059-80| - 9 T| os] si] 49 
228 | 3859.70 | 3860 3859464] -30 | 11 8 | 900} 121 
229 | 3668.17 | 3668 3668-10] 17 9 7 | 2989] & 
280 | 3478.8] | 3478 3473.23] 31 | 12] S] 961] 14 
241 | 3290-09 | 3290 | 3289-99 | 3290-00 9 | 10 9 | S1! 100 
352 | 3103-50 | 3103 | 3103-44 | 3103-40 50 8 | 10 | 2500 26 
234 | 2018.50 орто | 2918.47 | 2018-1) -50 | 3| 9 | 2500) o 


19471] 873 1327 


Total for columns 9, 10, and 11 . 
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149. Graduation by Reduction of Probable Error.—The 
graduation formulae which we have obtained by fitting poly- 
nomials have been derived otherwise by W. F. Sheppard,* who 
approaches the problem in the following way : 

As before, let... t-a U-p Up Up Ug ... be the ungraduated 
values of v. Suppose that the determination of each of these 
is subject to the probable error e. If the graduated value of 
Ug is 

Ug = palo pU, pala sos + Daily 
++ р... ра 


then the probable error of v, is 
(Dot pons +... +ра-12+ р). 


Sheppard lays down the condition that this quantity is to be 
а minimum, subject to a further condition which secures that 
the graduated values shall not ditler systematically from the 
ungraduated. This latter condition he takes in the form that 
ug is to differ from ug only by differences of ug of order (j4-1) 
and upwards; this amounts to supposing that the (7+ 1)th 
differences of the 2/6 are negligible. 

Now, by a discussion resembling Laplace’s and Gauss’s 
Theoria Combinationis proof of the Method of Least Squares 
(8 115), we see that Sheppard's conditions are really equivalent 
to the two conditions which were laid down in $145; and 
hence the graduation formulae obtained by this method ате 
identical with those which have been obtained ($$ 145-147) by 
fitting polynomials to the data by Least Squares. | 

150. The Method of Interlaced Parabolas.—A method 
of graduation proposed in 1922,+ which yields satisfactory 
results when applied to actuarial data may be explained a8 
foliows. i 


* Р 
bie д Fifth Int. Congress of Mathematicians (Cambridge, 1912), ii. 
р үз zx M quoted in the footnote, p. 991. А. С. Aitken, Proc. 
ee by к i B bay тан 5... ды. сыба т 
қ, \ -Е MANUS 
decidedly preferable to those of Say (er fa ЕЯ 
1.7.1.4. 53 (1922), р. 92. ` 
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Let a polynomial of the third degree 


u= be ei did (1) 


be determined by the conditions that (1) it is to take as nearly 
as possible the values t-m ? 41) - - s W- Up М... Um, When 
2 has the values — m, —-m+1,...,- 2, 0, 2,...,m respectively, 
and (2) it is to take precisely the values w'., and м when œ 
has the values —1 and 1 respectively. Неге as usual vo, 2, 
2... denote ungraduated values and иу, /,,. . . denote gradu- 
ated values, so that we are really finding a parabola of the third 
degree which will fit as well as possible the ungraduated data 
Ua Шеш egeo у рО will also fit rigorously the two gradu- 
ated values v'., and ту, which for the moment are supposed 
already known. Then ¿he ordinate of this parabola at a= 0 will 
be taken to be the graduated value ug. The graduated values 
will therefore be given by a series of interlaced parabolas, each 
of which passes through three consecutive graduated values, so 
that each successive pair of these parabolas has two points on 
the graduated curve in common. The equations of condition 


are evidently 
a, m br e + di, (2) 


for r= ad —qual ,-3,0,2,.. m; and we may without 
error include r= — 1 and = 1 in this sequence, since the effect 
of the two equations of condition thus introduced will be 


nullified by the two equations which have to be satisfied 


Tigorously, namely, 
al ama b 0) (3) 
uy bed) 


m 5 
Denoting as usual У 7” by X, we have therefore to choose 


EET 
@, b, c, 4 во as to make 


т . 
S (n bra c di — uy? 
а 


or 


2% қ € J оу IN 
a I x dq Dae A es E 
а o 0 3 ey, + @S, + Qe DA + 9045, SSH, 90%, и. 
7 à = 9cXi?u, — ӘЗ, 
Le 
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a minimum subject to the rigorous equations (3). The normal 
equations are therefore ($ 108) 


ах +, – XAR = 

bE, + dX, А+ р -o| 
су + а, – Уи A+ p= o] ` 
ах + bS,- Xi9u,— A pO 


The unknowns а, 0, с, d, А, p are to be determined from 
equations (2) and (4). Evidently we need only consider the 
equations which involve а, с, and (А+ p), which are 

wu ad му = 2@+ 2, 
а +, — Xu, + (A+ p) = 0, 
eX, ax, - Xu, + (A + и) - 0, 


and we have also Ug =A. 


Eliminating а, c, and (А+ p) from these four equations, we 
have 


3-233, 


Thus if we write сов for 74.772779 ang K, for 


difference equation 


Wae+1— 2 сов 0 шш im, 
the solution of which is 
uy = А cos £0 + B sin z0 
4, Kosinag + К, sin (w - 1)0 + DO #K,_, sin 0, 
sin 0 
where A and B are the constants of integration; they may be 
used, in the case of mortality data, to make the deviations of 
the actual from the expected deaths, and the accumulated 


deviations, zero ; or in all cases they may be used to reproduce 
the moments of order zero and one, of the ungraduated w’s. 
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151. A Method of Graduation based on Probability.*— 
The methods described above fulfil their purpose of smoothing 
out irregularities from observational data in a way which is on 
the whole eflicient. From the purely theoretical standpoint they 
are not altogether satisfactory, since each of them contains 
arbitrary or empirical elements whose introduction does not 
appear to be logically necessary; eg. in the methods of 55 142, 
150 it is not obvious (apart from mere convenience) why we 
should fit parabolic curves to the observations rather than fit 
curves such as (say) 


En a 
у-ае-(1 +) е 


In order to find а sounder basis for ће theory, we must 
remember that the problem of graduation belongs essentially 
to the mathematical theory of probability ; f we have the given. 
observations, and they would constitute the “most probable” 
values of w for the corresponding values of the argument, were 
it not that we have а priori grounds for believing that the 
true values of и form a smooth sequence, the irregularities 
being due to accidental causes which it is desirable to eliminate. 
The problem is to combine all the materials of judgment—the 
Observed values and the а priori considerations—in order to 
Obtain the * most probable” values of u. 

Let us then suppose that we are concerned with a number 
U, Which depends on an argument 2, and suppose that we have 
^ data which are affected with uncertainties or irregularities 
due, e.g., to accidental errors of observation; so that when vw, is 
plotted as a function of v, the n points so obtained do not lie 
on à smooth curve, although there is a strong antecedent prob- 
ability that if the observations had been more accurate the 
Curve would have been smooth. We may make the somewhat 

ЙЫ Whittaker, Proc. Edin. Math. Soc. 41, p. 63 (read Nov. 14, 1919: printed, 
With additions, in the volume for 1922-23). The method has been further 


Improved by Whittaker, Proc. R.S. Edin. (1924). 

T The first recognition of this fundumental principle seems to have been 
made by Mr. G. King in the course of the discussion on Dr. T. B. Sprague's 
Taper of 1886, J. 7. 4. 26, p. 77: “What is the real object of graduation ? Many 
would reply, to get a smooth curve; but that is not quite correct. Тһе reply 
Should be, to get the most probable deaths," 
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vague word “smooth” more precise by interpreting it to mean, 
c.g., that the third differences А? are to be very small. 

Now consider the following hypothesis: that the true value, 
which should have been obtained by the observation и, lies 
between v, and 1, + с, where с is a small constant number 
(eg. one unit in the last decimal place used in the measures) ; 
that the true value which should have been obtained by the 
observation for и, lies between u, and w, +o, and so on; and 
finally the true value which should have been obtained by the 
observation for v, lies between »,' and и," +o. This hypothesis 
we shall call “hypothesis Н” Before the observations have 
been made we have nothing to guide us as to the probability 
of this hypothesis H except the degree of smoothness of the 
sequence 1,',. . . т, which may be measured by the smallness 
of the sum of the squares of the third differences, 

S= (uy — 3ug + Bug! — u)? + (ug = Bug + Big’ ua... 
+ (и = 38, 4 + E 0, 87) 
5 may be called the measure of roughness of the sequence. 


The theory may he extended to the ease when the observations are 
not taken at equidistant values of the argument, by taking instead of 
S the sum of the squares of 


the third divided differences of the graduated 
values, 


We may therefore, by analogy with the normal law of 


a suppose that the a priori probability of hypothesis 
is 


(6-98, 

where с and А denote constants, 
Next let us consider the а 
measures obtained by the observat: 
the assumption that hypothesis H 


. is true. 

Since the true value of the first observed quantity is, 0n 
this hypothesis, "ү, the probability that a value between u, and 
+o will actually be observed is (postulating the normal law 
of error) 


on. (А) 


priori probability that the 
ions will be 441, %,-. 0,400. 


” 


h 
T ght -ue 


where hisa constant which measures the precision with which 
this observation can be made, Similarly the probability that 
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a value between v, and и, +o will actually be obtained for the 
second observed measure is 

Лы аен, 

Jr 
where A, is the measure of precision of this observation. Thus 
on the assumption that hypothesis H is true, the а priori 
probability that the observed measure of the first observed 
quantity will lie between vw, and и; +, the observed measure 
of the second observed quantity between ~, and т, + с, and 
so оп, is 


‚ Быйыл ақы УС уз, (В) 


where F denotes the sum 
PSA? (uy = ry’)? AP (us о)... (и m uy, 

Тһе sums S and F enable us to express numerically the 
smoothness of the graduated values, and the fidelity of the 
graduated to the ungraduated values respectively. 

We must now make use of the fundamental theorem in the 
theory of Inductive Probability, which is as follows. Suppose 
that a certain observed phenomenon may be accounted for by 
any one of a certain number of hypotheses, of which one, and 
not more than one, must be true: suppose, moreover, that the 
probability of the sth hypothesis, as based on information in 
our possession before the phenomenon is observed, is p,, while 
the probability of the observed phenomenon, on the assumption 
of the truth of the sth hypothesis, is Т. Then when the 
observation of the phenomenon is taken into consideration, the 
probability of the sth hypothesis is * 


ФР, 


Sp; P. 


where the symbol X denotes the summation over all the hypo- 
theses. It follows from this that whereas before the phenomenon 
was observed the most probable hypothesis was that for which 
Ps Was greatest, the most probable hypothesis after the pheno- 
menon has been observed is that for which the product P 


Sreatest. Applying this theorem to the case under consi 
(311) 


Ps 18 
dera- 
11 
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tion and combining expressions (A) and (D), we see that the 
most probable hypothesis is that for which 
Ch, lig. s «s Ma 
ы: E d n e 
(s) 
15 a maximum; that is to say, (he most probable set uy... Un 
of values of the quantities is that which makes 


ът 


-AS-F с?" 


а minimum. 


152. The Analytical Formulation—Writing down the 
ordinary conditions for a minimum, we obtain the equations 
hpu = иу – ANS, 
hu, = 2и + ЗА?АЗи' — AAU, 
habs = hw — ЗАЗАЗЫ + 3AA, — РАЛУ ТАД 
hgu,— ёи + ХАЗИ — 3X9, + ЗА2ДЗИ — ХАЗИ, 
htn = heus! + NN. 
We shall now make the simplifying assumption that the measure 
of precision is the same for all the data, во Л, = 1, = 


. 1f this is not the case, we graduate some function of u, such as log 7% 
instead of u, choosin 


& this function so that its measure of precision has 
nearly the same value for all values of the argument. 


If we write 1,2 = eX2, 


aly 


the equations may now be written 
eu, =en - Au 
Elly =єн + 3^9 — Ази 
ене 
Ells = Mug = BAU, + 3A, — AU’, 
Ela = en, + А%нү — АЗЫ + BAU — Ази 


қ (1) 


EUn = €i, + Aw, 3 J 


Now all these equations, except the three first and the three 


last, are of the form 
EUr = єн — AS, з. 
Moreover, if we introduce a 


: s quantity » such that, A3x = 0, the 
third equation becomes y 10 Su hat, Ази = 0, 
Ug = eu! — Asn, 


which is of the same form; and similarly the first two and last 
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three equations can be brought to the same form by introducing 
new quantities т" 1, W-py 1^, 44, Мал 17,43, Such that 
Aw = 0, NS! з-0, АЗ, з-0, АЗ, 40, Аи, = 0. 
Thus the graduated values us! satisfy the linear difference equa- 
tion 
єнї — N^, gm eus, (2) 
being in fact the particular solution of this equation which satisfies 
the six terminal conditions 
Ази = 0, Ази = 0, Ази ,-0, Ази, з= 0, Аз, 1-0, 
Ази, = 0, (3) 
whence we have at once 
А4 30, Mu' 420, ASI 150, Ай, -з-0, А4, 1-0, 
Аз,-а-0. (4) 


153. The Theorems of Conservation.—From (2) we have 


by summation 


e(u tugt. . oy) (++. Ma) 
= Abu! Iu AB gt EX TAM 


= Ady’. А5, 
= 0, by (4). 
Therefore 
Uy tg +. о a mS А, (b) 
Moreover, by (2), 


(s + м. oe muy) eltt at. s cb mu) 
= AS La d 2Д®н'-ү+. . E пб s 


= nA 4 — Alu’, + A 
=0, by (4). 
Therefore 
wy REN... тиу mand 20+. . c mu. (6) 


Next, by (2), 
elu + 921,74... + ти) – eus + 2u, +. 
SAU + АН +. . o ASY 5 
= n2ASu!, -a = (2n - Аби, 9 + 2А%и/,_„— Ази, — Adu’ _, 
— 0, by (3) and (4). 
Therefore 


‚ .+йи„) 


Sy Ca 92 _ 92 
т + uy +. EMU, HUF AWO... MU, (7) 
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Equations (5), (6), (7) show that the moments of orders 
0, 1, 2 ave the same for the graduated duta as for the original 
data. This may be called the Theorem of the Conservation 
of Moments. We may express it by saying that the graph 
which represents the wagraduated data und the graph which 
represents the graduated data have the same area, the same 
æ co-ordinate of the centre of gravity, and the same moment 
of inertia about any line parallel to the awis of u. 

154. The Solution of the Difference Equation.*—We 


have now to solve the central difference equation of gradua- 
tion, 


ew’, — A®w'z_3 = 0л, 


subject to the six terminal conditions imposed in § 152. Let 
us assume for the present that e is given. Then we may 


obtain a general solution by means of symbolic operators as 
follows. 


Since A= E - 1, the equation, in terms of E, becomes 


[E -1Yy- = А 
E Um — es, 


: E у 
so that Шұт-е [m5] Uy. (8) 


Considerations of symmetry lead us to expect that each w 
will be given as a linear function of ws, with coefficients 
symmetrically placed about that of the central term. ‘This 
suggests that we expand the operator on the right of equation 
(8) in powers of both E and Е-1, in fact 
Such an expansion is readily seen to be possible, for the equa- 
tion (z- 1 е2 — 0, being a reciprocal equation, has its six 
roots reciprocal in pairs, so that three 


as а Laurent series.t 


are less in modulus than 
unity, and the remaining three greater; hence [(z— 1 — 2°]! 
may be expanded as а Laurent series, convergent for 2 = 1, 
and the coefficients, with which we are chiefly concerned, may 
be found by the usual theory. That these coefficients will be 


The method of solution described in 88 154-155 is due to Dr. A. C. Aitken 
and was first given in a thesis for the 


п doctorate + йун] inburgh. 
submitted iaDia, 1895. orate of the University of Edinburgh, 


+ Cf. Whittaker and Watson, Modern A nalysis, $ 5.6. 


шананы 
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symmetrically disposed follows from the fact that the operator 
is left unaltered by the substitution of E-! for E. 

Appeal to the theory of Functions of a Complex Variable may be 
avoided, if preferred, by having recourse to the theory of Partial Frac- 
tions. If we resolve the operator in question into six partial operators 
by this theory, then, for the reasons already stated, three of the partial 
operators may be expanded in powers of E, three in powers of E-!, 
whence by addition the complete expansion is obtained. 

Either of these ways leads to the same graduating formula, 
namely, 

sm Migr + e (Ung ei) + koltro tUe) t -o (9) 
а?+® 


where = – ee -ВХа-уХа-а"Ха-8-а-у-”) 


in which а, |8, y are the three roots less in modulus than 
unity * of the equation (2-1)- ez! = 0, and X denotes inter- 
change of а, 8, y followed by summation. One of these roots 
is evidently real; hence we may write them as 7, rae", ra~", 
when (10) becomes 

B 


he  —R nhi ay 
(6 — nns cost n, (n? = 2" созд + =. | | | 
3 т: | 


2 


(10) 


p n+l 
^ 


sin(n — 2)0 — n(n + 1 )sin(n -1)0 
1 


(n dic 2) sin(n + 1)0 — l sin(n+ 29), 
n D a 


Ta 


C=(1-7,) ШЕ -2 соззё + А), 


By means of (11) the coeflicients Xn have been calculated for 
a number of representative values of e, 0-01, 0-02, 0-05, 0-1, 
0-25, and 1. A table of these to four decimal places is given 
on p. 314. 

A defect inherent in most methods of graduation based on 
linear compounding of w’s on either side of a particular u is 
that it is impossible to graduate the whole of « given set of 


* It is assumed throughout that е is positive, not zero, 
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data; eg. Spencer’s formula is inapplicable when we are 
within ten places of either terminal. (See the example of 
$144, p. 291.) This defect will also seriously impair the 
present method, unless by some means, without departing 
from the conditions of the problem, we can attach to each 
end of a given set the additional, or, as we may call them, 
auailiary data, Unga, 25542, . .., aNd Up, W-1,-.., the existence of 
which is implied in formula (9). (The number of data to be 
attached in practice will depend on the degree of accuracy 
required and the rapidity with which the successive graduating 
coefficients diminish.) As in § 152 we introduced six new 
quantities 2/43, Waste, Wnts Wp W 1, 7 о, 80 let us now intro- 
duce a further indefinite number Шар Uns)... and 4.5 
W-s.. under the same condition, namely that third 
differences involving graduated data beyond the original 
termini are to be all zero. Differencing the added third 
differences three times more, we obtain 


Дои, = 0, A®u’n-1=0,..., and Дош = 0, А%/ жб; 


from which, referring again to the difference equation, we 
must have 


, E , 
Abi = Unt (пә Unga... and у= 0, a рр... (12) 


Thus the condition imposed on the auniliary data is that 
graduated and wngraduated values are to coincide. 16 also 
follows that 


Mtns = 0, A91,42—0,..., and Aw 3-0, АЗи_,=0,... (13) 
The difference equation 
(12), or (3) and (13), suffice 
If the original number of 


(2), with the conditions (3) and 
8 to determine the external data. 
А data to be graduated is not too 
small (in general, if it exceeds twenty-five), the external data 
may be found as accurately as may be required by the follow- 
ing method. 


We have, from (12) and the difference equation (8), 
Uz = VAS ИВ aL 
-1)6- gp» 
(E-1y ( 9 - e 


or (E-1y-zg" 70 for w@=n41, n+2,... 
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This equation may be written 

(Bay (E- 1 -— 
(E) - BXE 7) (E-a (E - BE - y UN 
We shall show that 1,44, Unt... are given T the equa- 
tion formed by retaining only the first operating factor on the 

left side of (14), viz. the equation 
(Е-1У =0. (15) 

(E-aQ(E-BE-y)^ 


In the first place we see that (15) gives и, uniquely in 
for the operator can be expanded in 


terms of 45. t9... 
descending powers of E, in the form 


so that we obtain 
us fia a atia atta ca (16) 


for a = n+1, n+2, .. From this equation 4; nas, ... 
are determined in succession, provided that the terms con- 
taining the undetermined external data Uo 4-1... are 


negligible. 
Next, the values of us thus determined will satisfy (14); 


for the operator (8-1) 


(E-a-)(E- 87)(E- y^) 
is expansible in ascending powers of E, and therefore (14) can 
be deduced from (15), which holds for v=n +1, n+2,.... 
Lastly, the conditions (13) will be satisfied, for from (15) 
we have 


mE D uy E- )(Е- y)u, - 0, 
шер СЕС 8908-08-909 


since (15) holds for an ascending series of values of œ, 
Hence (E - 1)u,- Ats = 0, for v=n +1, n+2,.... 
The value of jn in (16) is easily found to be 


же ze АЗ, [n [2 sin(n.— 2)8 — r, sin(n -1) ) 
T3 —2r,rs созе +r? sind 


- (17) 
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By means of (17) the coefficients ja have been calculated for 
the same values of e as before, 0-01, 0-02, 0-05, 0-1, 0-25, 
and 1. It is found that they decrease successively with 
sufficient rapidity for all practical purposes, 

Actually only three auxiliary data, Шығ Uny? Шы» need 
be calculated, for the rest can be found, again in virtue of 
(13), by forming a difference table with zero third differences. 
Exactly the same process may be applied to the other end of 
the table by reversing the order of the data. 

We have finally to ascertain what values of e are likely 
to be of standard practical application, and also to find a 
means, given any particular set of data to be graduated, of 
assigning in advance an appropriate value from among these. 
Here we may refer to the notion of a “ smoothing coefficient ”, 
introduced by G. F. Hardy,* and based on the following 
considerations. The 4/8 have been supposed subject to the 
same probable error, p, say. Then the probable error of their 
third differences, e.g. of t - Sus BU, — Up, is pA/ (14-32-32 + 1), 
or ру/20. But if we have a graduating formula 


Wo = Уил, 
then Ay ХА%Ю,)ш,, 


so that the probable error of A3 
J IX(ASI yn 6/20 шау then be regarded 
degree of reduetion of probable err 
has been called the « 
in question, 


Шо is pA/AX(NSIS 3. The ratio 
ая measuring the 
or in third differences; it 
smoothing coefficient? for the formula 


ЛТА, зл (1896), p. 376. Тһе name “smoothing coefficient" is due to 
J. Spencer. Cf. G. J. Lidstone, Л.ДА, 42 (1908), p. 114. 
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TABLE оғ COEFFICIENTS a 


п. «=001. 
1 0-9155 

8g à 

3 


—0-1619 | —0-1745 . 
—0-1374 | —0-1199 | -0-0633 
—0-0937 | —0-0579 | 0-0069 
-0 0474 | —0-0065 | 0-0452 
0.0084 0-0268 | 0-0548 
0-0185 | 0:0418 | 0-0460 | 0-0281 

0-0425 | 0-0293 | 0-0078 
0-0197 | -0-0045 
0-0229 | 0-0005 | -0-0091 
0-0114 | —0-0060 | —0-0083 
0.0024 | —0-0079 | —0-0052 
—0-0034 | -0-0067 | -0-0030 
0-0017 | —0-0060 | 50-0043 | 0-0003 | 0-0019 | —0-0002 
| 20-0063 | -0-0018 | 0-0013 | 0-0005 | -0-0001 


С н ою Ооо лсо 


= 0.0027 
— 0:0049 | — 0-0051 0-0000 0-0014 0-0000 
—0-0055 | — 0-0034 0-0010 0-0010 | — 0.0002 
—0+0049 | —0-0017 | 0-0012 0-0005 | — 0-0002 
— 0:0037 | — 0-0003 0-0010 0-0001 | — 0-0001 
— 0:0023 0-0006 0-0007 | — 0-0002 P 
— 0:0010 0-0010 0-0003 | — 0-0002 
= 0:0001 0-0010 0-0000 | — 0-0002 

0-0005 0.0008 | — 0:0001 — 0-0001 

0-0008 0.0005 | — 0-0002 н 

0.0009 0-0003 --0+0002 

0-0007 0.0000 —0.0001 

0-0005 | —0.0001 “н 

0-0003 | -0:0002 

0-0001 | —0-0002 

0-0000 | —0-0001 
-0-0001 | -0:0001 
— 0-0001 axs 
-0-0001 | 
— 0-0001 І 
= 00.0001 | 

Formula for extrapolating auxiliary data: 
Unger =J ntr- tI) ntr—2 tJ Qntr-3t os >o) 


(0311) 
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n. є=@01 <-04», 0405, «=01. 2035 з. 
o | 0-1570 EL 

0-1482 | жеді 
3 | 91294 5 DD 
3 0-0948 T 0. 0023 
4 | 0-0628 -0046 | —0-0293 
5 | 0-024 :0236 | -0-0213 
6 | 0-017 0: —0-0056 
7 |—0-0035 —0-0186 | —0-0108 | 0-0032 
8 |-0-0119 —0-0110 | —0-0017 0-0044 
9 |-0-0148 —0-0035 | 0.0091 0.0023 
10 |-0-0138 0-0014 | 0.0039 0-0003 
11 | —0-0108 | 0.0062 0-0034 | 0.0097 -0-0006 
12 |-0-0070 | —0.0021 0:0033 | 0.0010 | -0-0005 
13 |—0-0034 0-000; 0:0022 | —0-0001 | —0-0002 
14 |-0-0005 +0024 0-0009 | —0-0005 | 0-0000 
15 0-0014 . 0-0000 | —0-0005 | 0-0001 
16 0-0023.| 0.0095 —0:0004 | —0-0003 | 0-0000 
17 | 0.0025 | 0-0018 —0-0005 | -0-0001 os 
18 | 0.0022] 0.0010 —0-0004 | 0.0001 
19 0-0017 | 0.0003 —0-0002 | 0.0001 
30 | 0.0010 | —0.0001 0-0000 | 0-0000 
21 0-0005 | —0-0004 0-0000 э 
22 | 0.0000 | —0-0004 0-0001 
23 |-0.0009 | - 0.0004 0-0001 
24 |-0-0004 — 0-0003 85% 
25 |--0.0004 - 0.0002 
26 | -0-0003 0-0000 
27 |—0-0002 0-0000 
28 | —0.0001 0-0001 
29 |-0-0001| 0.0001 
30 0-0000 0-0001 
31 0-0000 = 
32 | 0.0001 
33 | 0.0001 
34 | 0.0001 

pL 

Formula of graduation : 


"а= ша) Аида =)... 
» aS we have seen, to a definite 


» and еге 


, : re to a. definite smoothing 
coefficient, Approximate values are given in the table below. 
© 9 |01 | 0-02 | 0.05 011051 а | то | es | 
Smoothin 4 
coefficient. Bo | riy ть Ph 1 қ 
um 


Ys dy i 1 | 


GRADUATION, OR THE SMOOTHING OF DATA 315 


Thus a preliminary inspection of the third differences of 
a set of ungraduated data enables us to estimate the amount 
of smoothing likely to be required, and to select accordingly 
an appropriate value of е. 

155. The Numerical Process of Graduation. — The 
routine to be followed in applying the preceding theory to 
actual data falls therefore into three parts: 

(1) То form the third differences of the given data, and 
by inspection to decide what degree of smoothing is necessary, 
To choose from the selected values of e that which most nearly 
produces this degree of smoothing. 

(2) To evaluate in succession four auxiliary data, 5,44, 
Unto, Unto Unga by the formula 

Une = Jta tjs Шал 3n -8 t... 
Unya аза Jan t Jta -1 t ә &e. 

As a check, the two second differences in the difference 
table of these four added data should be equal. Repeat these 
second differences outwards and build up the table to obtain 
аз many auxiliary data as are required. Reverse the order 
of the data and carry out exactly the same process at the 


other end. 
(3) То graduate the extended set by means of the coefti- 
cients hs 
Жұ 
We shall suppose th 
Then u,,—1.5201(1124) 


"То graduate, by this method, the set of data of $ 144, р, 291. 
at e has been taken to be 0-25. 


..0.1523(1134) -0-2468(1076) . | = 1155.5, 
52301124) -0-246Ң11%) -...-1156-0 
204(1156 -0-468(1194) -. =1149.3, 
2 -0-2468(1155-5)-...-1114. 
Hie +8)+0+ 1523(1156) —0-3463(1155-5) 1114-4. 


Forming a difference table we find, as we should, that the two second 
differences a are equal, each being -14-2. By repeating them outwards 
and building up again we easily find the values % (taken to the nearest 


integer): 
5 : s “ы Us и 
Ur [7 им Us Asa чу ш 5 " 
1072 1016 946 861 762 649 522 380 224 
LU Ча Atos чы Ug 
E - 130 -328 -541  - 767 -1008 


made to interpret the auxiliary data in terms of the 


* No att ald be т 
qu ua, Un ntroduced purely to facilitate the solution, 


rest of the table, They are in 
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г Ч ain i 2 same 
Turning now to the other end of the table we obtain in the 
manner 


шә424.9, w439.0, u5—462.8, 2495-7, 


and by a difference table (second differences all 9. 1) 


ч иц Urs | un Jap Uy te $n 
598 589 619 718 797 884 981 1087 1201 
Us Us uy us Us wy 


1825 1458 1600 1752 1912 2081 


The final process of graduating the extended table, and indeed all 
processes which, like the method of Least Squares and the present method, 
depend on forming a symmetrical linear compound, but are not reducible 
to successive “summation”, are most conveniently carried out when 
arranged as on table facing p.316. On a sheet of computing paper the 
data to be graduated are entered in a column at equal distances below 
each other, and to the left other columns of strictly equal width ave allotted 
to each successive graduating coefficient, which is written at the head of 
its column. The products £,, in each column are computed either by 
arithmometer or, in three place work, by Crelle’s Tables. The graduated 
value w of any и is then seen to be the sum of the entries in the diagonal 
lines which converge in the 4, column opposite to that u. 

Part of the whole computing sheet is shown facing p. 316. In summing 
the diagonal entries, distraction of the eye niay be avoided by the use of 
a V-shaped stencil, which leaves exposed at any time only the particular 
converging diagonals required, 

Checks during the computation may be provided by summing the 
entries in any completed row, the entry in the column under &, being 
halved. In the row opposite u» the sum should be bum. А final check 
is provided by the “Theorems of Conservation” of 5 Thus in the 
present example we find the three moments to be 


18285, 290109, 5581363 for the ungraduated data, 

18284, 290095, 5581071 for the graduated data. 
A comparison of the g 
differences shows that a sa 
without great departure fr 


156. Other Methods, 
which have been describ 
a method proposed by E. C. Rh 
Smoothing, to which the reader is Teferred. A memoir by C. Lanczos, 
“ Trigonometric interpolation of ч 


empirical i ions i^; 
Journ. Math. Phys. 17 (1938) 193 Pirical and analytical functions 


: шау also be consulted with advantage. 
* No. VI of the Tracts Jor Com 


Press (1921). puters, edited by K. Pearson; Camb. Univ. 


raduated and ungraduated data and their third 


noothing has been secured 
alues, 


1556. 2207. 2771. чы “т 
3 
85 | s ^ 
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CHAPTER XII 
CORRELATION 


157. Definition of Correlation.— Consider a definite group 
Containing a large number of individuals; let us measure some 
attribute A of the individuals, and let us also measure some 
other attribute B. For instance, the individuals might be all 
the stars of the third magnitude, and A might represent the 
parallax of the star, while B might represent its proper motion ; 
or the group might consist of all adult Scotsmen, and A might 
Tepresent the height of a man in inches, while B might repre- 
Sent his wealth in pounds sterling. Consider now the indi- 
Viduals in the group for whom A lies between 2 and æ+ dz 
While B lies between y and y+dy; let the number of such 
individuals be Мг, y)dudy, where N denotes the total number 
of individuals in the group, or, to express the same thing in 
other words, let (uv, y)dvdy denote the probability that for an 
Mdividual taken at random the first attribute A lies between 
? and s+ de, while the second attribute lies between y and 
Y + dy. 

Now Fermat’s Principle of Conjunctive Probability may be 
Stated thug: The probability that two events will both happen is 
hk, where h 4s the probability {һай the first event will happen, 
and k is the probability that the second event will happen when 
the first event is known to have happened. Applying this to the 
Present case, let h=/(e)da be the probability that for an indi- 
Vidual taken at random from the group the first attribute A 
les between a and a+dz; and let k=g(a, y)dy be the prob- 
ability that for an individual taken at random from those 


members of the group whose attribute A lies between а: and 
a 
317 
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2+ do, the attribute D lies between y and y+dy. Then by the 
Principle of Conjunctive Probability we have 

Ф@, y) =. Ла) дб, y). 
Now here two possibilities present; themselves. 

In the first possibility, g(x, y) is a function of y only, not 
involving æ. When this is the case, if we divide the original 
group into sub-groups according to the magnitude of the 
attribute A, then the probability that B will lie between y and 
y + dy is the same for each of the sub-groups. The two attributes 
A and B are then said to be not correlated, and evidently ф(ғ, y) 
is expressible as the product of a function of x only, multiplied 
by a function of y only. This would be the case, approximately 
at least, with the height and wealth of the Scotsinen ; for let 
the probability that a man is of a certain height æ to a+ de be 
f(z)dv; then the probability that his wealth lies between y and 
y + Фу pounds is nearly the same for tall me 
so шау be expressed in the form 4 
involve 2; and the com 
between 2 and g -+ d: 
is then simply 


n as for short men, 
(y)dy, where g(y) does not 
pound probability that his height is 
while his wealth is between у and y+ dy 


ТІЛІ)! 
But in a large class of cases the function 
of being expressed as a function of 
of y. In such cases the 
a measure between ж and «+ dz ің not the same for individuals 
with large //8 as for indivi 
ability that the second attri 
y+dy is not the same for individuals with large 278 as for 
individuals with small a’s, Tn such cases the two attributes 
are said to be correlated, Thus the parallaxes and the proper 
motions of the stars are Correlated; for a star which has a 
large parallax, and is therefore comparatively near to 
more likely to have а Ja; 


Many elementary 
without taking account of 


q^, у) is not capable 


For example, the following : 
atical problem taken at 
ability that B can solve 


00k is 1, and the prob: 
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one із also }. What is the probability that a problem taken at random 
will be solved by one or other or both of them?” 

Here the group consists of all the problems in the book, and the two 
attributes of an individual problem are its solubility by A and its 
solubility by B. These two attributes are correlated, since the problems 
that A can solve will be, to a great extent, the same as the problems that 
It would therefore be wrong to assert that the probability 
em taken at random is } x }=4, and that 
hat one or other or both would succeed is 


B can solve, 
of both failing to solve a probl 
consequently the probability t 
1-1or 3. 

158. An Example of а Frequency Distribution involving 
Correlation.—As an illustration of correlation, let us consider 
two riflemen side by side firing at targets when a strong wind 
is blowing. The wind will be supposed to affect the shooting 
of both men in much the same way, so that we may expect a 
certain amount of correlation between their records. In this 
case the “group” consists of all the records of the two men’s 
shots, an “individual” of the group is constituted of a single 
shot of the first man together with the shot fired at the same 
instant by the second man, and the “attributes” of this in- 
dividual are the deviations of the two shots. 

Let X denote that part of the deviation of the first man’s 


bullet from the mark which is due to causes affecting him 
alone and not affecting the other man, 1.4. all causes except the 
hat part of the second man’s 


wind. Similarly let Y denote t tof t 
deviation which is due 00 causes affecting him only; and let 


Х + aZ denote the total deviation of the first man’s bullet, and 
Y+bZ denote the total deviation of the second man’s bullet, 
where Z is due to the wind. For simplicity, we suppose all the 


Я M 2 sconti from the mark. We 
deviati na horizontal direction 
ations to be i independent of each other, and that 


assume that X, Y, Z are 
each ion according to the normal law of frequency, so 
the probability that 
"m йл, 
between 2 and a+ dis 5-0 , 


X lies 


МЕЖЕ? 
у and y+ dy is 77e инду, 


"E 
© z4deis—-e dz. 
VAS A z and T 
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We now want to find the frequency of cases in which 
U=X+uZ has a value between v and u+ du, and V — Y « bZ 
has a value between v and v + dv. 
Suppose Z lies between z and z--dz, which happens in the 
proportion ға of cases. "Then in order to produce such 
т 
а pair as is considered, X must be taken between и их and 
u+du—az, while Y must be between v- bz and v+ dv- bz; 


the probability of these happening together is 


La р x LM 


т т 

Therefore the frequency of cases in which U lies between 
wand u+ du, while V lies between v and v t dv, is 
EC gl Mies Ibo 


or 


hkl Lata papa АШАА DURA ро ашла үз 
таніо UM - IP Eras DEED ji аа)! dz, 
=% 
1 hkl (aut? + box 
o» с МШ uppg aul dels) 
т (IP + Vg + [yt CFTR Mud, 


If we examine this expression we see that it is of the form 


(1) 
where 6 ?, 4, : The constant s would be 
zero if either of the Constants « or b were Zero, 4.e, if no common 
influence acted on the two riflemen. The itirdin, is repre- 
п i yf this term in uv in the 
exponential. Tf this ter , the expression (1) could 
etors 

Constant x e-du and Constant x е-е 
of which the first involy, 
only, so that in this case (§ 157) there 

The expression ( 
variables апа v 
variable x, 


plu, v)dudv=ce-r— qr Four dy dy 
, 


2 
ат, 


е second involves v 
Would be no correlation. 


„ 
-Lehm 
ES du; 
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а this account we shall call it the normal law of frequency for 
wo variables. The constant ¢ in the expression (1) may be 


determined from the condition shat | [ (v, v)dudv = 1; this 
gives em | 


ПРУ 
c=- (pg? 89. (2) 


а above is а partieular case of the following more general result.* 
чжун... Ше be variables, such that the probability of и; 
t 


lying between v; and v; 4 dr; is 


Let гу ty 2509 Tp be a set of linear functions of the w’s, defined by 


equations 
у= үнүн ЬН Мей; 
ra= katy + Кына t+ + + + kogte, 
А = Іші + бә! КЕРЕ с Kaos 
and let а= 
i 


Then the probability that zj lies between £j and 6+ d£; is 
Е BT a ДЕ E 
Ni: qw түнө аё, m 


à Ур, ,. 
where | by-(— рғ (5-1,9, 


int of order p taken from the array 


.. . p) and Base 


while D denotes a determini 


«11912 eee ey 
[NU RE аға» 
адды с” Upos 

— 1) taken from the array 
n the above array. The 
DD, are to be formed from 


rminant of order (p 
omitting the jth row i 
d D, in the product Dj 


and Dj denotes a dete 
which is obtained by 
two determinants D; an 
the same columns of M. 


159. Bertrand's Proof of the Normal Law.—lt was те- 


marked by Tertrand T that the normal law of frequency for two 
Variables may he deduced from an assumption resembling the 
Postulate of the Arithmetic Mean, from which, as we have seen 
Proc. Amster. Ac. 16 (1914), p. 1124. 


ж Cf. M. J. van Uven, 
ndus, 106 (1888), р. 387. 


+ Comptes Re 
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($ 112), the normal law of frequency for one variable may be 
deduced. > 

Consider for definiteness the shots of a rifleman at а target; 
and let the horizontal and vertical deviations of a shot from 
the centre of the target be called A and B. It is found in 
practice that A and B are not independent, but are to some | 
extent correlated. 

Let us now make the following assumption, which was 
first proposed by Cotes: that if any number of shots have 


struck the target in points Eg boss 


» Ра, then the most probable 
position of the point aimed at is the centroid (centre of gravity) 
of these points. 


Suppose the probability that a shot strikes an element of 
area dady at (v, у) is 
F(X-a, Y- y)dody, 
when X, Y are the co-ordinates of the point aimed at. Then 
if the co-ordinates of the points P P,,..., P, are (ғу 2)» 
ТАР о (us Yn) respectively, the product 
F(X-2, Y - yJF(X -2, Y- 4)... F(X -2m У-у) 


must be a maximum, wh 
for values 


en X and Y regarded as variables have | 


Xetra, | 
n Р 
ү-А%Ф%%...у, 
n; Se: 
If then we put P 
3log F(z, y d log F(a, 
Ee 9) = (a, a = ere y) 
X- v as V 


the functions $ 


-J(o y ) 


Y- У = By 
and y must be such that the equations 


(a, By) + lug, Bo) +. set (a B =0 
Vey B) + Wos В) +. . + I» A - | a 
are the necessary Consequences of 
а. А4 а= 0 
ЕЛІ un (2) 
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Therefore 
$( —ag—ag—. . -ap – Ва Вз. 


B,) 
+ (ay, Ba) +. - -+ plap В,) 
is identically zero ; and therefore differentiating partially with 
respect to a, and denoting the partial derivatives of $(», y) with 
respect to wand y by 4, and pe respectively, we have 
-Ф(-9%-.. 9 = Ba- n Ba) +39 Bs) = 0, 
80 $ (2, у) is independent of 2: andy: denote it by a. Similarly 
d», y) is a constant b, and so 
i ple, y) = ac by + с. 


are consequences of equation (2), we see 


Since equations (1) 
is zero, Thus 


on substituting this value of ф that с 

ple, y) = ar + by- 
Similarly yo, y) zat Uy, 
where а” and 7 are constants. 


Since $ and y are partial 
We must have Р —«', and thus, integrating, 


log F(a, y) = daa? + bey + 207 + constant. 


Therefore F(x, y) is of the form 
Constant х 1+7 y 


derivatives of the same function, 


and the normal law of frequency for two variables is thus 


established. 


The study of m 
variables was begun 
Probabilités des erreurs d 

Еа. The displacement of 
and the probability that the 
(е, Yi) and (a+ dej + dyi) 18 


utions in two and three 


ormal frequeney distrib 
celebrated memoir, Sur les 


by August Bravais ina 1 
"de situation d'un point, published in 1846.* 
а point is the vector sum of n displacements, 


ith of these displacements has a value between 


ШӨГЕ аду, 


7T 
, п). Show that the probability that 


(ғ, y) and (w+ dx, y + dy) is 


where 8;=a;y;- BF (@= 1, Ө,» 


the total displacement has а value between 


+ 
б? en (2-4 9B yd y, 
т 


ж Мет, Sav. Étrang., Paris, 9 (1846), р. 255. 
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where a= x, pny, ys с B= де numbers A, B, C, A being 


defined by the equations 
- Ус, B= SB 6957 A=AC- Bz 


(d’Ocagne.) 
160. The More General Law of Frequency.—In $ 86 we saw that 
the normal law of frequency for one variable was 
frequently occurring, ease of a more general law of frequency, Denoting 
the probability of a deviation between x and x + de by ф(х), then in 
this more general law ф(ғ) is represented by an infinite series, whose first 


a special, though 


term i eM and whose subsequent terms are obtained from this 
term by differentiation. The normal law corresponds to the 
the infinite series reduces to its first term, 

Similarly in the case when there are two variables we 
more general law of frequence: 
(a, y)dady, where 


case when 


may derive a 
y than the normal law, represented. by 


Ff 07 ау e 
«es y) = cofe, y) + e + бару Фу wy. 


where с, y)me-1-uMETS, when the origin is suitably chosen, or 
more generally 
f(x, y) = e- 2 т) у 1HE3G-mXy-n) 


where p, q, s, m, n are constants. 


161. Determination of the О 
quency Distribution with Tw 
smallest step recognised in 
smallest step in measuring 
the first attribute A has a 
the second attribute B 
p(z, y) Mc, where (§ 158) 


onstants in a Normal Fre- 
о Variables.—Let л be the 
measuring 2, and let Æ be the 
75 and let the probability that 
measure between z and 2+ h, while 
has a measure between у and у +k, be 


T 
elz, y)= = (р - She foe eau I) - qty 

mine the most probable values of 
m a set of observations, Let the 
8 observed be (ғұ, 7), (e, yn 
% probability that the observations 


the constants 2, q, $, a,b, fro: 

measures of the individua] 

(£a Yn) Then the a prior 

will yield these measures is 
Ani» 


=a (ph - 58) перахо - a nsn ауу, 1) 925-192 
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The most probable hypothesis regarding p, 4) 5, 4, b is that 
which makes this quantity a maximum when (^, 35 deos 9 
(ғ, /,) are supposed given. Taking logs, we see that 


I= Ya log ( ee – P(e -a)}? 
ете 8Х(ғ,-а) )(у, - 9) — q?x(y, - 9? 


must be a maximum, and Mtn 


әп , апу 010 OH og Wo 
X795 poU do d) c 0» ^ 


The first two of these equations are 
0 = (0, – а) – 50 — b), 
= o- S(x- 4) + FAH - b), 


which, since pq +s, give at once 


and 


The other three Эби are 


uA Le - Qn 26 by, 
Wr 
зін әх(,-а)(,- 0): 
0 + 200 = n) 


1 2 9 
| NT у 
Let us denote X0 by $5 5 (y,- ^? by e, and 
1 
D tha 
noy, e - on - D By n 80 
may be caleulated from the observed measures. 
three preceding equations шау be written 


t the three numbers оу, о; 7 
Тһеп Ше 


* 8 2 
ул eer = р s. 
аса” Dua 90-с Tg 
2e; 3 1 қ 


. uo (2 1 = апа 
Each fraction is evidently equal to soa \ 1-7 7 


therefore А 


pe-9-138- rj ot 
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Thus the values of p, q, r are given by 


1 R " 1 
2» 5 


” 2 =" oy? 2(1 - NON T ЖІ = Poe 


and replacing р, 7, s by these values in the frequency function 
we see that the probability that the first attribute has a measure 


between ж and x+h, while the second attribute has a measure 
between y and y +k, is iw, yhk, where 


1 5-4 {SP - Bea) ус Ме) 
TES 20-т94 ej 103 px] 
2, Y) =>—— 1 

560) roy, ДІСІ)! » (0) 

and where the constants а, b, бр Ca © (r6 expressed in terms of 

the observed measures by the equations 


Tiro, 

These formulae enable us 
values of the constants of a 
two variables in terms of obse: 


to determine the most probable 


normal frequency distribution in 
rved measures. 


Ex.—A man is firing at а target, aiming at its centre. Taking this 
centre as origin, the co 


-ordinates of the points struck by the bullets in n shots 
ате (жу, 71) (ty Vo) + + +5 (ty, Yn) Writing 


1 

aC + mee +. А ++) — 015, 
1 5 : 

mU FYRE. Ey) ost 


1 
anh + „+... 1+ ®ауп) = түт, 
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show that in the long run one-half of the points struck will lie within the 


ellipse whose equation ds 


1 


2 Irr 2 
22080 к) = 00:69312. 
түт» Fa”, 


(Bertrand, C.R. 106 (1888), p. 521.) 
162. The Frequencies of the Variables taken Singly.—Let 
us now find the probability that the attribute A lies between 
ж and æ+ do, when the attribute B is ignored, in the normal 
frequency distribution which has been studied. By (1) of the 


last article, the required probability is ndi», where 
i (а-а), 20—000) (0-02 | 
Ке в“ dy, 


1 || Ф 
n=" C pA e 

= тоға A (1 — 1) 
Performing the integration, remembering that 


, 


» TEM т ne 
І жазына ddz = Уғ, dem 
E v4 
225 
doy 
we have т. = оү 
т oW (27) 
This equation shows that o, is the standard deviation for the 


attribute A, when the attribute B is ignored. Similarly c, is 


the standard deviation for the attribute B. 
bability that the attribute 


Denoting by %(% y)dedy the pro 
A lies between æ and «+ dw while the attribute B lies between 
y and у + dy, and denoting by (2 y)dy the probability that B 
lies between y and у + dy when A is known to be between 2 
and a: + d», we have 
plat, у) = nge 2): 
equation the known values of ф and 
d thus find that the probability that B 
when A is known to be between > and 


Substituting in this 
m, we obtain g(®, 2), 2D 
lies between y and y+ dy, 


w+ da, is 1 (х-а)ү? 
sedi as жетек un ! dy. 
a, Jis (1 - 79) 1 


This is a normal frequency distribution about the mean 


a= сй ай) with the standard deviation erg f (1. — 72). 
01 
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It follows from this that if (with a great number of observa- 
tions) we find the mean у, of all the measured values of D for 
Which the measured value of A lies between x and 2:4 ағ, and 
df then we plot ум against т, the plotted points will lie on. the 
straight line 


йн = b= SE а), 
nies (-а) 
Similarly if z, denotes the mean of all the measured values of 
A for which the measured value of B lies between y and y + dy, 
then 2, plotted against y gives the Straight line 
LM _ 
y-b- ғаға а). 
These lines were called by Galton lines of regression. 
Ex 1.—To find the standard deviation of the difference between the 
measures of the two attributes A and B. 


The probability that (measure of А) – (measure of В) lies between | 
a-b+e2 and «—D-Ez-- dz is evidently 


or 


аз 


т Nin АШ 
220,0, / 1- 


ds - 


or 


Tie o ORT 

Ver) J (o, +o2—-2 ror) 
Therefore if o, denote the Standard deviation of (c — y), we have 
T= v T pu = 270405, 


2 

and therefore т= бі шшш шша 
20,0, 

an equation which may be use 

Ес. 2,3 —Show that the star 


d to determine »# 
f ward deviation of the sum of the measures of 
A and B is 


(7? +2 rr y 
Ex. 3.—Show that the standard deviation the pr " " 
of A and B ds ^f the product of the measures 


29. 24 2, 2 
| IU 012+ 420,2 + 2rabo so, + mh. +7) n 
* Cf. K. Pearson, 


Drapers’ (QW y A А . А 
IV. (1907). ? ompany Research Memoirs, Biometric Series, 


T Cf В. Pearl, Biometrika, 6 (1909), p. 437, 
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163. The Coefficient of Correlation—We now approach 
the question, How is correlation to be measured ? 

We have seen that in a normal frequency distribution for two 
variables defined by the frequency function 


R E RUE di 
30-73) ог 7 GEA oe 


" 1 
pe, у) = реттен гре 
the existence of correlation depends оп the presence of the 
term in (v — «) (y — 0) in the exponential, i.e. it depends on the 
coefficient /. When ~ is zero there is no correlation, since 
p(x, y) then factorises into the product of a term depending 
on æ only and a term depending on у only. 

Consider the case when there is perfect correlation, i.e. each 
value of the measure of A occurs only in conjunction with a 
partieular value of the measure of В, so that one determines 
the other. In this сазе the standard deviation of B, when A is 
known to have a definite value, must be zero; that is, by the 
last section, о;,/(1- 7°) must vanish, and therefore 7 must have 
the value unity. 

Thus r=0 corresponds to the absence of correlation, while 
v = 1 corresponds to perfect correlation. It is therefore natural 
to take either ^ itself or some power of it, such as 72 or ,/, as 
the numerical measure of the correlation between the attributes 
A and B. To decide which power is most suitable,* let us 
recur to the case of the two riflemen. If we suppose, in the 
notation of $158, that а and 0 are each unity while Л, X, l are 
equal to each other, the frequency function becomes 

h DH А Қыша T 
m / 9 


1 1 Я А 
which corresponds to с=т= qe "9. Виб in this case 


exaetly half of each man's mean error is due to the common 
element (the wind), and it would seem natural to take the 
measure of correlation to be }. We therefore decide that т 
itself is the most suitable numerical measure of correlation, It 
is called the coeficient of correlation. 


* Kapteyn, Monthly Notices A.A.S. 12 (1912), p. 518. 
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Let (zp V) (б, yj ... be a great number of measures of the 
attributes A and B; and let points having these co-ordinates be plotted. 
The points will cluster round the mean т-а, у=; and if we draw 
rectangular axes through this mean point, the majority of the points 
will be found in the first and third of the quadrants formed by these 
axes when r is positive, and in the second and fourth quadrants when 
r is negative, 

164, Alternative Way of computing the Correlation Coefficient. 
—We have seen in § 97 that the standard deviation of a normal 
frequency distribution in a single variable may be found in many 
different ways from given observational material; the same applies to 
the coefficient of correlation in a normal frequency distribution in two 
variables, Thus to obtain the correlation coeflicient directly from the 
Taw material without attempting to arrange either of the measurements 
in order of increasing magnitude, we may proceed as follows: First 
Summing each column, find the mean a of the в and the mean b of the 
y’s. Take out all the ws that exceed a, find their mean A, and find also 
the mean B’ of the corresponding уз. Then 


T 2 
ga А z-a), and B'-b= т. -а) о В’ Ki тотоу 


Similarly take out all the y's that 


exceed 0, find their mean B, and find 
also the mean A’ of the correspond 


ing zs. We have 


o=r/ AB - A-a B- or Тел. 


т 1 


"These equations give оу cy and r, In fact 
B'-b Alea 


t=. тет a 
165. Numerical Examples,— 


Ex. 1.—As a first example we shall consider the resul 
dice made by A. D, Darbishire* ider the results of throws of 


Twelve dice were taken, of which m w 
dice were throw: 


and the white dic ^ zai Ч 
toli mm А pui id the white dice s i Aue Yu 
this will « А 
зары ишк tol EE s be called the Second Throw 


hrow ” previously mad i i 
will be correlation between the first and бой did. "Eb ge ‚Ж 


G7" угт a уу 
In fact. т”. 
1 In fact, r= ix 


TP(1 4 zji2- m. 
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Гог 500 pairs of throws of 12 dice, of which 6 were marked red and 
were left down and counted again іп the second throw, the results were 
as in the following table, a pair of throws of (say) 2 and 5 being entered 
as a unit in the square at the intersection of the third row and sixth 


column. 
Бксохр Tunows 
09 $9 14 5. 6 7 8 9 10 11 12 Totals 
0 0 
1 т à 1 3 
E 1 S Š 3 8 
£o e os 9 6 9 6 94 
Е 4 5 9 8 46 7€ 6061 63 
Ё 5 S 6 I? 5 19 Sh 1l 3 105 
н 6 1 5 14 85 Ба 94 1T 4 3 117 
B 8 8 12 16 97 12 4 2 78 
B в 3 т 13 32 14 5 3 66 
E $9 6 6 95% 30 
10 8 15 5 
11 1 1 
12 0 
Тошіз| 0 0 12 25 51 92 97 119 712310 0 0| 500 


The means а and b are of course approximately * each equal to 6. 
Let y, denote the value of the mean of the second throws corresponding 
to the value ж of the first throw ; then we have from the above table 


E 1} 2) 8 | 4 REA е SR E, 


m 3/46 ао 52 10-7 |61 16-6 | т0 | 7-5 1 в.0 | во 


These lie very nearly on the straight line 


Yu — 6 = e- 6), 
во =}. 


Similarly if æ, denotes the value of the mean of the first throws 
d corresponding to the value y of the second throw, we find very nearly 


ie, 6— ly — 6), 


so 


' Hence we have o,=@2 and r=}, nearly. The value of су may be 


* The computed values of the arithmetic means are a =5-950, 0= 6:106. 
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found from the frequency distribution of the first, throws alone, ignoring 
second throws, which is (adding rows in the above table) 


& 911|8|8/4|81417 
= | 


8 | 9 | 10 
Sum o] 3|8]|24/63/105 117 78 66 |30| 5 


For simplicity, we shall assume that а == 6. We then obtain 


a Frequency. («- ауа, Product. 
0 0 36 
1 3 25 75 
g 8 16 128 
3 24 9 216 
4 63 4 252 
5 105 1 105 
6 117 0 0 
7 78 1 78 
8 56 4 264 
9 30 9 270 
10 5 16 80 
11 1 25 25 
12 0 36 
n= 500 


es 
сүй Хе -ay- 2-986, 


тү= 1-73, 


The value of т» is found in precisel 


Pas y the same way from the frequency 
distribution (adding columns in the al 


bove table) 


y 9 {3 


ШЕ в|т|з|ә 10) 11) 12 
бл ыш ый Eus] её 
frequency 0 51ł92|97| 11971 23 1010] 0 


We find T= 8:966, so that с, = 1-72. 


Lastly, let us compute the value of r from the formula of $ 161, 
namely, 


Ii x 
= aoo, — ay, - 0), 
1% 


We find 2 - a)l — 0) = 664, 


and therefore 7—0-002 x 0-578 x 0-581 x 664 


— 0:45, 
agreeing roughly with the previous determination. 


Ex. 2.—When three of the 12 dice were marked red, and were left down 
to be counted in the second throw, Darbishires results were as follows : 
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Seconp THROWS 


6 lI X» 8 4 5 ел в FD ы шщ 


0 
1 1 1 
2 6 1 
B 8 1 5 %8 8 4 5 
2 4 i В 6 91 16 6 6 
= op 3 12 15 23 22 9 3 1 
E Т 10 16 17 33 98 99 5 1 
2 7 1^4 9 17 15 ми 8 8 
m 8 1 5 6 10 14 7 9 1 
9 4 3 9 6 6 3 
10 1 1 1 4 3 
11 1 
12 


Find the coefficient of correlation. 


"hen. nine of the 12 dice were marked red, and were left down 


Ex, 3-І! ар 
hrow, Darbishire's results were as follows : 


to be counted in the second t 
Seconp THROWS 
i В 6 Т 9 9 10 11 13 


0123 8 

0 
1 I3 
2 2 6 1 1 

2 3 p 65 » 1 

E а т Ё 15 19 9 1 

S s б 17 30 32 13 1 

a e 1 10 18 34 26 10 1 

"E 4 17 26 30 18 7 

5 в 7 38 16 11 5 

58 5 Я в 9 T ү 
10 : ub dis 
11 : 
12 


Find the coefficient of correlation. 
Ex, 4,—In the following sa 

length of the carapace of the Say 

spinous portion of the carapace, м 


which ts due to Weldon,* æ denotes the 
shrimp, y denotes the length of the post- 
denotes the mean of the values of « 


“Ж” ue and y, denotes the mean of th 
corresponding to а definite value of th ы of the values 


5 nite value of x. The mean value of x is 949-63 
of y corresponding 10 ге ded: the mean ule of y is 177-53, c: 


its standard deviation 
its standard deviation 1$ 9' 77 


R.S. 47 (1890), p. 415: 51 (1892), p. 2, 


Proc. 
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a. Yy | 
——| | = -— —— 
Over 260 | 188-41 Over 186 | 
260 | 185-41 186 
259 | 183:25 185 
182-25 184 
182-34 |" 183 
182-22 182 | 
181-14 181 | 
| 179-98 180 
179-50 179 
179:17 178 
251 | 178-68 177 
250 176 
249 175 
248 | 174 
247 173 
246 172 | 
245 | 171 
244 170 | 2 
243 169 
242 Under 169 | 239-88 
241 
240 See 
Under 240 
ee ud 


From these data show that 20.67, —2 = 0-975, and consequently 
91 TOi 
T—0-83. 


Жа. 5*—An urn containing white and black balls is so maintained 
that in drawing a ball the probability of getting a white ball is a constant 
p, and that of getting a black ball is 4-1-р. The first drawing of а pair 
18 to consist of s balls taken one at a time from the urn. The second draw- 
ing is to consist of s balls of which t are taken at random from the s first 


drawn, and s—t time from. the urn. Show that the 
mber of white balls in the first and 
second drawings of a pair is tjs. 


166. The Coefficient of Correlation for Frequency Distri- 
butions which are not Normal.— The theory may be extended 
to frequency distributions Which are not normal in the following: — 
way.T 


ФИ. D. Rietz, Annais of Math. 


21 (1920), y. 306. 
t €t. 6: U. үш 


le, Proc, Joy. Soc. 60 (1897), p. 477. 
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Let с and y denote deviations from the means of the 
measures of the two attributes. Let у, denote as usual the 
mean of all the values of y which are observed in association 
with a given deviation æ of the attribute А from its mean. 
Then in the case of normal frequency distributions we know 
($ 162) that if the values of y, are plotted against the corre- 
sponding values of æ, the representative points lie on a straight 
line, namely, ум = b», where b has the value 26, 

1 

In the ease of non-normal frequency ће points will not in 
general lie on a straight line, but let us try to find a constant 
b which will satisfy all the equations 


You = Dos, 
әл бл», 
as well as possible, when y, 4. . . are the observed values of 


а, and Yn, Ум»... the associated values of yxw. We shall 
suppose that to the equation yy,= 02, a weight is attached, 
equal to the number of observations on which it is based, say 
т, From these equations of condition we have at once the 
normal equation for 5, 


л, л' ®2= Ул л: 
Enn? = EN E Yur 


where the summation is over all the distinct values of æ. This 
equation is evidently equivalent to the equation 


where the summation is now not over all the distinct values of 
x, but over all the observations, so that the same value of 2, 
occurs n, times in the sum. 

If as before we write o,? for the mean of 2?, o,* for the mean 
of 4°, and түт? for the mean of zy, we see therefore that the 
straight line which best fits the points (v, y«) is the straight 


line 


X Gor 
Ум- 2, 


с, 


just as in the case of normal frequency distributions. Similarly 
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the straight line which best fits the points (sw, 7) is the 
straight line 


gi" 
NE ue | 
Ly = 


UA 
9% 

We шау then call the number » defined in this way the 
coeficient of correlation of the two attributes, even though the 
frequency distribution is not normal. 

167. The Correlation Ratio.—A more satisfactory method 
of estimating the degree of correlation in a non-normal 
frequency distribution is by means of the correlation ratio * 
which is defined in the following way. 

Let the total number of individual observations be N, and 
let N¢(x, y)ddy be the number for which the attribute A lies 
between 2 and 2+ de, while the attribute B lies 
y+dy. Let Nn, dx, where 


ъ= Í h Ф(ғ, y)dy, 


be the number of individuals for which A 
2+ dz, and let у, denote the mean value « 
that 


between y and 


lies between 2 and 
f y for this Set, so 


DJs = J yele, y)dy. 


There will be high correlation if the y's of this set are 
clustered closely around the value Уш; 
tion of these y's is always small, 
tion by c,, we have 


no [ 2% 7 Iu) (v, y)dy. 


If c,? is to be small for all values of 5 
must be small. We shall denote this wei 


always 
i.c. if the standard devia- 
Denoting this standard devia- 


s, its weighted average 
ghted average by 0°, so 


P= | Шы T А [ (0—3) (а, у) аду, 
Now the standard deviation ©» is given by the formula 


2 x 
o= Í эз J JU = Ы т, 3)dody. 
ж Cf. K. Pearson, “Оп the Th 


Mem. 2 (1905). sey. OF Skew Correlation,” Drapers’ Research 
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If in this we write {(y = Yx) * (/« — by? for (y - 0)*, we obtain 


ay = P+ | | 9(y = Ys) (Yo e bon, y)avdy 
= f | (ум = 0)%%(ғ, у)4ғау. 


Since І 4 (у — У) Ф y)dy is zero, the first of these double 


integrals vanishes. So if we define a new number 7 by the 


equation 
ND 


the last equation becomes 


Since high correlation is associated with very small values 
of 0, we see that high correlation is associated with values of n 
nearly equal to unity. If, on the other hand, there is no 
correlation, there is no reason why the mean of the js for each 
of æ should differ systematically from the mean 


separate value 
d we may therefore expect (yy = b? to be small, 


of all the y’s, an 


and consequently » to be small. 
The number » is called the correlation 7afio From the 


definition, we have 
р = 3 % J (ум = 0) dao, 


og) —o 
so that 12 is the weighted average of (Js — b)? divided by o. 
168. Case of Normal Distributions.— We shall now show 
that when the frequency distribution is normal the correlation 


ratio is identical with the correlation coefficient 7- 
For in the case of normal frequency distributions, as we 


have seen (§ 162), we have 
ғ 
Ум b= ae m a), 


where « is the mean of all the 2's, 


"END wii " 24. 
во P= (дә — ауа. 
oy 017 /-® 
a second correlation ratio obtained by interchanging the 


* There is, of course, 
parts played by 2 and y th 
(0311) 


roughout. 
12 
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Since | nae — ay da өү, 


2 


this gives 1° = 7°, which establishes the proposition. 

169. Contingency Methods.— It frequently happens that 
the attributes whose correlation we wish to discover are of 
such a nature that they do not admit of quantitative measure- 
ment—e.g. different eolours,—and the groups into which they 
are classified cannot be arranged in a sequence possessing a 
logical order. To meet this case, what are known as contingency 
methods have been devised by K. Pearson.* 

Let A represent any attribute, and let it be classified into 
groups A,,A,,..., As; let the total number of individuals 
examined be N, and let the numbers which fall into these 
groups be т, n, .. ., 2, respectively. Then the probability 


т, 
of an individual falling into the pth group is . 
same population be classified according to any other attribute 


into the groups B, B, ..., B, and let the group frequencies 
of the N individuals be Wu, т... т, respectively, so that 


the probability of an individual falling into the gth group is 
nm. 
X Then by the theorem of Conjunetive P. 


Now let the 


x robability, if the 
two attributes were entirely uncorrelated 
an individual falling 
т, т, 

“Ne? 80 the number of individuals to be expected 


» the probability of 
into the group А, and also into the group 
B, would be 


which we shall 


denote by vp» Let the number actually observi 
these conditions be Ng. 


satisfying these conditions would be “e, 


ed as satisfying 
Then the differences (nj, - Yag) in so 


ic, represent; the correlation of the two 
abtributes, and Some funetion 


measure of the correlation, 


namely, the 700t-mean-square contingency defined by the 
equation 


$= 15%)? 
A 


» 


v, 
PY 
* Drapers’ Co, Res, Mem., Biom. Series, i. (1904), 
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and the mean contingency y, defined by the equation 


1 
= elu - ы)» 


v 


where X' denotes summation over the positive contingencies 


only. 
170. Case of Normal Distributions.— We shall now show 


that when the frequency distribution is normal, the root-mean- 
square. contingency ф ds connected. with the correlation coefficient т 
by the equation 

g= I 


For when the frequency distribution is normal, taking the 
t the centre of the distribution, we have 


„or атс sin r =are tan o. 


origin of ж and уа 


(s 162) 
а 12 
n, 1 = „7 2032 
a б D 
N ewW(27) ( 
М 
во Ура 200405 
а2 ce 1° 
Neale ante?) 
and ШТ = Iro ro (1 - 1?) E 
"ү safari 
Therefore "E ТҮЛЕГІ 
| 1 NE eyed 772) 41-2) оц? 
8 1 Tem 


2 (35 Sr ж: е 
Dues тазод) + 2012 


ps 7?) 


and remembering that 
» f? Bth dedy = —. —, 
6 аталу рар 
ІР Ж „(а – №) 
ме һауе 


which ів the required result.* 


.* For other deductions, of. W. P. Elderton, Frequency Curves and Correlation 


(London, 1906), p. 148. 
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171. Multiple Normal Correlation.— We shall now extend 
the theory to the case when more attributes than two are con- 
sidered. For simplicity we shall Suppose the number to he 
three, but the formulae admit of an obvious generalisation to 
the case of any number. The frequency distribution will be 
supposed to be normal, so the probability that the attribute а 
has a measure between z and + ағ, while the attribute B has 
а measure between y and Y+ dy, and the attribute y has a 
measure between z and z+ dz, is (x, y, 2)dvdydz, where 
$n, y, 2) = Ke C W^ eH Efe ere Шау) 7 (1) 
and К, а, b, c, f, g, h denote constants, the origin hav 
taken so that the mean values of 2, 


constant K may be determined at one 


ing been 
7, and 2 are zero, The 
e from the equation 


г im Г P(x, y, 2)dudydz = 1 j 


for, remembering that if Tr dy... v) is a positive 
quadratic form and A its determinant, then 


w Wwe x ue NS ls 
Í І / YS / ge "9, dy. $e eai 
-0 == -0 -9 Е " 


AY 
we have K= ДА (2) 
where Asja h 9 |= abc + gh — af? — bg — chè, (3) 
h b fi 
Uu eo 


By integrating the expression 
ing results : 

The probability th 
between у and y dy, 


(1) we readily obtain the follow- 


at a ls between w and 


2+ dv, while B is 
y being disregarded, is 


1A! Ваа Agi apo) 
a йу, (4) 
where A, В,... 


are the Co-factors of а, b 
determinant A, 


>»... in the 
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Comparing (4) with the usual form of the frequency function 


for two variables, namely, 


1 E TE 5) j 
sor (1 — 72). | dodi, 
i H „А a B 
we have r= ЛАВ) pj әл y= IN 


The coefficient of correlation of the attributes a and B is therefore 


I 

ү, is by e 
JB) We shall denote this by “12 
the coefficient of correlation 75 between f and y, and 73 
let us consider the determinant 


Introducing similarly 


between « and y, 


R=| 1 “ә Т 
l Ta 1 "оз 
p" T32 L] 


and denote by R, the co-factor of the element in the pth row 


and qth column. We have 


R= Б, һы: 
| 1 ДАВ) ДАО) | ABC 
H F | 
n 1 трт 
ES qm 
| cm 1 
(yao) (BO) 
ЛА 4 аА ote 


a^ zA а. Ерс а 
Ru=po = ОАВ) К ДАС) 
These equations may be written 


1 к= 280, Ryy=2Koyorlt, ete., 


R 

БЕ. Жы pee 
so we have "= 255, Коо 
and thus finally expressing the frequency function in terms 
of the correlation coeflicients and standard deviations, the 
probability that the attribute a has a measure between a and 
a+ de, while В has a measure between y and y + dy, and y has a 

› 


measure between z and 2 + dz, 15 
ple, у, 2) ddydz, 


ete., 


342 THE CALCULUS OF OBSERVATIONS 


where i 


T, Тэн Bur 


$(53,2) = | 


(2) m IE 


Similarly in the general case* 


Uy Ta.. n 2, whose standar 
whose correlation coefficients 


ability that the first attribute hasa те 


while the second. attribute ha. 
and во on, is 


plep By as 


RN а? 


when there ave n variables 


"d deviations ате 5s 


Tay э-э 6, and 


w 
Тар 2. 2 the prob- 
asure between a and ay dan, 
8 a measure between ә, and а + 4», 


in puirs ате "p 


 ИДИР "Nc da, 
where 
-а (Bn n қ ) 
b 1 Eri 2 
P= n 


(2т) ео, ЖЕК 


Неге R denotes the determinant | 1 


denotes the co-factor 
column. 


Ez. 1.— In. the case о 
measure between z and 
measure between ж and 
y + dy, is 


2-0): 


TG a) 
PET TU 
320,0, / IU 


80 that 1 
Tyo, . 
138-1. and the mean value of B is 
3 


Ex. 2.—In the case of 
measure between z 


when the measure of y ds 


three att 


ytdy. Show that the probabilit 
2+ da is 


so that when th 


of the element in the pth 


of three attributes, 


&+4, while В h 


2 and 2+ dz and to 


^ measure of y is . 


P 
119 Tyg... Тіл |Р and R 
“41 Vag ES 


n 
Par... 1 


TOW and gth 


Suppose that y is 


known to have a 
at the probabitit 


y. that a has a 
tas & measure between y and 


show th 


)r- m) dedy, 


°з 


known to p 


e 2, the mean value of a 4g 
ToC, 
EL 
28 
Tributes, suppose that + 


y is known to have a 
have a Measure betwee 
y that а ], 


n and 
las а measure betwee 


^ > and 
9181 


- Кп 2 
moat Sa ME 


9: тЫ dx. 
ғу 


nown to be 2, and the measur i 
5 asure o is 
known to be y, the mean value of the Measure of a is Р 
= тк Nun 
enn o. 
"M Pearson, 


Phil. Trans. 187 


А (1896), р, 253; 200 А (1909), y, 1, 


CHAPTER XIII 
THE SEARCH FOR PERIODICITIES 


172. Introduction.—In Chapter X. we have been concerned 
with sums of trigonometric terms of the type 
(t, COS (nl + є) + « cos (2n£ + €g) + ау COS (30e)... (1) 
As explained in $ 132, the vibration of a violin string may be 
represented by a series of this kind when ¢ denotes the time and 
ly, Bay >a < ar certain functions of position on the string, the 
individual terms of the series corresponding to the fundamental 
note of the string and its various overtones. 
It is shown in works on the Theory of Sound that if instead 
of a violin string we consider a bar vibrating laterally (e.g. a 
tuning fork), we obtain for the motion at a definite point of 


the bar a series of the type 

{+ €) + а, COS (nf + ез) + а; COS (ng +e) +... (2) 
where а, 4» “з + + > 218 certain functions of position on the 
bar, but where we now no longer have n, equal to twice n,, or 
n, equal to three times л,; in fact, the ratios My: Th: S: e e. ^ 
are equal to the ratios of the squares of the roots of the 
equation cos 7 cosh m+1=0, so that 74:75:75: . . .— 


2.59 . . .« 29:03. sd 61.70...:... The sum of a series 


of the type (2) is evidently not а periodic function of £, 
but we can speak of it as constituted of elements which are 
2r 2r 
periodic, the periods being A ete. 
ches of physical science, especially in meteoro- 
logy and astronomy, phenomena are observed which may bs 
represented by sums resembling (2): for example, the height of 
sea-water аб any instant depends on а number of constituent 
348 


а, сов (n, 


In many bran 
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tides, of which one (the semi-diurnal tide, which is the largest 
constituent tide along the British coasts) has a period of half a 
day, another (the diurnal tide) has a period of a day, another 
(the fortnightly tide) has a period of nearly a fortnight, 
on. Each constituent tide produces its own effec 
ently of the others, and the actual height of wate 
of these effects. The height of water can therefo 
sented by an expression of the form 


and so 
t independ- 
ris the sum 
re be repre- 


Y = t, + ау COS (nt + €) + 5 COS (nf €)... t, COS (nl + є), 
each of the trigonometrical 


terms Corresponding to one of the 
constituent, tides. 


Systematic part, which the mathem: 
represent by an expression o 
by spots on the Sun cert 
Suggests a certain 
maxima Occurring at in 
more than eleven years. 
If a series of o 
there is reason to 


atician шау attempt to 
The area covered 
tes in a мау which 
ity in the variation, 
the average) rather 


bservations of апу quantity аге taken, and 


expect that they can be Tepresented by a 


Sum of trigonometric terms, or that they involve (entangled 
with an irregular variation) 


Tepresented by a sum of trigonometric terms, the 


of these Constituent terms, 
we attempt to find the amplitudes q 
Өр 6 6)... In many сазе 


) 8, e.g. the Spottedness of 
quite unk all show in the 
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173. Testing for an Assumed Period.—Let the observed 
measures of the phenomenon, made at equal intervals of time, 
be denoted by 
Vor Vys Ugs Ugs. >- (1) 
and suppose that it is desired to test this sequence for a 
periodicity whose period extends over p consecutive numbers 
of the sequence; v, might, for instance, mean the number of 
earthquakes in the year v, and we might wish to know whether 
the liability to earthquakes is greater every p years. Let v, 
denote the remainder when an integer 7 is divided bv p, so 


that the sequence 
Vo Vis Vor Фу... (2) 


is simply 
0,1,2,... (р-1),0,1,2,... (р-1),0,1,2,... (8) 


Тһеп the question * Does the sequence (1) involve the assumed 
periodicity ?" may be expressed more precisely thus: “Does 
correlation exist between the sequence (1) and the sequence (2) ?” 
As the frequency distribution with which we are dealing is not 
likely to be normal, the correlation ratio (§ 167) is a better 
{inating correlation than the correlation coeflicient. 
To find the correlation ratio, wo must first arrange the %% in 


columns, so that all the 1/8 which correspond to the same value 
of v are in the same column. This may obviously be done by 


merely writing down the 175 in or 
which contains p 18 thus: 


method of esl 


der in horizontal lines, each of 


/. 

Uo Uy Ua 25% Mer 

t ae Miis 

Uy "ы UE qe 
t, 

Ugy Тәу әре coc U3, -1 

t Ша-Уріз coc “тр-1 

а-ә он m-Dp E 

E 8 ] U Ші 
Sums Uo U, б 5 


first column correspond to the value zero of 
second column correspond to the value 
we have taken enough of the observa- 
horizontal rows, and we have denoted 


1 columns by Us Up -+ U,-+ 
12* 


All the ws in the 

v, all the w's in the 

unity of v, and so 0р: 

tional material to fill m 

the sums of the individua 
(0311) 
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Dividing these last numbers hy m we obtain the means M, 
ЕА лы M,., of the values of v in the individual columns. 
Then (5 167) the correlation ratio 9 is the standard deviation of 
the M’s, divided by the standard deviation of the ws. Тһе value 
of is calculated in this way for a large number of values of үл 
and the results plotted as а curve in which p is the abscissa 
and the Corresponding value of у is the ordinate. This curve 
will be called a periodogram.* 


It is easy to see why the ratio of the standard deviation of 


pres 


: Drg 
“a= tin +5 


eriodogram differ. 


but the similarity 
Pose is 


retain the name, 
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Denote by с, the standard deviation of the ’s, and denote 
by с the standard deviation of the ws. Since the standard 


deviati f tl 0, si ^ sin 27, sin 7 is = 
lon of the sequence 0, sin T T: qutm 38 a 


т? 


and there is no correlation between b, and « sin E we have 


Next, let U, denote as before the sum of 0,4-1,5... 


+%,-ppte and let В, denote the sum byt bytet- 
%0,-урі- Then 
Әте . 2т(р+ sin 2z(m — 1)p + 270 

U, - «(sin EN 4 sin d ji ІЗ; m) +B, 

sin =? eni 

|. (Әле (т- 1)=р LS 

or Панад TF T 0) C 

sin әр 


the standard deviation of the U's and by X, the 


Denote by X ) 
Then іп the same way ав we 


Standard deviation of the D's. 
found c, we find 


a ттр 
| вїп? тар 
s 
х= aÈ TX 
- 2 атр 
sin? zy 


Р Р 
Now, since B, is the sum of т of the b,’s, we may write 
М т 

12 = mo,2, and therefore 
-аттр 

BID? -m 
Lis --- 4 тоу. 

2 тр 


\ 


ve 


deviation of the means 


ў а he standard 
Thus if X, denotes t we have 


M, M, ..., M, of the individual columns, 


5 8-53 
m“ 
mrp 
РАСЛЕ 
D sin T 1 1 


UU R yi 
2m? sin? ap 4 
dk 
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Therefore, if ņ denotes as usual the correlation ratio, we have 


: о MTP 
sin“ — — 
аз 1 Я ‚2 
-— toy 
2028 QD m 
sin? E 
———— 
ls 2 
90 teo, 


This is the equation of the pertodogram, when p and yare 
taken as rectangular Co-ordinates ; or to speak more accurately, 
it is the form to which the equation of the periodogram tends 
as the amount of observational material, used in constructing 
it, is increased indefinitely, The number m will, in most cases, 
be taken greater than 20 if there is sufficient observational 
material to provide so many horizontal rows, 

From the above equation it is obvious that with such a 
value of m, 7 18 a rather small fraction, except when 
equal to T. Let р-Т(1-е, 
a8 е tends to zero, the above ү 


p is nearly 
Where e is а small number; then 


alue of 5? tends to the value 


1 
2 
(Ug 2 
27,” 
[s 
2 2 
2% + Ty 


and as m is a large number, this is 


nearly - 
1+ 
away rapidly as e passes away from Zero in e 


2 It falls 


а? 


ither direction, 


and when e= + H 12 becomes 


н for any value of p. 
Ч alues of р given by 


3 
al to + 9," Collect- 
An 
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ing our results, we may say that when the phenomenon studied 
is а simple periodic disturbance of period T, superposed on a 
non-systematic disturbance, апа the periodogram is computed 
with a large value of т, the periodogram curve is close to the axis 
of p exeept when p is in the neighbourhood of Т, where the curve 


om 
has a peak of breadth a Jlanked by smaller peaks on both sides, 


т sy ч H " 
The recognition of these peaks in the periodograin is the means 


by which we discover hidden periodicities. 
175. An Example of Periodogram Analysis.—The table 
below gives the magnitude (i.c. а measure of the brightness) of 


a variable star at midnight оп 600 successive days. (These 
magnitudes were obtained by reading olf from a curve, on 
which all the observations of the star's brightness were plotted : 
they have been reduced to а scale suitable for periodogram 
analysis) Tt is required to find a trigonometrical function 


which will represent the magnitude at any time f. 


Day. | Mag. | Day. | Mag. Day. | Mag. | Day Mag. | Day. | Mag. 
11951 21] 2] 414 100 61 | 27) В 1 
218| 22] 4| 42) 7 62 | 25 | 82 1 18 
311511 23] 8 3| 5] 638] 24] 83 | 19 
4 | 32 24 | 11 44| 3 64 | 21 84 | 19 
5133] 25/15] 4|? 65 | 19 | 85 | 19 
6 || 3s 26 1191 46| 3| 66 17 | 86 | 19 
"|| 27 |23 | 47 4| 67115 | 87| 20 
S | 31 og} 36 | 48| 5 68 | 13 | 88 20 
9 | 98} 29/29} 49 7| 69| 12) 89 20 
10 | 25 | 30132) 50 10 | 70] 11] 90 20 
UT. УУ 31 | 33 51 | 13 81.| 0 91 20 
12 | 18 | 8219 52 116 | 72|10 92 20 
13 | 14 | 33 | 33 | ЕЛ Ен 10 ч! 20 
КЕТЕ 34|32| 5+ 32| 14|11 94 20 
is | 7| 35 |30) 55 24 | 75 12 95 21 
16| 4] 36,27| 56 26 | 76 12 96 20 
17| 2] 37 | 24 57 | 27) K 13 | 97 20 
is | 0! 38120 | 98 әв | 78| 14] 98 | 20 
19] 0 39 | 17 59 | 29 79 | 15 99 | 20 
20| o] 40/13] 60 2% 80 | 16 | 100 | 19 
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= JUS OF 
ag.| Day. uon 
= КТ, ATIONS 
Т - m - | Mag. || Day. | 
3 ; т à е Mag. || Da 
e 15 144 | 19 T ЧЕ Tm 
um 13 145 | 23 T i 3 t 
AS ue ЕЕ ч 2 | 1 2 
108 11 | 148 30 АЙ 2 : | i 
109 10 || 14 32 188 AE i 2 i 
110 9 ioe 33 189 dE И A 
111 ы 1» 34 ie i a i 3 : 
112 i 182 33 108 ; n: : | 
MEE: m dE pee | ae eat ae 
па | 12 ia | 1 B 2 n АЕ 
116 18 i m a Т 7 4 2 | 
| 214 |1‹ 
| T: : ЧЕ 236 и ewe 
2 58 17 897 |2 E 
119 2L | d ы i : 2 | 
e ES ay E E 
; i i 2 199 zi 239 a 279 H 
sar CR ed en ma od n OE 
ds iw а 25 | 24: 22 | 282 | 
12 29 163 203 " "IE : : 
4|9 164 0 : зы НЕ 
195 29 0 204. 27 | 9 dT 284 : 
2 : ТІ ШІ. 97 944 | 9 284 2 
127 | 24 167 3 208 |26 ^ à | 3 | 
- 25 2 ; 
I2 26. 168 & | 307 24 ДЗ 286 10 
Tu 20 169 M: 209 A m | = | 
НЕН ЧЕ ІНЕ 
: JE 17 | 211 1р ДЕН 290 a 
aE 143 x 218 ME: ДЕ 
18 5 174 3 "m 13 гі | 
1s 4 175 is dis 13 | 254 7 T 5 
13 2 176 2 216 18 | 288 5 = T 
: Е : ài 18 | 256 8 T 34 
139 2 178 2 91 12 257 Р n 3 
- 2 m 39 on 12 258 9 || ox 7 | 31 
141 6 180 31 О 13 2 12 n : 
| 9 п 9 13 260 12 = 99 2t 
| | а 2 1 5 14 300 26 
92 222 413 AE т | 
223 |11 263 IHE 
JE: Ы 302 | 14 
Е 303 | 1 
| 304 i 
305| 4 
4 


А mm 
— 
шы. 


түу 
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Day. [= Day. | Mag. | Day. Mag. | Day. | Mag. | Day. [т 
306 ə | зат | 25 | 388 | 23 | 429 | 5 470 | 24 
307 1 | 348 | 25 | 389 99 | 480 | 8 | 471 | 22 
308 0 | 349 | 25 | 390 | 21 431 | 12 | 472 | 19 
309 1 | 350 | 24 | 391 19 | 432 | 15 | 473 | 16 
310 | 2 | 351 | 24 | 392 17 | 433 | 19 | 474 | 13 
311 5 | 352 | 22 | 393 15 | 434 | 23 || 475 | 11 
312 т || 353 | 21 394 | 13 | 435 | 27 476 

313 | 11 | 354 | 19 395 | 11 | 436 | 30 477 

314 | 15 | 355 | 18 396 | 9 || 437 | 32 478 


316 | 22 | 357 | 16 ) 
317 | 25 | 358 | 15 399 К 
318 | 28 | 359 | 15 400 | 6| 441 |92 482 
319 | 30 | 360 | 14 401| 7 
320 32 361 | 14 | 402 | 8 443 | 28 | 484 | 12 
321 | 32 | 362 | 14 403 | 10 | 444 | 24 || 485 14 
392 | 32 | 363 | 14 4 ) 6 ; 
323 | 31 || 364 | 14 405 | 15 || 446 | 16 487 | 18 
324 | 29 | 365 Ti ӛр 5 
395 | 26 | 366 | 1 Т 
326 | 23 | 367 | 14 408 | 24 | 449 | 6 
327 | 21 | 368 14 | 409 | 27 | 49 2 
398 | 17 | 369 14 | 410 A E 1 
14 | 411 52| J 
da En 15 | 412 | 31 453 | 1| 494 | 28 

3 4 

4 

6 

9 


315 | 19 | 356 | 17 Т : 
398 6 | 43 34 | 480 
( 


330 | 11 | 871 
331 E 
332 
333 
334 


9 

7 

6 | aes | 16 | 416 ( 
E n a 24 | 458 | 13 | 499 | 19 

6 

7 

9 


336 

337 

338 | ‹ 2 

339 | 11 | 380 | > 

340 | 13 | 381 a 5 
= 382 292. 

ЗАЛ. | 15 38: E 194 


e 
о 
bo 
ка 
EL d 


wo 
B 
bo 
m 
со 
e 
со 
өз 
Wb 
$25 фә 
Ф. 
bo 
© 
т оо oT 
I 
e 
a 
oo 
= 
<л 
© 
~ 
Hm 
= 
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ТЕҢ Т Е nee " ». ее. jc Mugs 
Day. | Mag. | Day. | Mag.| Day. | Mag. | Day. |Ma Day. g 
511 | 14 | 529 | 25 | 547 8 | 565 | 12 | 583 | 34 
512 | 14 || 530 | 26 | 548 | 10 || 566 8 | 584 | 34 
513 | 13 | 531 | 26 | 549 | 13 | 567 | 6 1.585 | 33 
514 | 13 | 532 | 25 | 550 | 16 | 568 3 | 586 | 31 
515 | 13 | 533 | 24 | 551 | 20 | 569 1 | 587 | 29 
516 | 13 | 534 | 23 | 552 | 23 | 570 | о | 588 | 26 
517 | 13 | 535 | 21 | 553 | 26 | 571 | о | 589 | 22 
518 3 | 536 | 19 | 554 | 29 | 572 1]| 590 | 18 
519 | 14 | 537 | 16 | 555 | 31 | 573 З | 591 | 15 
520 | 14 | 538 | 14 | 556 | 32 574 6 | 592 | 11 
521 | 15 | 539 | 12 | 557 | 32 975 | 10 | 593 Б] 
522 | 16 | 540 9 | 558 | 32 | 576 | 13 594 5 
523 | 18 | 541 7| 559 | 31| 577 17 | 595 3 
524 | 19 || 542 5 || 560 | 29 || 578 | 21 596 2 
525 | 21 | 543 5 | 561 | 26 | 579 | 95 597 2 
526 | 22 | 544 4| 562 | 28 | 580 28 | 598 2 
527 | 24 | 545 5 | 563 | 20 | 581 31 | 599 4 
528 | 24 | 546 | 6 1 564 16 | 582 | 33 | goo | 5 


We have first to find the mean value and standard deviation 

of the observations. Dy the methods of Chapter VIII. we find 
Mean value = 17. 

Standard deviation = 8:63. 

As there are on the whole about 91 


in the 600 days, we Suspect that on 
periods will be not far fro 


take trial periods ranging 
shall give to p in successi 
on to 32). Taking m= 
days is as follows ; 


maxima and 21 minima 
e of the most important 
ш 600/21 days. We shall therefore 
from 20 days to 321 days; that is, we 
оп the values 20, 201, 21, 211, and so 
17, the summation process for, e.g., 24 


[TABLE 


746 866 FOG BST SAT SLI FAL 161 806 


GFZ 60б FOS 906 696 OLE 066 SOF LOP 90r 686 TLE EGE 616 680 
#6 (6 8L 91 st OL 8 Lh 8 9 9 4 6 II £T SU AL бт T6 95 єє #6 FH %2 
80 66 бб 16 06 GI SL AL ОТ 91 GI 9 GI GI YI TI Fl FL FL PL PL PL TI at 
РІ «Т ст OT AT 81 6Т 16 GG TG 90 96 56 96 FS 6 06 00 SI ст етв | 
9 9 98 9 4 6 и? AL Te 56 96 66 16 BE ZE G6 06 80 40 бє 6T ot TI 
4 9 б T 0 т & Ф 4 IW FL 6L cc 96 6c IE 56 TE FE GE Te 6g ec TG 
ї YD OD > б т т 6% 9 6 Bl ӨТ CL GG oc lc б 06 08 OP GG Ж 
 %6 0G LT FT cl 016 в в 4 в 6 ТІ бт FE OT LT 601 06 TS ZG GG GG 
бб GG 16 1с 06 06 61 61 ST SL AL LT LE LE 9T SL GI FL FL GI Gl et GI ci 
ZI at et PE ST AT Өт 06 06 TG 96 96 A6 26 96 96 +6 G OD AL FL vl 6 L 
G8 9 F V 6 л 6 Ф Sl 6I có % 86 16 B % SE BE 06 LE 76 16 LI et 
6 9 € т 0 0 1 € 9 6 бї OL OF F 4 06 бє ee FE GE Ze OF Le Gc 
6T 9T cT 6 9 F б б б F 9 9 тї fl AT 06 66 ec A 85 6 6 85 LZ 
сс % тє GI OT TI GI II OL OL 6 6 OT II Gl EL GI 9I AT SL бт Oc Oc Oc 

0% 12 06 OF 06 06 06 06 06 OF GI GI GL GL SI LT OT Gt TI єт GI zt TT OI 

Or Il IT бт eI GT AT 6I 16 tc 9€ Lg 86 66 BZ LZ 96 P © 61 OT gr OT L 

6% 6 & 6 9 4 OT ЄТ AL OG % 22 OF G6 66 FE G0 GE 05 Oc Ez GI GI 

I $8 F @ 0 0 0 & v 1 OL FE SI cc 50 86 IE GE Se 66 ct Ie 85 Gg 
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The sums at the foot of the columns are the numbers TIS: Us, 
Us . . . corresponding to this trial period. 

When the trial period is not a whole number of days, we 
modify the arrangement slightly so as to secure that terms in 
the same phase are still in the same vertical column: thus if 
the trial period were 311 days, we should write the values 
corresponding to days 1 to 31 in the first horizontal row, and 
the values corresponding to days 32 to 62 in the second 
horizontal row, then we should omit altogether the value 
corresponding to day 63 in order to bring the value correspond- 
ing to day 64 to the beginning of the third row, and so on. 

The table of values of the ws obtained by the summation 
process with the different trial periods is as follows : 


[TABLE 


906 996 Р 
965 $66 205 РЄ 

POG 606 166 ELE 060 EHE 

tóc 105 peg 016 L6G 196 СРР 60Р s 
cüc 606 ZEG 806 FOG 596 LEP 606 000 C0G 

160 618 0586 605 606 088 10% 956 861 606 1660 666 


066 666 SIG 6/6 OOF LOS 6/1 906 166 $86 990 906 

086 660 616 8/6 GLE 196 OSL GIG 666 7/6 196 166 066 

БЕШ 680 816 GLE 616 LEG FEL 006 660 0/6 896 6066 7/80 

156 v86 GLE 698 OZE FEL OFL OFZ 006 896 0/6 965 /80 

986 086 916 986 2161 1Р1 696 605 196 6/6 166 886 286 090 


646 JEL 141 496 006 196 9/5 060 686 %86 1% 6% lg 


Gla GLE 


86 


186 6 608 GLE 225 SLL 891 180 205 096 6/5 780 086 $86 996 %% 6/6 180 cac 
956 800 FOG LOG GOL GIL 681 806 606 600 880 880 6/6 CSZ 116 886 6/5 SBZ 685 
c83 198 660 0%0 ELL ZII GIS OSE LOE 890 980 £87 826 8S3 9/0 160 685 786 i 
086 900 660 896 061 261 996 YEE 866 196 160 98% 082 166 186 966 18% cez kd 
188 196 686 ӘРІ ЕРІ 8/6 GFE 866 0/6 06б 086 180 €66 068 860 186 760 287, 
156 697 983 GEL 191 OLE 6496 966 8/0 005 880 1806 966 808 006 86% 008 sez 
68% cie 618 ЕНІ PGL 0:6 796 966 FRB 806 080 986 86б SOE £08 16% FOE 06% 
656 9/5 8/6 ESI 606 ШЕ 1/6 866 680 108 066 786 866 118 SOE 860 SOE zez 
062 6/60 clc SOZ ZLE 696 C66 1/6 60% 866 018 060 166 TOE 618 908 FOE 906 ee 


TOE SIE GOF 908 906 866 


2620 ILZ 540 480 6/0 806 EGL 808 Ocb PLE cóc 406 ZIE 165 F6G 
LOE 118 108 FOE 908 cc 


680 0/0 905 006 688 РЕР 195 650 806 SIE 966 Т66 


806 1/72 912 80 Ч/& GP 148 066 SIE 162 BOE SIE 660 ROE 606 

008 1% 086 616 106 Zoe 118 962 108 692 БЕ 
FOS 8/0 FRG ele 618 008 66 806 968 <08 6c óc 
806 Pg BEG FRE ссе 006 66% 1/6 90% 10% 8/0 966 606 cóc SOE 660 %60 
TIe 226 0/5 5/6 126 108 806 6/6 686 966 SOE 166 106 88% 166 
IB 080 186 966 gie 606 ZIE 186 1/6 166 960 88б 160 FEZ 000 
Ste 980 708 бІР ale 866 906 ISE 600 886 EGE 980 460 180 166 


618 O66 OZE ТЕР ТӨР 816 OFE 6886 018 
SIG 160 266 ZPF LEP 056 706 186 106 


“e Чо 0с 06 "oo 186 cse Ha ~'a 


166 OSE £16 616 1/06 695 780 8080 986 066 8/6 I 

666 688 698 486 116 ISE £86 486 080 955 РЕ 25 

Же ces cho wo Чё ‘egs ес чє Чї 052 Чи oz 
(svp) (8) pomad 
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We have next to find the standard deviation of each of 
these columns and divide it by m (= 17) in order to obtain the 
standard deviation of the corresponding column of means 
MM UMS os ws os 

Now dividing these standard deviations of the M’s by the 
standard deviation of the ws, which was found to be 8-63, we 
have a table of values of the correlation ratio » corresponding 
to the different values of the trial period p. The values of 1) 
may evidently be obtained at once by dividing the correspond- 


ing standard deviations of the columns by 146-71 (= 17 x 8-63) 
The results are as follow : 


2 4042 96} | 2944 16:837 |0-115 
9 10-171 97 290-3 0-151 
2 10-018 27} 590 | 0-045 
2 7-047 98^ 58-197 | 0-397 
9 17-034 28} 109-019 | 0-743 
2 6:772 29 126-481 | 0-862 
9; 31-630 294 106-089 | 0-723 
Pr 69-389 30 61-587 | 0-420 
2 83-856 301 15-948 | 0-109 
2 62-567 31 17-481 [0:119 
2t 23-198 314 29-034 | 0-198 
2r 7-697 |0- 32 16-972 | 0-116 
2 23-561 |0-161 | 321 4-020 | 0-027 


These values of », plotted against the corresponding values of 
p, give the periodogram shown on p. 357. 


In the practice of periodogram an 


ín VE ca [шп great accuracy, it is not unusual to omit altogether 
t id pe ation of the standard deviations, merely plotting the periodo- 
gram d points obtained as follows, As abseissa take p, and as ordinate 
take the difference between the greatest and least numbers of the sequence 


Uo Uy Uy . 5 »Up-1; this difference is called the oscillation correspond- 
img to mhe trial period p. The table on p. 358 gives the oscillations 
corresponding to the various values of p, between 19 days and 331 1. 

the number m being taken to be 17 throughout, 9 days г 334 days, 


alysis, since saving of labour is 


ғ 
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"Trial Period. Oscillation of Sum. | Trial Period. Oscillation of Sum. | 
TS Т | 
19 30 261 20 | 
191 26 261 50 
20 16 27 63 
204 32 271 36 
21 30 27} 22 
21% 27 28 169 
22 51 28h 305 
221 35 29 360 
221 20 294 303 
23. 89 | 30 176 
23} 204 | 30} 55 
24 236 | 31 49 
24% 177 314 86 
ЕРЕ 74 | 32 53 
25 99 | 321 15 
254 23 | 33 58 
26 25 | 33} 49 | 


It will be seen on plotting 
obtained closely resembles the 
and laborious method of comp 


the oscillation against p ihat the curve во 
periodogram obtained by the more accurate 
uting the standard deviations. 


It will be seen that the periodogram in our example shows 
two high peaks at p = 24 and p = 29, with the side-peaks belong- 
ing to these as in a diffraction-pattern in optics. We are 
therefore led to infer the existence of two constituent -oscilla- 
tions, one of which has a period of approximately 24 days and 
the other of approximately 29 days. In order to find these 
periods more exactly, we repeat the work so far as concerns the 
neighbourhood of p= 24 and р = 29, but taking a larger value 
of m—say about twice as great—and also taking values of p 


Separated from each other by smaller intervals. Thus we might 
now caleulate the correlation ratios corresponding to р – 93.6, 
23-8, 24-0, 24.9, 24-4, when 34 horizontal lines are taken. 
This will give a much better defined peak in the neighbourhood 
of p—24; the peak will in fact be only half as broad ав in the 
previous periodogram. 


It may be remarked that if two periods are found (from an 
inspection of the first periodogram) % be во close together that 
the peaks corresponding to them run into each other, it will in 


a 
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any case be necessary to repeat the work with a larger value of 
m, in order to diminish the breadth of each peak and so bring 
the two peaks clear of each other. This is analogous to the 
corresponding device in spectroscopy, of employing a grating 
with a larger number of rulings in order to resolve two lines 
which are not distinctly separated by a smaller instrument. 

In order to get the periods still more exactly, we must study 
the phase of the constituent oscillations (as found by Fourier’s 
analysis) at different epochs; for if there is a slight error in 
the assumed period, the consequence will be that the phases 
of the oscillation, as determined from different “ stretches " of 
material, will not fit together accurately—the oscillation will 
appear as if it were continually being accelerated or retarded 
in phase; an improved value for the period is then suggested 
by the amount of acceleration or retardation of phase. In 
this way we find that in the present example the periods 
are exactly 24 and 29 days. We then add together the two 
oscillations (ie. write down the numbers Мо, М, M,,. . . for 
the first oscillation in one horizontal line, and write down the 
numbers M, M, M, ... for the second oscillation in a hori- 
zontal line below them, and add) and subtract the result from 
the given observed values, in order to see what is left still 
unaccounted for. Thus 


Day 1 2 3 4 5 6 7 8 9 
24-day term 16-8 18.8 20.8 21.8 22.9 23.9 23.9 24 23.1 
29-day term 25- 26-7 27.8 27-7 27-7 26.6 25.4 24.2 22.1 

Sum 49.5 45-5 48-6 49-5 50-6 50-5 49.3 48.9 45.2 

Given in graph 25 28 31 22 33 233 32 31 28 

Diff: 17.5 17.5 17-6 17-5 17-6 17-5 17-3 17.2 17.2 


Day 10 31 12 ІЗ М 15 16 ІҢ 18 
24-day term 22.1 21.1 19.2 17-3 15-2 14-9 12.2 11.9 10.9 
29-day term 19-9 17.8 15-6 13.5 11-4 9.5 8.4 7.5 6-6 

Sum 42-0 38-9 34-8 30-8 26-6 23-7 

Giveningraph 25 22 18 14 10 kK ош 98 0 

Diff. 17.0 16.9 16-8 16.8 16-6 16-7 16-6 16.7 16-8 
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Тау 19 20 21 22 93 94 25 26 27 
24 day term 10-2 101 11-1 12 14 14-9 16.8 2998 20:8 
29-day term 6-8 6-9 8.1 9.2 11.4 13-6 15.7 17-7 19.8 
Sum 17-0 17-0 19-2 21-2 25-4 28.5 32.5 36.5 40-6 
Giveningraph 0 0 2 4 8 110 15 18 28 
Diff: 17-0 17-0 17-2 17.9 17-4 17-5 17-5 17-5 17-6 


Day 28 29 30 31 32 33 34 35 36 
24-day term 21-8 29.9 93.9 23.9 24 93.1 22.1 21.1 19.2 
29-day term, 91.7 93.7 95.7 26.7 97.8 27-7 27.7 26.6 25.4 

Sum 43-5 46-6 49.6 50.6 51.8 50.8 49.8 47-7 44-6 
Giveningraph 26 29 39 33 34 33 32 30 27 


Diff. 17-5 17-6 17-6 17-6 17-8 17.8 17-8 17-7 17-6 


The numbers in the last ] 
deviations from constanc 


тау be accounted for as t 


tions of periods 24 and 29 days respectively, together with a 
constant term. We therefore write 
2тё КЕР) 2zt . 2rt 
14,7 a+ B соз >> + y sin 99 *80055 +esin 21? 
the constant а must have the valu 
value of », and the constants (9, y, 
least squares. Тһе final result is 


e 17, since this is the mean 
8, є may be determined by 


(4. € E 
V,— 17+ 10sin T3 4 Tsin 27 D, 
where # denotes the time in days. 


176. Bibliographical Note.—} 


5. E fethods for the discovery of hidden | 
periodicities have been given by ma 


ny writers, beginnin with Lagrange * 
іп 1772 and 1778. Laoraney, b ties dE ee 
Dale,} is quite different from the 


* (Euvres, 6, р. 505; Т, p. 535. 
T Monthly Not. R.A.S. 74 (1914), р, 698, 


Carse and Shearer, Edin, th. 
Tracts, No. 4, p. 41. » Edin. Math 
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chiefly to methods which depend on the principle that (in the notation of 
$ 173) the sequence Ug, U,, . . ., Uy , preserves any periodicity of period 
p that may be present in the observations, and does not preserve other 
periodicities. Methods of this kind were originated by Buys-Ballot * 
and developed by Strachey | and by Stewart and Dodgson.{ Stokes § 
suggested that in order to test an observed function Ша) for a period 


Әт [ 


Two the integrals [чә sin "б and | ue) cos nedx might be calculated ; 
if a true periodicity of u(r) is represented by the term csin (n^ + а), 
then when л is near a^ the integrals will involve terms 


5 , : EMT TT 
i ay (а — nyc a] and an п) 9 1007 – nwa}, 


which are of large amplitude and long period, and are therefore readily 
detected. 

Schuster discussed the matter їп a number of important memoirsj| 
in which the periodogram was introduced. Let a function u(x) of the 
time æ take the values Hoy Vas May Ugy + + +) Ug 3 at equidistant values of the 
time ze, zo 4- a, tot 24, .. , rg (n— l)a. 


n-l 


Let A= È u,.cos—, 
s=0 ? 
п-1 Әле 
B= Xusin-—, 
5-0 d 
A? + Ba 
and let = 


nu 


Тһеп the value of S in the neighbourhood of a particular value ра 
was defined by Schuster to be the ordinate of the periodogram for 
that period, It was remarked by Craig Є that Schuster's formulae were 
equivaleut to those arrived at in finding the correlation coefficient т 
between the sequence Шу ty Uo . . a wu, 1 and the sequences 


Әт 4т 67 
l, cos л? °% wo y 
v- . Эт . 4r 67 
and 0, sin—, зіп" sin” 
] , у - 
p ) р 


* Les changements périodiques de température, Utrecht (1847), p. 34 

T Proc. R.S. 26 (1877), p. 249. ы ! 

t Proc. R.S. 29 (1879), p. 106. 

8 Proc. R.S. 29 (1879), рр. 122, 303. 

|! Terrestrial Magnetism, З (1898), p. 13; 
p. 107 ; Proc. R.S. 71 (1906). p. 136 ; 

T Brit. Ass. Rep. 1912, p. 416. 


Camb. Phil. Trans. 18 (1900), 
Phil. Trans. 206 (1906), р. 69, 
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H. H. Turner * has published tables for facilitating the computations 
of Schuster's process. 

A method depending on the formation of difference equations has 
been suggested by Oppenheim,] and mechanical methods have been 
described by A. E. Douglass f and W. L. Balls.$ 

The reader who wishes to pursue further the subject of this chapter 
is recommended to consult a valuable memoir by J. Bartels, “Random 
fluctuations, persistence, and quasi-persistence in geophysical and cosmical 
periodicities”, Terrestrial Mag. 40 (1935), pp. 1-60, and a memoir by T. E. 
Sterne and L. Campbell, “Properties of the light curve of tt Cygni ", 
Annals of Harvard Coll. Obs. 90, No. 6 (1934). Cf. also Dodd, “ Periodogram 


analysis with the phase a chance variable ”, Econometrica 7 (1939), p. 57; 
б. T. Walker, “ Period-hunting in practice ”, Quart. J. R. Met. Soc. 67 


(1941), p. 15; K. Stumpff, Grundlagen u. Methoden d. Periodenforschung 
(Berlin, 1937). 


* Tables for Facilitating the Use of Harmonic Analysis, by H. H. 


Turner 
(Oxford University Press, 1913). 
T Wien Sitzungsber. 118 (2a) (1909), p. 823; cf. F. Hopfner, ibid. 119 (2а) 
(1910), р. 351. 


ў Astrophysical J. 40 (1914), p. 326; 41 (1915), p. 173. 
8 Proc. R.S. 99 (1921), p. 283. 


CHAPTER ХІУ 
THE NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS 


177. Theory of the Method. The best method of inte- 
grating differential equations numerically is one devised by 
J. С. Adams;* it is applieable to equations of апу order, but 
for simplicity we shall describe its application to equations of 
the first order, 


Let the differential equation he 


a (и, a), (1) 


with the initial condition that y is to have the value Yo When 
v has the value а, Let а 


о "p Ta 7» . . . be a sequence of 
values of аф equal intervals w apart; we shall denote the 
corresponding values of y by Yoo Yas Yor Ys, ++. and the corre- 
А 1, -— 
sponding values of елі DY 4% 01, 9, Ф»>... The differences 
Mi- 39), (9, — 1л), ete., will be denoted by Ду, Ау, 
It will generally be found convenient to choose the interval w 
so small that differences of order above the fourth (or, better 
still, differences of order above the third) may be neglected. 
The value Уо being given, the problem 


ete. as usual. 


is to determine 
Vo Yor dp... 


The first four of these values 
way: by differentiating equatio 


are determined in th 


e following 
n (1) we have 


int., Strasbourg, 1920, 
d order. 

f. angew. Math. 10 (193 
е, Manchester Lit, and 
Mag. 21 (1936), p. 624, 


363 


2 (1932), 
2), p. 91; 
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which expresses 22 i in terms of апа y. By differentiating 


(2) we can similarly obtain 2 3 in terms of 2: and y, and so on. 


In this way all the successive derivatives of y with respect to 
т are obtained as known functions of 2: and y. 
expansion 


Y= 7+ +e- (7) + б-а SE Ee. di С)... (3) 


Thus in Taylor's 


the quantities //, (2 (а). ‚. +. are all known, and there- 
fore y can be found for any value of z near to ау Ву sub- 
stituting w, 2w, 3w, 4w for (x-a) in equation (3) we obtain 
the values of уу, Y» 7» Y, with as great accuracy as may be 
desired; or alternatively, we may compute Ау, А%,.. 


. from 
the equations 
an G) GA ш, Sn) тшш, 
awe AS eee) ea wt jede s... 
А%- es) + эЧ) + : (S) +.. 
А%- «(a + аш ai) + 
AS — Р “(= " 


and then calculate з Уһ Yor Уз Ya 


by building up the diff 
table of the з”. g up erence 


Then from either the equation 


Ж wil =ufly,2) 


or the equation 


Yy 
q=w +ш(ж— 0) oleae 22), 
G ae (ші e 
we obtain the values of 4,, 02 1» 4 
Now with these computed values we form a difference table 
thus : 
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га Ay. 5%. A. Ag. 
To 
Aq, 
yi АМ 
Aq, ANS 
ГА Му, А, 
Aq, Аз 
93 Аз, 
Ад 
94 


The further process consists in extending this table by 
adjoining new (sloping) lines. То effect this, we remark that 
to the symbolic formula 

"A. Aer жу. eT n 
Е “(ЕЗ -(1-% =1+74E E73 AE Ms v. 


there corresponds the interpolation formula (the backward form 
of the Gregory-Newton formula) 


^ ' +1 - (+ J " 2 
qs + то) = + Agua "Vary, a EEE Daa 
r(r+1)(r+2)(r+3 
ER a... ш 
"nen 7 
Now Jn41— Ун -[ P 
н 4-10 
= qda 
Wian 
1 
= І lEn +rw)dr. 
0 


Substituting the value of д (2, + т) from (4) and performing 
the integrations with respect to 7, we have 


1 5 3 
Уа ул = Int 959a + ДАЛА, * У 
251 ‚ 
+50 АҸа-а+... (5) 
and in particular 
251 


1 T 3 
Ys- Уа = а + 995 * 1990, + о Азу, * 720 


А, 
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Every term on the right-hand side of this equation is known, 
so by means of it we can compute y; The equation 


(= Vf s, %5) 
enables us now to compute q; and so to adjoin a new sloping 
line to the difference table of the q's. 
Next we put n=5 in equation (5) and use this equation to 
compute /; then from the equation 


tfo =W) Yo %) 
we compute fẹ and so obtain another sloping line in the 
difference table. 

Adams's process consists simply in the repetition of this 
operation. It may evidently be extended to any number of 
simultaneous equations each of the first order, such as the pair 

ty (y, 2, а), 
dem V, а, a) 
and so to any system of ordinary differential equations, 
Eu.— Given the differential equation 


Yu 
with the initial values х= = ; 
ie ad ЗА  4о:- 0, Jo 1, tabulate the solution from хк-0 


We have by successive differentiation 


а Wy + ey! — 1+2=0, 
ay а +1=о, 
“ИЛ yy у ay - 
Qe Шуут e c 4 у” o! 
а Т DIY e уут + ay" + gy 0) 
LOY + 15y Y + бууу avi ү. ay! + dy = 0, | 
whence the initial values are > 


; TUM 
ю=1 %--9, Ww"-8 wv go Jo = 640 
1 i 


Lax 
and hence the Taylor series is Уо — — 8840, 


y-1 tony na. 5,16 s; 901 


ab crt 26 1 
3 187^ + | 
with #'=1— 20-4 48— 19994 80,, 221. | 
3 Еу M | 


t 
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Taking w= 0-02, we have from these series 


U= 11000000, §o= 0:02, 

jj = 1:019610, q, = 0:019230, 
Yo= 1-038479, y= 0:018516, 
Yg = 1:056659, 03 = 0-017851, 
y,— 1074195. q4= 0017228, 


The remaining values / Ye Yp . . . are computed from a difference 
table of the q’s, using equation (5); the corresponding values qs 4 p . . . 
being given by the formula q, = w(y, — c,)/(y, + Xn). We thus arrive 
at the following results: 


24-0 Yo= 1:000000 4--0:02 
-770 

xj=0:02 — y,=1:019610 у = 0-019230 56 

' = 714 ed 

жъ=004 |,--1:038470 (= 0-018516 49 0 
- 665 -т 

Тұа-- 0:06 yz=1:056659 4у--0-017851 42 2 
- 623 =f 

@=0:08 — yy=1-074195 а= 0:017228 87 3 
— 586 -3 

25= 0:10 y5=1:091126 q; — 0-016642 34 zu 
= 552 _® 

gm 0:19 yg=1:107490 q,— 0:016090 29 2 

6 76 6 4 
- 593 -1 

$4014 — y— 1123317 4;--0:015567 28 ың 
-495 =й 

wm 0-16 — yg— 1:138622 q,— 0-015072 24 
= 471 


4g— 0:18 — yg— 1-153469 — q4— 0-014601 
010= 0-20 y= 1-167842 


The above value of Уло is correct to the last digit. 

178. Bibliographical Note.—Of the other me 
proposed for integrating differential equations, 
Runge, Math. Ann. 46 (1895), p. 167, 
Zeits. f. Math. u. Phys. 46 (1901) 
Fenn. 9 (1938), No. 13. 


А method which permits the determination of an upper limit to the 
error involved has been described by Steffensen, Särtryck ur Skandinavisk 
Aktuarietidskrift, 1922, p. 20. 

On the numerical solution of partial differential equations, cf. Gorakh 
Prasad, Phil. Mag. 9 (1930) 1074. А valuable monograph on the 
numerical integration of differential equations, both ordinary and partial, 
written by A. A. Bennett, W. E. Milne and Н. Bateman, was published by 
the National Research Council, Washington, D.C., in 1933. А 


thods whieh have been 
р the best known is that of 
improved and extended by Kutta 
, p.435. See also Lindelöf, Acta Soc. Sc. 


CHAPTER XV 


SOME FURTHER PROBLEMS 


IN this chapter we shall 
topies which cannot be dis 
of limitations of space. 

179. The Summation of 81 
Many of the commonest serie 
slowly. Thus with Brouncker’s 


give a brief treatment of various 


cussed more fully here on account 


owly - Convergent Series. — 
8 of Analysis cony 


erge very 
Series for log, 2, 


"tts we 
Ph Ta XE E ees. U 


a hundred terms are required to give the 
two digits; 10,000 terms are required to gi 
four digits; and 1,000,000,000 terms are n 
accurately to nine digits. 

Stirling,* in 1730, showed how 
transformed into one which із rapidly Convergent, 

His method is to expand the Seneral term 
series as a series of inverse factorials ; thus the 


Sum accurately to 
ve it accurately to 
equired to give it 


a series of this kind may be 


of the given 


general term 
ef Brouncker’s series js т. 


(вту Where z=}, 3 


and this may he expanded as 4 Series of inverse factorials in 
the form 
ж: (стай А 13 
ЕГЕЛГЕН 1)@ + 2) 206 1)(® + 2)(@ +3) 
d: 1.3.5 
Darl, 
“+ Nes 3533 y 4t 
Now form the sum MMC - + The sums 
* Meth, Dif. (1730), Prop, П. Ex, 5, 
368 Í 
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arising from the individual inverse factorials can each be 

m . " Е Б 
summed by the well-known algebraical formula, and thus we 
obtain 


ota o Vo... 


In this formula put “= 133. ‘Thus 


1 NC 
27.28 * 20.30 * 3132 ^ 


The series on the right is rapidly convergent, and yields the 


sum 0-018861219 . . -; and the sum of the first thirteen terms 


x 1 E lx one 
of Brouncker's series 2, ‘yah. st 35,26 15 found by addition 
to be 0-674285961 . . . Adding 


these sums, we have finally 
for the sum to infinity of Brouncke 


r's series 
log, 2— 0. 693147180. 
Stirling’s method was extended by 
Prop. IIL) to the case of series whose nth 
Another method was given by Kummer in 
p. 206. See further Catalan, Мет, Belg. cour. 33 (1865) ; Markott, 
Mém. de St-Pét. (7) 37 (1890) ; Andoyer, Bull. de la Soc. Math. de 
France, 33 (1905), p. 36; and Bockwinkel, Nieuw Archief voor Wiskunde 
(2) 13 (1921), p. 383. 


himself (Meth, Dif. (1730) 
term involves an nth power, 
Journal für Math, 16 (1837), 


180. Prony's Method of Interpolation b 
We shall now show how a funetion к( 
table of numerical values, ma 
a Sum of exponentials 


y Exponentials,*_ 
w), which is Specified by a 
y be represented Approximately hy 


s(7) = Pert + Qeiz Вор 


eer Ver, 
where P,Q,R, .. , У,р,фт 


++ + + ® ате constants which are 

sible representation of the 
] given values of x(a) be 

SUE S 2.2. corresponding respectively 

0, w, 2, 3w, . . . of the argument о, 


given numerical values. Тер the 


to the values 


* А.Т. Prony, Jour. de UE, Pol. Cah. 9 (an IV.), р. 29. 
(0311) 


13 


La 
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If «(z) could be represented exactly as a sum of 
exponentials, say 


Pert + Qett + Rez... + Ver, 


n 


then x(x) would satisfy a linear difference equation of the form 
Ака, + Bang y-1 + eruca LIE E. Мк, zx). 
where che roots of the algebraic equation 


Аа + Bet-l4, M20 


would be erw, епо, | |. gw. Prony's method, which is based on 


this fact, is to write down a set of linear equations 

Ax, + Вк T Cx, o. PEU U Мк,= 0, 

Ак + Вк, + Ок„-1 Tas atk Мк, =0, 

Ақ, + Bias + Ок, +...+ Мк„= 0, fa 

LI . + . . LH . M 9 
(where the quantities Ko p Koy Kg . . . ате known, since «(z) ің 
à known tabulated function), and by the ordinary method of 
Least Squares to find the values of A, B, С,.. „ M which 
best satisfy these equations; then with these values of 
A, B, 6,..., M to form the algebraie equation 


Ac + Ве-1+,,.,.М—=0 


and find its roots; these roots will be eme gne |, 
thus p, g,..., v are determined. Knowing P, 9 
have a set of linear equations to 
P,Q,..., V, and these als 
of Least Squares, 


4 09, and 
< a 9, We 
determine the coefficients 
0 are to be solved by the method 


Ex, 1.—If from the data 

t| 10 | 20 | 30 | 49 | 50 ! 60 70 |80! 90 
жаы | | р үсе. 
к(і) 6460 | 6090 5642 5040 | 4417 — 3633 | 2401 [983 |142 
we represent к(а) in the form 


Pat + Qj 4 Куг, 
prove that the best values of a, В, y are the roots of the cubic 
PB 3-029 23,2 4. 378779" — 1.68664 = 0. 


(W. 8. B. Woolhouse.) 
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Ет, 2.—From the data 


x 0 8 IR | 94 | 39 | 40 


k(x) 248 345 421 481/529 569 


show that 
A(z) = 62t 3x1-00144387 
= 38 7 x0:96704127 
+ 0:00046064 x 1-23619977 


(F. Selling.) 

181. Interpolation Formulae for Functions of Two Argu- 
ments. *—The formulae of interpolation for functions of a single 
argument, which have been established in Chapters L-ITL, may 
be extended to functions of two or more independent, argu- 
ments. Thus we can introduce divided differences (ef. $ 11) for 
a function (w, y) of two arguments by the definition 

^ (aa ub ei y) ла, А) 

ый Y= = 

EC 3) — fex ass 1/) 


d " " э 
@— 


and obtain a formula analogous to Newton's formula for unequal 
intervals ($ 13), namely, 


JG, u) = foo, vr) 

= Лол) + (6 а) Ло, y) + (y — АТС) 

= Ло Ya) + (@— а) fio, th) (0 = 1) (2,2) 

foo 3524) + (0 а) Лоа, th) + (2-а) (2 — а/ж (2, 3A) 

y + (Y = dnas Yo) + (@ — o) Qr — 1) fan, у) 

+ Grm A) sss Y) 
ete. 
From this all the interpolation formulae for a function of two 
arguments may be derived. Thus the polynomial of the second 
degree, which at the places 


EA (23, Y2) (а, уз) 
(2a уу) (Eo Yo) 
(23,24) 


* Cf. K. Pearson, Tracts for Computers, No. III. (Cambridge, 
completed (by the diseussion of some omitted cases) on pp. 
Introduction to Tables of the Incomplete Gamma Function ; 
Math. Journ, 18 (1920), p. 309. 


1990); 
X et sey. of the 
S. Narumi, TóLoku 
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takes the values 


"hi he ns 
2191 Nee 
131 


respectively, is 


fey) = Mat ( Аы 


T= Ba 


(=o) + (4 Vy — y,) 


7 W- Ha Yah 
M Yer 1181 8 
is + i: hy RE 
б = Hq) (=) (%q = Wy) (Wy 08) (2x) J 
‚ @ — 2) (2 — ж) 


he Nar 
с ——_ 12 c ES 
) (=ү—)(»—%) (E= 0) 7 Yo) 


в 


FS ( rt e 
(® — 29 (4, — Yo 


122 \ 0\00 —4 
* ss gosse 900—0 


hai he ns 
+ et 1 z ty 
(= = ds) Уз) (Y=) (08 4) — s — л) (0з м 


-G - n) - 2). 
In particular, taking 2, — y, —0, „= „= 1, &=}уз= —1, we 
have the formula 
Дай — fo, o-- 3a, 0 — 1,0) + ,1-/), E 
* B C, 07 2fo,0+/-1,0) + (fo, 0 — 0,1 — 1,0 1) 
+ af (Jo, 1 — 2/,0--/р, -1), 
which is the best for general use when 
less than 3. 


wand у are positive and 


Similarly we may determine * the polynomial of degree m 
which at the 3(m + 1) (m + 2) places 

(ыл) (ыт)... (mug) 

(ғ, %) (ғ, 7) юс | (Ж Yo) 


(ev 7. A) 


(ғ, Yt) 
takes the values 
"hr ers + + Әні mta 


Me "be s+ + Те 


11, utr 


* Cf. O. Biermann, Monatshefte für Math. 14 (1903), p. 211. 


a ОЙ 
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Considering now the case when the entries are given at 
equal intervals € of # and equal intervals эу of уу, and introducing 
the notation 


А,/ Js y ПІ =f, 
A’, f = fle + Sy ») -/б ЖАЯ)! - + & ”) +(e; y) 
etc., 


> 


Agf — Ё, y) — Se у), 
) 


the above generalisation of Newton's formula for unequal 
intervals becomes 


Ла + mé, y + ny) 


=/(@, y) + mg NP тїш = D fa MAAT 
n(n—l),, , т(т-1 -2 ы m— 
+ n Dat y +- ше. ) tue * т Df 


This, which may be regarded as the extension of the Gregory- 
Newton formula to functions of two arguments, is due to 
Lambert. Symbolically it may be written 


Jo m y + mj = (1 + Ag"( + Af, y). 


It is sometimes practicable and advantageous to reduce interpolation 
of functions of two arguments to linear interpolation.] For example. 
if u(x, y) is tabulated for quinary values of z and y, the u corresponding 
to any integral values of « and y may, by a proper choice of ongin, bs 
reduced to the form u(+t, +s), where t and s take one of the values 
land 2. The value of w can be found by interpolation along the line 
of values of the form w(4 5t, + 5з): for example, u(— 1, 3) may be 
found by linear interpolation along the line of values . . , u( — 5, 10), 
(0, 0), «(5,-10)... 


Ev. 1.— Complete the accompanying table on the assumption. that third- 
order differences are everywhere zero, and express the tabulated function as a 
polynomial in two variables 


* Beytrüge, Part III. Cf. Lagrange, Nouv. Мет. de Berlin (1772), көрдей 
(GIuvres, З, р. 441. 

T Elderton, Biometrika, 6 (1908), р. 94 ; Spencer, J. 7. 4. 40, p. 299; Burn 
and Brown, Elements of Finite Differences, $$ 148-154. 
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2=0 |11]12,3 


[Answer, USB +e —2y + r? 


sy aj 


Es. 9.-— The following table gives the 
corresponding to certain altitudes (а) 
at a place in а certain latitude. 


time (in hours, minutes, and seconds) 
of the sun in various declinations (б) 


а-10% 14% 18% | 22? 
p e жа тан a CORR — 
86-90% 6! 11% әб» ph 50m = | 5h 99" gys (5h 8" 4g! 
15 |5 55 arle 35 5|5 14 3014 54 17 
10|5 40 16/5 19 56 14 59 3714 39 рт 
515 24 50 |5 а 40 {4 44 ala э; 29 
TE ә afo ж дд 37 3914 б ов 


Find the time corresponding to a= 16°, 6= 12°, 
[Answer, 5h 15m 50*] 

Find also the time corresponding to a= 20°, 5— 14*, 

[Answer, 5h qm 2054 


.— The construction of isobars on m 
s inverse interpolation with two arguments, The ordinary con- 
struction assumes that, within small intervals, the barometric pressure is 
a linear function of the co-ordinates of the place. A more aceurate con- 
struction due to Thiele [Tidsskr 4 (1873), p. 87] which is specially 
useful near maxima and minima, is this. Three neighbouring places of 


Observation are connected by lines, and on these the points are found 
where, according to the ordinary method, there would he a certain baro- 
metric pressure и, The line joining any two of these points cuts the 
circumscribing circle of the triangle in points which lie on the isobar 
belonging to the pressure u. 

Show that Thieles construction may be de 
the barometric pressure may be expressed by a 


eteorological charts essentially 


rived from the assumption that 
function of the form 


uale cy + d(i 4. 1). 
182. The Numerical Computation of D 
Tt is easy to construct formulae for the e 


integrals on the same principle as the N 
formulae of single integration (gg 76, 80) 


ouble Integra]s,. 
valuation of double 
ewton-Cotes and Gauss 
- Thus when differences 
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оек 
ого 


of the fourth order (in the two variables combined) are neglected, 
we have (by a double application of Simpson's formula) 


d Ju " 
f dy || Se, diee эф а) - e) Ди, е) fin, d) ДЬ, e) 


(b, d) + "EC E) mo 4.) HS й e) «JU : й 2)] 


+ uns +). 


This formula indeed is true even when some of the differences 
of orders 4 to 9 are not negligible, e.y. AAR, ASA = ASA, 
ASA S ASAP, APA. 

When differences of the sixth order are neglected, we h 
Burnside’s formula,* 


f. f. F (e, y)dady = 52 Ee 0) %/о, NES 
муа). a feu 
Ss o a) roi f) sr м. -%/7)). 


This is exact so long as / (o, y)isa polynomial of degree not 
exceeding 5. 


ГИ 


ave 


A formula similar to Burnside’s may be obtained hy 
tion of Gauss’s three-term (fifth-difference) formula, This also is valid 
even when many of the higher differences are not negligible. 

It is often advantageous to break up the field of the double 
into sections, and apply a formula to each section separately, 

For other formulae cf. W. F. Sheppard, Proc. Lond. Math. 
(1899), p. 486; 32 (1900), p. 272; A. C. Aitken and G. L. 
Edin, Math. Soc. 42 (1923-4); M. Sadowski, Amer. Math. 


1 fl dedy 
| JB — а 19) computed by 
) Jo Е М 


а double applica- 


integration 


Soc. 31 
Frewin, Proc, 
Monthly 47 (1940). 


Ev. 1,—Show that the value of 


Burnsides formula, is 0:6641. 
[The true value is 0-6638 to 4 digits.] 


11 dedy 
Ет, 9,— Show that the value ч | ; VG = 22 15 computed by 


Burnsides formula, is 0-9262. 
[The true value is 0-9202 to 4 digits.) 


* Mess. of Maths. (2) 37 (1908), p. 166. 
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183. The Numerical Solution of Integral Equations.— 
In recent years Integral Equations have proved to be of great 
importance in Applied Mathematics; thus it was by the 
numerical solution of an integral equation that Knott was 
enabled in 1919 * to deduce the forms of the seismic rays in 
the earth's interior by a rigorous mathematical method from 
the observational data of earthquakes, 

Some types of integral equation which occur in Applied 
Mathematics are as follows: 

(1) Abels Original Equation.—This is 

І ла) (0<p<1, 0) - 0) (1) 


where (2) is the unknown function w 
and f(x) is a given function. Zhe solut: 
was given by Abel himself,t is 


hich is to be determined, 
ion of this equation, which 


(a) =1зш т 9. (9) 


Ne 


(1) Integral Equations of Abels Түре.-Тһеве, which m 


d ay 
be regarded as a generalisation of (1), are of the form 
I Ф(в)к(®— s)ds = f(a), (5 
where x(x) is a given fi 


! unction called the nucleus, f(x) is also a 

given function, and p(x) is the unknown function which is to be 

determined, We need only consider the case when the nucleus 
* Proc, 2.5.8, 


. 39 (1 và : 
(1910), (1919), p. 157, il. Mag. (6), 19 


The fundamental 
rals which occur in it 
пабор ; if Ұ(ә) is written 
€ statement that if 


(8) а-л, 


Ve а, 


then 
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k(x) becomes infinite at ж-0, for in the simpler case, when 
the nucleus is finite at #=0, the equation can be reduced 
immediately (by differentiating it) to l'oisson's type (iii) and 
dealt with by the methods appropriate to that type. We may 
then suppose x(w) to be such that ?«(”) is finite and not zero 
at а = 0, where p lies between 0 and 1; and for the purposes of 
numerical integration we can represent it, by the methods 
of Chapters L-IIL, with as great a degree of accuracy as may 
be desired, by an analytical expression of the form 

HOLDER ERES we"). 


Then * the solution of the integral equation (3) is 


sin pz [* ,, 
gle) = Шы” Ў, ()L(v – s)ds, 
where 


gr- qu-p g-» үзер 
L(a) = қ. 4 


F(a) 271622] Ex PO Yp (Be) des s аһ 1%.) (и), 


and where а, B, . . у are the roots of the algebraic equation 
E(x) Sage" (1 р) ца" + (1 — p) (2— pja... 
%(1-»)(2-»)...(в-р),,е0, 


and where y (x) denotes the Incomplete Gamma Function 


y) =e І UA 
0 
This may be regarded as a direct extension of Abel’s original 
formula (2), whieh may be derived from it by taking 4—0. Tt 
expresses the solution of the integral equation in a finite form 
in terms of the Incomplete Gamma Function, of which tables 
have been published.+ 
(ii) Integral Equations of Poisson's T'ype—These are of the 
form 


х 


Фа) +f ss) — s)ds = f(x), 


o (4) 
where x(x) and /() are given funetions, and (a) 
function which is to be determined. Sev 


for the numerical integration of this 


is the unknown 
eral different methods 
equation are given in 
* Whittaker, Proc. R.S. 94 (1918), p. 367. 


T K. Pearson, Tables of the Incomplete Gamma Function (1922) 
(n311) 135 
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Whittakers memoir of 1918,* and have been applied to the 
solution of certain problems in viscous fluid motion by Havelock. } 
We shall here indicate the most useful of them. 

Since the nucleus «() is supposed to be specified by a table 
of numerical values over the range of values of a considered, 
we may apply Prony's method of interpolation by exponentials 
in order to represent it analytically in the form of a sum of 
p exponentials 


к(ш) = Perz + Qer +. . + Ver, (5) 


where (P, Q,..., V, р, g, . . ., v) are constants which are 
chosen so as to give the closest possible representation of the 
given numerical values. Taking then this form (5) for the 
nucleus x(x), we shall show that the integral equation 
be satisfied by a solution of the form 


Фа)-Ха- [ K (c — s)/(s)ds, (6) 


where the solving function К (ж) is also a sum of p exponentials, 
say 


(4) may 


K(x) = Aet + Bet + Ce e... | Ne, 


(7) 
To prove this we remark first that certain existence-theorems 
established by Volterra justify us in assuming for the solution 


the form (6), where K(x) is now the function to be determined, 
In (6) put «(z) for f(s): thus 


4(2) = к(а) — І К(2- s)«(s)ds, 

Which gives the value of *(v) corresponding to this value 
of т). 

Putting (c — s) for s in the integral, we have 

Ф(@) = K(x) -[ К(в) к(а — s)ds. 

0 

Comparing this with the integral i 

: t gral equation (4), after ri i 
Жа) by к(а) in the latter, we have кые теш 

p(z) = K(x), 
Loc. cit, 


* 
t Phil. Маў. 42 (1921), pp. 620, 628. 


| 
| 
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and therefore the pair of functions 


$e) = Ке), Да) = (0) 


satisfy the integral equation; that is to say, 
K(x) + { К (s)xe(a — sjds = к(а). (5) 
0 


In this equation substitute the value (5) for к(а) and the 
value (7) for K(w). Thus we have 
Ae + Bof? + Ce, , + Хе 
+ (Ae + Beh Cert. .+ Кез) 
0 


(Рет 4. Quote от Т5 
= Pert Сре. ..+ Мот, 
Equating coeflicients of e** on the two sides of the equation, 
we have 
р Q ү 
- + + 


uc w-q "tt =ð 


+1=0, 

and similarly equating coelflicients of ^?» 
р Q v 

Ns Ле" Я da 1-0, 


and so on; and therefore а, £, y, . . .. v are the roots of the 
algebraic equation in w, 
р Q у 
Bap тт атын, (9) 
This enables us to determine а, B, у,.... 
Next, equating coefficients of c?" on the two sides of the 
equation, we have 


A B N 


2 gap TE iig e 
Similarly 
A " B 4: N 
"e Bar gx err" ыы У (10) 
A B 
Eug Pia el +1=0 


a-v B-v v 
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Since (а, |, Y- nv) and (р, фт... v) are known, these 
equations (10) enable us to determine A, B, .. , N; and we 
see that if the constants (а, В,у,...,») and ЕЕ 
are determined by equations (9) and (10), the equation (8) is 
satisfied by the value (7) of K(). 

The value of K(x) may be obtained in a more explicit form 
in the following manner, Tf we eliminate A, B,..., N 
determinantally from the equations (7) and (10), we have 


Eg) 1 30 hd ей 21 1 
а-р dc MEZ B-p»' v-p 
a d j 2 1 
ат ДЕТ v-g 8-4 У-4 
Шыр aj m. d 1 
а-ә B-v v=o] BE us 

А i il 
а-р v-p 
EET EL 
а-4 v-q 

ан 
a-t v= 


The determinants which occur in this equation ате of the 
kind known as alternants, and may 


be fuctorised by known 
methods.* Performing the factorisation, we have 


) = = P)a-9)(a-7) . . . (a-v) 

= (в — B)(a — у) see (a-v 
-[zng-n-.t- us ЛЕП ЕГЕС 
(/ -а)(8- у)... (B —v) (v-)(v- B)... (v-p) Е 


Combining our results; we have the following theorem : 
Lhe solution of the integral equation 


eon 


dn) + І "as)«(o — s)ds = fla), 


where the nucleus x(x) is supposed to be given numerically and 
* The evaluation of alternants of this ty 


pe is due to Cauchy, 
d'analyse, 2 (1841), p. 151. 


Exercices 


SOME FURTHER PROBLEMS 581 


to have been expressed approximately by Prony’s method in the 
form 
к(а) = Pert + Qe +... + Ver, 
is pe) = Да) - І K (o — s)/(s)ds, 
° 
where 


(«-B)(«-7)..(«-v) ^ (B=a)(B=y)... (8—1) 
_(v=p)(v-4) D r9) us 


Kaya - (zb). (5-0, (8798-0)... (8-7), 


т 


(“-а)(»- B) .(v-2gu) ? 
and where а, B, y, . . „ v are the roots of the algebraic equation 
in а, 

ІР Q R V 
——— RU tp 1 = 0, 
2 У — 1 v-r w—-v 


The solution of the integral equation is thus obtained in a 
finite form which admits of computation. 


See also Prasad, Proc. Edin. Math. Soc. 42 (1924) 46. 


(iv.) Integral Equations of Fredholm’s and Hilbert’s Type.—The 
numerical solution of integral equations of the type 


1 
(x) — X J к(а, в)ф(в)йв = Да), 


where x(x, s) and f(x) are given functions, ^ is a constant, and (x) is the 
unknown function, has been discussed by Bateman, Proc. R.S. 100 
(1921), p. 441, who gives references to the literature of the question. 
See also F. Tricomi, Lincei Rend. 88, (1924), P. 483, 38, (1924), p. 26, and 
Nyström, Acta. Math. 54 (1930) 185. 


184. The Rayleigh-Ritz Method for Minimum Problems.— 

A great many problems in mathematical physics involve the 
determination of an unknown function to satisfy the condition 
that a given integral has a minimum value. Suppose for simplicity 
that there is only one independent variable 2, and let the unknown 
function y(x) be required to be such as to make 
3 —fr(s y dy d'y к ӘЖ 


> da? dx?” 


(1) 


а minimum, and also possibly satisfy certain further conditions, 
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То solve this problem, Rayleigh in 1870* and subsequent 
years} devised the following method, which was afterwards 
elaborated in a celebrated memoir by W. Ritz.j 

Let the unknown function be expanded as an infinite series of 
known functions with arbitrary coefficients (such as a Fourier 
series), say 


ylz) = асра) + ay (x) + азыт) +... (2) 


where (x), f(x), a(x), . . . are functions each of which satisfies 
all the further conditions (c.g. boundary-conditions) which are 
imposed on the function y(z). Then evidently a theoretical pro- 
cess might be imagined in which the function y(x) and its deriva- 
tives are replaced in (1) by their values as furnished by (2), so 
that the integral J becomes a known function of the infinite set 
of coefficients ау, 0,, %,-..; and the problem would then become, 
to determine 4, ау, а,, ... so as to make J a minimum. The 
validity of such a process would of course need a careful exam- 
ination; but Rayleigh’s proposal was to obtain an approximate 
solution by truncating the series (2) so as to retain only a finite 
number of coefficients ay, aj, . . ., G4; then substituting the trun- 
cated series in (1), J is obtained as a function Of dg, Q4, d», . . ., ах; 
and the values of ag, aj, . . ., à, can be determined from the con- 
ditions that J should be a minimum, namely 


Wy ay _ 
479 бш -> еей 


Thus the approximate value of y(x) is determined, 
The same principle can be applied when J is a multiple in- 


tegral taken over a domain of any number of independent vari- 
ables.§ 


* In finding the correction for the open end of an organ-pipe, РАЙ, Trans. 
161 (1870), p. 77. 


T Many examples are to be found in Rayleigh’s Theory of Sound, e.g. 5 88, 
89, 90, 91, 182, 209, 210, 265; also Phil. Mag. 47 (1899), p. 556. 

4 J. für Math. 135 (1908), p. 1. 

СІ. N. Kryloff, Les méthodes de solution approchée des problémes de la 
mathématique. (Paris, Gauthier-Villars, 1931). G. Temple and W. 
Rayleigh’s Principle and its Applications to Engineering (London, 
Press, 1933). H. M. James, “ Some applications of the Rayleigh-R 


physique 
G. Bickley, 
Oxford U. 
itz method 


SOME FURTHER PROBLEMS 383 


185. Application to the Determination of Eigenvalues. Ақ 
an illustration of the Rayleigh-Ritz method, we shall solve the 
following problem. 

The differential equation 


OY 4 dy =0 (1) 
a 
(where А is independent of x) admits a solution which vanishes 
both when z = 1 and when x = —1, only if А has one of a cer- 
tain set of special values." These values of А are called proper 
values, or characteristic values, or autovalues, or eigenvalues. We 
shall now show how they may be calculated numerically. 
The differential equation (1) arises in the Calculus of Varia- 
tions as the condition that the integral 


1 [ду 
=f (Ge 9) 
should have a stationary value. 
Let us take, as an approximation to y, the polynomial 
y = (1 — a?)(ay + 42"), (3) 


which satisfies the condition of vanishing when z — 1 and when 
® = —], and which contains two undetermined coefficients aq 
and a,. Substituting from (3) in (2), we have 


J =f NIC — ао) — 4428) — М1 — a?) (ag + ауу dz. 


Performing the integration, this gives 


Sa? 164), 88a," 16a , 9200 16a,? 
J-— 1 P [ешн ЖЕ “ышан жа! ER 
Sg) us t uw + ws) 


to. the theory of the structure of matter ", Bull. Amer. Math. Soc. 47 (1941), p. 
869. Many other references are given by H. Bateman on pp. 91-94 of Bulletin No. 
92 of the National Research Council (Washington, 1933). 
т? dn? Әлі 


d'4? 4v? the corresponding 


* Actually the values of À in question are 


қ р : Brr 
solutions y(x) being cos D sin 72, cos 5 ++ +3 but we do not assume this 
knowledge in the test. 
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The conditions that J should have 
os dT 


д = 0 and = = 0, are 
да, 2 дау 


«(1 3) + (1-20) 


Б] 


à stationary value, namely 


«(1 =: T +7 (п = > = 0. 


Eliminating the ratio 40244, we have À? — 98A + 63 = 0, so 


à= 14 + 4/133 
= 2461437 or 95-599,569. 


These are the approximations to the eigenvalues furnished by 
the Rayleigh-Ritz method when the approximation is made bya 
polynomial of the form (3). The correct values of the first and 
third * eigenvalues of the differential equation (1) are actually 


À = 2-467,401 and А = 29.907, 


lowest eigenvalue (correct to 5 sien} 


| gnificant figures) and a very 
Tough approximation to the th i - If we had chosen 
lynomial of higher degree, w 


* The approximation (3), since it contai 
eigenvalues of odd order, — pu “ч 


[Copies of the Computation Sheets facii 

( ] 0 09 pages 270 ang 278 b 

po ee е aa маз in quantities of not liu than ae 
28. 64. p zen sets, 7 i 4 

of me icd 1 Жл Special terms will be quoted Jor orders 
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